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PREFACE  TO  THE  FIRST  EDITION. 


Thk  following  Treatise  is  respectfully  submitted  by  the  Author  to  the 
teachers  of  Canada,  in  the  confident  btlief  that  it  will  materially 
lighten  the  labor  of  the. instructor,  and,  at  the  same  time,  facilitate 
(he  pupil's  progress  and  his  thorough  comprehension  of  the  prin- 
ciples of  the  science  of  Algebra.  It  is  the  earnest  hope  of  the 
Author  that  it  may  meet  with  the  same  flattering  reception,  and 
very  general  introduction  into  the  schools  of  the  country,  that  his 
fellow-teachers  hare  so  kindly  accorded  to  his  pre¥ious  produc- 
tions. 

The  order  of  succession  of  the  different  chapters  depends  of 
course  mainly  on  their  importance  and  diflScuity,  and  that  herft 
adopted  is  the  one  that  appears  preferable  to  the  Author  ;  but,  bii 
every  chapter  is  nearly  independent  of  the  others,  the  teacher  Can 
easily  modify  the  arrangement  to  suit  himself. 

The  aim  of  the  work  is  to  embrace  all  that  can  be  profitably  dis- 
cus.'ed  in  the  time  usually  allotted  to  a  common  ani  grammar 
school  course ;  and,  indeed,  this  volume  will  be  fouJid  to  contain 
at  least  as  much  of  the  subject,  as  is  required  to  be  read  for  the 
ordinary  degree  of  B.  A.  in  the  British  and  Canadian  Universities. 
Chapters  on  continued  fractions,  logarithmic  e«ries,  probabilities, 
and  the  general  theory  of  equations  were  prepared,  but,  in  accord- 
ance with  the  advice  of  some  of  the  leading  educators  of  the  Pro- 
vince, they  were  omitted  as  unsuited  tt>  the  design  of  the  work, 
and  to  the  requirements  of  common  or  grammar  schools. 

The  Author  has  approached  tbe  subject  with  the  conviction^ 
founded  on  many  yeaps'  expio«^«e  as  a  teacher  of  mathematics, 
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that  the  science  of  Algebra  tries,  beyond  all  others,  the  powers  and 
patience  of  the  learner.  The  pupil  is  commonly  introduced  to  it 
while  his  mind  is  yet  in  an  undeveloped  state  ;  its  language  is  new 
to  him,  and  he  is  unprepared  by  previous  training  to  comprehend 
its  abstractions.  The  difficulties  which  thus  beset  his  path  are  of 
course,  for  the  most  part,  only  to  be  overcome  by  his  own  per- 
severance, aided  by  the  knowledge  and  ingenuity  of  his  instructor  ; 
yet  it  appears  to  the  Author  that  ve-y  much  also  depends  upon  the 
style  and  thoroughness  and  adaptation  of  the  text-book  employed. 
Accordingly  in  the  preparation  of  thi'^  volume  no  pains  have  been 
spared  in  rendering  the  statement  of  principles,  and  the  demonstra- 
tion of  Theorems  as  clear  and  concise  as  possible,  or  in  fully  illus- 
trating each  rule  by  numerous  examples  carefully  worked  out  and 
explained,  or  in  selecting  and  arrangir.gthc  examples  of  an  exercise 
so  as  to  begin  with  the  simple,  and  gradually  pass  on  to  the  more 
difficult. 

The  Author  hopes  that  while  he  has  insisted  upon  great  thorough- 
ness by  numerous  and  ajjpropriate  Problems,  he  has,  at  the  same 
time,  rendered  the  pupil's  advancement  easy  and  certain  by  the 
many  explanations  and  illustrations  introduced.  ' 

The  great  majority  of  the  Problems  and  Exercises  are  new, — 
being  now  published  for  the  first  time,  but  there  are  also  a  numbei 
already  familiar  to  the  teacher.  In  selecting  these  the  Author  has» 
he  believes,  in  .every  case  rigidly  adhered  to  the  rule,  adopted  by 
Todhuater,  Colcnso,  and  others,  of  not  inserting  a  problem  unless  it 
had  already  appeared  in  at  least  two  British  Authors — in  which 
case  it  is  to  be  regarded  as  common  property. 

Recognizing  the  fact  that  very  many  of  the  pupils  of  our  com. 
mon  and  grammar  schools  study  with  the  view  of  completing 
their  education  at  some  one  of  our  excellent  Canadian  nniversitiesr 
the  Author  has,  at  the  end  of  the  book,  introduced  a  collection  of 
Problems  and  Theorems,  embracing,  among  others,  all  or  nearly  all 
of  the  pass  and  Iionor  work  in  Algebra,  which  has  been  given  on 
the  Examination  papers  of  the  University  of  Toronto,  during  the 
last  eight  or  ten  years.  These  will  serve  to  shew  the  pupil  th« 
style  of  questions  he  is  expected  to  answer  at  our  universities, 
and  will,  at  the  same  time,  in  a  measure  prapare  hiiD  for  bis  «> 
aminations. 
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As  no  teacher  would  think  of  introducing  his  pupils  to  arith- 
metic without,  to  some  extent  at  least,  first  drilling  them  in  nota- 
tion and  numeration,  so  no  intelligent  teacher  will  neglect  to  drill 
his  pupils  In  algebraic  notation  and  numeration  before  introducing 
them  to  the  ordinary  rules.  The  teacher  is  resi)ectfall7  referred  to 
Exercises  ii,  iii,  and  iv,  and  is  re<»mmended  to  extend  and  continue 
these  until  his  pupil  is  thoroughly  and  practically  acquainted  with 
the  definitions. 

A  Key,  containing  faJ',  s^Iations  to  all  the  moretlifficalt  Prob- 
lems, is  in  press,  anr"  will  ^  issued  almost  immediately. 

ToEONTQ^  January,  18S4. 


PREFACE  TO  THE  SECOND  EDITION. 

The  Author' gladlyavails  himself  of  the  opportunity— afforded  by 
the  issue  of  the  second  edition  of  his- Algebra — ^to  thank  his  friends 
and  feUonv4eacher3  for  the  very  "ieady  introduction  into  their 
schools  they  have  so  kindly  accorded  to  it  as  well  as  to  his-other 
works. 

Notwithstanding  the  pains  bestowed  upon  the  reading  of  the 
proofs  of  the  first  edition,  sundry  typographical  errors  escaped 
notice.  These  have-all  now  been  carefully  corrected,  and  the  entire 
work  subjected  to  the  most  minute  and  searching  revision ;  and, 
as  the  present  edition  is  printed  from  Stereotype  plates,  it  is  confi- 
deirtly  believed  that  the  book  will  be  found  to  be  freer  from  these 
imperfections  than  most  of  the  works  upon  the  subject  in  common 
use. 

While  very  many  whose  opinion  be  values,  have  conveyed  to 
the  Author  in  flattering  terms  their  entire  approval  of  the  work- 
some  few  excellent  teachers  have  suggested  that  the  book  is  rather 
too  difficult  for  ordinary  school  purposes,  and  that  at  anj  rate 
questions  of  an  easier  kind  ought  to  be  more  abundantly  given 
to  the  beginner.  The.Author  freely  admits  the  justice  of  the  latter 
remark  as  applied  to  the  first  rules  of  Algebra,  but  he  is  clearly  of 
opinion  that  such  preliminary  easy  questiouLS  ought  not  to  be  sought 
fcr  in  any  text-book,  but  ihould  rather  be  lupplied  by  the  teacher  j 
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nor  will  the  dictation  cf  a  few  easy  questions  daily  be  found  to  in- 
volve the  expenditure  ot  an;'  great  amount  of  time. 

In  the  selection  and  formation  of  Problems  and  Exercises  for  the 
work — great  care  was  taken  that  they  should  be  such  as  to 
thoroitgUyexcTcise  the  student  upon  the  principles  of  the  science  of 
Algebra,  and  to  cultivate  and  de^tilop  his  powers  of  analysis  and 
combination.  "With  this  view  many  of  the  problems  ^x^ere  purposely 
made  rather  difScidt.  A  studen';  learns  more  from  the  solution 
of  a  difficult  Problem  than  he  does  by  working  a  dozfen  simple 
ones,  as  is  sufficiently  proved  by  the  fact  well  kno'WTi  to  nearly 
e\-ery  teacher  in  Canada,  viz. :  that  when  easy  text  books  were 
emploj-ed  in  our  Schools,  our  pupils,  after  working  several  times 
through  them  were  practically  unacquainte<?-.  rith  the  first  prin- 
ciples of  Algebra.  Moreover,  to  assist  th^  /rivate  student  and 
those  teachers  who  have  not  time  to  devofJ  <o  the  in\'cstigation  of 
complicated  questions,  the  Aorthor  has  puJ5iished  an  elaborate  Key, 
containing  full  solutions  to  all  the  ExeJVises,  and  he  is  sanguine 
that  those  teachers,  who  kindly  use  his  book  in  their  Schools,  will 
find  from  experience  that  their  pupils  ^nerally  will  be  much  better 
algebraists  at  the  end  of  a  year  thai  ley  •would  have  been  bad  f  Ji 
easier  text  book  been  employed. 

ToKONTO,  September,  1865i. 
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ALOEBEA. 


,       SECTION    I. 
DEFINITIONS    AND   AXIOMS. 

1.  Algebra  is  Arithmetic  generalized ;  or,  in  other 
words,  it  is  a  kind  of  Arithmetic  in  which  the  numbers  or 
quantities  under  consideration  are  rej)resented  hj  letters, 
and  the  operations  to  be  performed  on  these  indicated  by 
signs. 

2.  The  symbols  employed  in  Algebra  are  of  five  kinds, 
viz. : — 

1st.    Symbols  of  Quantify. 
2nd.  Symbols  of  Operation. 
3rd.    Gymbols  of  Relation.  ' 
4th.   Symbols  of  Aggregation. 
5th.   Symbols  of  Deduction. 

SYMBOLS   or   QUANTITY. 

3.  The  symbols  of  quantity  are  t^*^  Arabic  numerals 
and  the  letters  of  the  alphabet. 
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4.  Algebraic  quantities  are  of  two  kinds,  viz. : — 

1st.  Known  or  determined  quantities,  or  those 
which  may  be  assumed  to  be  of  anj  value 
■whatever. 

2nd.  Unknown  or  undetermined  quantities,  or 
those  whose  value  can  be  determined  only 
by  actually  performing  the  operations 
involved  in  the  solution  of  the  problem, 
&c. 

5.  The  first  letters  of  the  alphabet,  a,  h,  c,  d,  &c.,  are 
used  to  represent  known  quantities  ;  and  the  last  letters  of 
the  alphabet,  x,  y,  z,  w,  v,  &c.,  are  employed  to  represent 
unknown  quantities. 

6.  The  symbol  0  is  called  zero,  and  indicates  the  ab- 
sence of  quantity,  or  it  represents  a  quantity  infinitely 
small,  i.e.  less  than  any  assignable  quantity. 

7  The  symbol  oc  is  called  infinity,  and  denotes  a  quan- 
tity in finitily  great,  i.e.  greater  than  any  at;signable  quantity. 

Note. — The  symbol  oc  is  also  employed  to  indicate  that  one  qiiantity 
varies  as  auother.    [See  the  section  on  Variation.] 

SYMBOLS   OF    OPERATION. 

8.  The  symbols  of  operation  are  +  ,  — ,  -^,  x,  ^  *•  *•  *;&o 

9.  The  sign  +  is  called  plus  or  the  sign  o/additiont  and 
indicates  that  the  quantities  between  which  it  is  written  are 

to  be  added  together. 

Thus,  7  +  9,  read  7  plus  9,  means  that  7  and  9  are  to  be  added 
togeibcr. 

a  +  b,  read  a  plus  b,  denotes  that  a  and  b  are  to  be  added 
together, 
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10.  The  sign  —  is  called  minus  or  the  sign  of  svhtruc- 
<wi?,and  indicates  the  subtraction  of  the  quantity  following 
it  from  the  quantity  preceding  it. 

Thus,  11-6,  read  11  minus  6,  means  that  6  is  to  be  taken 
from  11. 

a-b,  tead  a  minus  b,  implies  that  the  quantity  a  has  to  be 
decreased  by  the  quantity  b. 

11.  The  multiplication  of  one  algebraic  quantity  by 
another  may  be  indicated — 

1st.    By  writing  the  sign  x  between  them. 
2nd.  By  writing  a  dot  .  between  them. 
3rd.  By  writing  them  in  juxtaposition. 

Thus,  a  X  6  and  a  .  b  and  ab  each  indicate  the  multiplication  of 
the  quantity  a  by  the  quantity  b,  and  are  read  a  multiplied  into 
b,  or  simply  a  into  b.  The  last  is  the  method  commonly  em- 
ployed to  indicate  multiplication  in  Algebra.  Arithmetical 
multiplication  is  expressed  only  by  the  si^n  X,  the  other 
methods  being  obviously  inapplicable  to  numbers. 

KoTE. — Quantitios  connectpd  by  the  si.srn  +  or  x  may  be  read  in  any 
order.  Thus  6  +  3  is  the  s:iniu  in  value  as  3  -f  6,  for  each  is  equal  to  9 ;  so 
6  X  5  is  the  same  m  value  as  5  X  6,  for  each  is  equal  to  30. 

12.  There  are  three  modes  of  representing  the  division 
of  one  quantity  by  another,  namely,  by  writing  between 
them  the  common  arithmetical  sign  of  division  -^  or  by 
•writing  between  them  either  the  sign  :  or  the  sign  — 

Thus,  a  ■=■  6,  and  a:b,  and  ^  each  represent  the  division  of  the 
quantity  a  by  the  quantity  b.  The  last  method,  i.e.  writing  the 
quantities  in  a  fractional  form,  is  that  usually  made  use  of  in 
Algebra. 

NoTB.— Quantities  connected  by  the  piarn  —  or  -r  must  be  rpad  just  as 
they  are  written.  Thus  8  —  3  is"  very  different  in  value  from  3 — 8;  80 
12 -f  4  is  quite  distinct  from  4-i-12. 
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13.  The  symbol  -  written  between  two  quantities  indi- 
cates that  the  less  is  to  be  subtracted  from  the  greater. 

Thus,  7-3  or  3-7,  read  the  difference  .between  3  and  7, 
denotes  that  3  is  to  be  taken  from  7.  So  a  -  6  or  ft  -  a  indicates 
that  a  is  to  be  taken  from  b  or  b  from  a,  according  as  a  is  less  or 
greater  than  b. 

Note. — The  symbol  ~  is  employed  only  when  it  is  no'  known  which  of 
the  two  quantities  is  the  greater. 

14.  An  exponent  is  a  small  figure  or  letter  claced  above 
and  to  the  right  of  a  quantity  to  show  how  often  it  is  taken 
as  a  factor. 

Thus,  a  *  =  aaa^  the  3  indicating  that  a  is  to  be  taken  three 
times  as  factor. 

m^  =  mmmmmmm,  the  7  showing  that  m  is  to  be  taken  seven 
times  as  factor. 

(a  +  6)"=  (a  +  6)(a  +  6)(a  +  6),  &c.,  to  n  terms,  the  n  denot- 
ing that  the  quantity  («+ i)  is  to  be  taken  as  factor  as  manj 
times  as  there  are  units  in  n. 

KoTE.— When  the  exponent  is  unity,  it  is  not  commonly  expressed. 

15.  The  extraction  of  a  root  is  indicated  either  by  writ- 
ing it  with  a  fractional  index  or  by  placing  it  under  the 
radical  sign  V- 

Thus,  "Jl  or  7^  denotes  the  square  root  of  7. 
^fl  or  a*  denotes  the  cube  root  of  a. 
jy  t  or  a^  denotes  the  7i'*  root  of  a,  &c. 

16.  The  number  3,  or  4,  or  5.  &c.,  placed  in  the  radical 
sign  or  as  denominator  in  the  fractional  exponent,  is  called 
the  index  ot  the  root.  The  index  2  is  never  used  in  con- 
nection with  the  radical  sign  ;  thus  V"  is  the  same  as  ^a. 

17.  When  a  fractional  exponent  is  eniplo3'ed  the  nume- 
rator denotes  i)iQ  power  and  the  denominator  the  root  to  be 
taken. 
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Thus,  (^  denotes  the  4"  power  of  the  7*'  root  of  a,  oi  the  7"" 
root  of  the  4  "  power  of  a. 

X  "  indicates  the  71""  root  of  the  m'^  power  of  x,  or  the  m""  power 
of  the  71  ^  root  of  x, 

SYMBOLS   OP   RELATION. 

18.  The  symbols  of  relation  are  :,  =  :; ,  >,  and  <. 

19.  The  symbol  :  denotes  ratLO. 
Thus,  a  :b  denotes  the  ratio  of  a  to  b. 

20.  the  symbol  =  is  the  sign  of  equality. 

Thus,  7  +  4  =  5  +  6  denotes  that  the  sum  of  7  and  4  is  equal  tr 
the  sum  of  5  and  6.     a  =  b  denotes  that  a  is  equal  in  value  to  b. 

21.  The  sjjmbol ::  is  also  a  sign  of  equality,  but  is  used 
only  to  denote  the  equality  of  ratios. 

Thns  9  :  27  ::  5  :  15  denotes  that  the  ratio  of  9  to  27  is  equal 
to  that  of  5  to  15. 

a  :  b  ::  c  :  d  denotes  that  the  ratio  of  a  to  6  is  equal  to  that  of 
c  to  d. 

22.  The  symbol  >  greater  than,  and  the  symbol  <  less 
than^  are  signs  of  inequality. 

Thus  7  >  5  denotes  that  7  is  greater  than  5. 
rt  >  6  denotes  that  a  is  greater  than  b. 
5.<  7  denotes  that  5  is  less  than  7. 
a  <  6  denotes  that  a  is  less  than  b. 

KoTE.— The  openiDg  of  the  angle  is  always  towards  thegreater  quantity. 
SYMBOLS   OP   AGGREGATION. 

23.  The  symbols  of  aggregation  are  —  I   Q    {  |    and 

24.  The  symbol  —  is  called  a  vinculum,  and  indicates 
that  the  quantities  over  -which  it  is  placed  are  to  be  regarded 
US  constituting  hut  one  quantity. 
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Thus,  a  +  b  -  c  X  d  means  that  the  quantity  formed  by  the 
subtraction  of  c  from  the  sum  of  a  and  b  la  to  be  multiplied  by  d. 

V  m  +  X  4-  y  denotes  that  the  square  root  of  the  sum  of  m,  x, 
and  y  is  to  be  taken. 

25.  The  symbol  |  is  called  a  bar,  and  indicates  that  the 
quantities  in  the  column  directly  preceding  it  are  to  be 
considered  as  forming  but  one  quantity. 

Thus,  +  b  !  denotes  that  the  quantity  formed  by  the  snbtrac- 
-  c  I  tion  of  c  from  the  sum  of  a  and  b  is  to  be  squared 

26.  The  parentheses  (  ),  braces  {},  and  brackets  [  ], 
denote  that  the  quantities  contained  within  them  are  to  be 
regarded  as  constituting  one  quantity. 

Thus  (a  +  b)x  denotes  that  the  su^  of  a  and  b  is  to  be  multi- 
plied by  X. 

ia  —  (b  +  c)P  indicates  that  th>  sum  of  6  and  c  is  to  be  takeu 
from  a  and  the  remainder  cubed. 

[^a  -  im  -  (J)  ■¥  c)  x\]y  denott\<  that  (b  +  c)x  is  to  be  taken 

from  in  and  the  remainder  subtracted  from  a,  and  that  this  final 
remainder  is  to  be  multiplied  by  y. 

SYMBOLS   OF   DEDUCTION. 

27.  The  symbols  of  deduction  are  .".  and  •." 

28.  The  symbol  .".  is  equivalent  to  therefore^  wTienct, 
thence,  conscqucntlj ,  from  which  we  infer,  &c. 

Thus,  a  =  i  and  c  =  6  .  •.  a  =  c. 

29.  The  symbol  •.'  signifies  since  or  because. 
Thus,  a  =  c  •  .•  a  =  b  and  c  =  6. 


4aT8. 25-33.:  DEFINITIONS.  15 

30.  The  parts  of  an  algebraic  expression  separated  from 
f-ach  other  by  the  sign  of  addition  or  subtraction,  expressed 
or  understood,  are  called  terms. 

Thu?,  a  is  an  algebraic  expression  of  one  term,  and  is  called  a 
vnonomial. 

a  +6  is  an  algebraic  expression  of  two  terms,  and  is  called  a 
hinomial. 

a+b-c  is  an  algebraic  expression  of  three  terms,  and  is 
called  a  trinomial. 

2a+3b-4c  +  x-y  is  an  algebraic  expression  of  five  terms,  and 
is  called  a  multinomial  or  polynomial. 

31.  The  parts  of  an  algebraic  expression  connected  by 
the  sign  of  multiplication,  expressed  or  understood,  are 
called  y*acfors. 

Thus,  the  factors  of  the  expression  ab  are  a  and  6. 
The  factors  of  the  expression  a^bc^  are  a,  a,  b,  c,  c,  and  c. 
The   factors   ot   the   expression  (x—y"/(a  —  my)^  are  (x  - 1/), 
<-c-2/)>  (a-my),  (a-?ny),  and  {a-vnj). 

32.  The  terms  of  an  algebraic  expression  ■which  are 
preceded  by  the  sign  +  are  called  additive  or  positive 
terms  ;  those  preceded  by  the  sign  —  are  called  subtractive 
or  negative  terms. 

Thus,  in  the  expression  la  -Zc-^a-^bm+lx  +  ^y-mx -ab, 
the  terms  7a,  5/?i,  1x,  and  fiy  are  additive  or  positive,  and  the 
terms  3c,  4c?,  mx,  and  ab  are  subtractive  or  negative. 

Note. — When  no  sign  is  expressed  before  a  quantify  it  is  understood  to 
be  additive.    Thus,  in  the  above  expression,  7a  is  written  for  +  "a. 

33.  A  coefficient  is  a  number  or  letter  written  to  the 
left  of  a  quantity  to  show  how  often  it  is  to  be  taken  as 
<lddend. 

Thus,  7a  indicates  that  the  sum  of  seven  a's  is  to  be  taken  iu 
an  additive  sense. 

-5x  denotes  that  the  sum  of  five-x'sis  to  betaken  in  an 
additive  sense. 

Here  7  is  called  the  coefficient  of  a,  5  the  coefficient  of «,  419, 
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34.  Like  algthraic  quantities  are  those  that  Wikf  ist  of 
the  same  letters  aflFected  by  the  same  exponents. 

Thus,  -  3(7,  -  2a,  4a,  -  5a  are  like  quantities. 

arbCj  7a^bc,-3a-bc  are  like  quantities. 

6(a-  -  b  +  c*),  7(a*  -  6  4-  c^)  and  VoCa^  -  6  -r  c^  are  liko  <nian- 
tities. 

But  a-bc.  and  al-c  are  unlike  quantities,  becauie  tue  same 
letter  is  not  affected  bv  the  exponent  2. 

So  also  a'b^c*,  Q?bh*,  and  a^b^c^  are  unlike  quajitities 

35.  Homogeneous  terms  are  those  in  which  the  sum  of 
the  exponents  of  the  literal  factors  in  each  are  equal. 

Thus  2a*//  lud  Ta-y*  are  homngeneous,  and  the  sum  of  the 
exponent'  of  the  literal  factors  in  each  being  5,  they  are  called 
homogeneous  terms  otfive  dhnensions. 

Sax^/",  Aa^x-'/,  9a^y,  Toji/',  and  y'  are  homf^geneous,  the 
sum  of  the  exponents  of  the  literal  factors  in  each  term  being  7, 
and  tb*7  a?e  called  homogeneous  terms  of  f;cen  dimensions. 

36  Tt*;  reciprocal  of  a  quantity  is  unity  divided  by 
that  quandty. 

Thus,  the  reciprocal  of  3  is  ^,  of  a  is— ,  of -^^^-^j  of  f  ia|,&c. 

AXIOMS. 

P7.  An  axi^ym  is  a  theorem  which  cannot  be  reduced  to 
a  simpler  theorem. 

The  following  are  the  principal  axioms  made  use  of  in 
higei>ra : — 

I.   TTie  whole  is  equal  to  the  sum  of  all  tit  parts. 
Z\.  J/ equal  quajitUies  or  the  same  quantity  be  added  to  equtd 
quantities,  the  sums  tcill  be  equal. 

III.  //  equal  qxiantitie^  or  the  same  quantity  be  subtracted  from 

equal  quantities,  the  reinaind'rs  tcill  be  equal. 

IV.  If  equals  be  multiplied  by  eq^t  or  by  the  .ame,  the  pro- 

ducts will  be  equal 


^V^TS.  34-37.]  EXERCISES.  IT 

V.  If  equals  he  divided  by  equals  or  by  the  same,  the  quotients 

will  be  equal. 
TI.  If  the  same  quantity  be  both  added  to  ami  subtracted  from 

another,  the  latter  will  not  be  altered  in  value. 
VII.  If  equals  or  the  same  be  added  to  or  subtracted  from 

unequal  quantities,  (he  sums  or  remainders   will  '•<! 

unequal. 
VTII.  If  uncquah  be  multiplied  or  divided  by  equals  or  b^-  the 

same,  the  products  or  the  quotients  will  be  unequal. 
IX.  Equimultiples  of  the  same  quantity  or  of  equal  quaniitiet 

are  equal  to  one  another. 
X.  Equal  powers  or  equal  roots  of  the  same  cr  of  equal  quan- 
tities are  equal  to  one  another. 
XI.    Things  which  are  equal  to  the  same  thing  are  equal  to  on-e 

another. 


Exercise  L 

1.  What  is  algebra?  (1) 

2.  Classify  alofebraic  symbols.  (2) 

3.  'What  are  the  sjiubols  of  quantity  ?  (3) 

4.  What  are  the  symbols  of  operation?  (3) 

5.  Write  down  the  symbols  of  relation.  (18) 

6.  Express  the  symbols  of  aggregation.  (23) 

7.  What  are  the  sjmbols  of  deduction?  (27) 

8.  What  letters  are  employed  to  denote  known  quantities  ? 
Unknown  quantities  ?  (5) 

P.  What  is  the  meaning  of  the  symbol  0  ?     Of  the  symbol  oc  ? 
{C  and  7) 

10.  What  is  an  exponent?  (14) 

11.  What  is  a  coefficient  ?  (33) 

12.  What  are  the  terms  of  an  algebraic  expression?  (30) 

13.  What  are  the  factors  of  an  algebraic  expression  ?  (31) 

14.  What  is  a  monomial?  A  binomial?  A  multinomial?  (30) 

15.  What  are  like  quantities?  (34) 

16.  What  are  homogeneous  terms?  (35) 

17.  What  are  additive  terms?  (32) 

18.  What  are  subtractive  term"  '  (37^ 
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19.  Wbal  are  positire  and  negative  terms  7  (32) 

20.  Wben    no  sign  is  expressed  before  a  term,  how  is  it  re- 
garded? (d2) 

21.  How  many  ways  have  we  of  indicating  the  extraction  of 
a  root?  (15) 

22.  What  is  the  index  of  the  root?  (16) 

23.  What  does  the  denominator  of  a  fractional  index  denote? 
What  the  numerator?  (17) 

24.  How  are   quantities  connected  by  the  sign  +  or  X  to  be 
read  ?  liow  those  connected  by  the  sign-or-f-?  (11  <fe  12,  Notes) 

25.  Wnat  are  axioms?  (37) 

26.  Give  t!'e  principal  axioms  employed  in  algebra.  (37^ 

Exercise  II. 

Re^d  the  following  expressions,  and  explain  what  each  indi- 
cates : — 

c 
1     i 

1.  a    5a,  9c^,  4a*,x",  f  (a  +  i),  5x(y  +  =  -c),-3m 

+  4x 

2.  3a  +  4-Yf,  (r-jz-z)'"'   abc,^,  ^ab(m  +  xy*) 

xz 

m 

3.  (m  +  x)~(^  +  y),a"  .  a'-b'  =  (a-hb)  (a-b\  aH  2(;6-x» 

'  4.  7+a>a-3,  </'<  a*,  {a- (6  +  c)  |  '■=^(a-6-c)» 

5.  •.•  a>6  and  6  >  c  .*.  c-^'a. 

,  s         

6.  a  -  Sab   +  Au'c^  -  labx  +  3t/^  -  "-^2^  +  (a  -  6  +c  )*  -  (,'xj/  H 
(a~m). 

Of  the  above  algebraic  expressions)  • — 

7.  Wh'ch  are  monomials? 

8.  Which  are  binomials? 

9.  Which  are  multinomials  ? 

10.  Which  are  cocff-cients  ? 

1 1.  Which  are  exponents? 

12.  AVhich  are  terms  ? 

13.  Which  are  factors? 

14.  Which  are  additive  or  positive  terms  ? 

15.  Which  are  subtractive  or  negative  termi? 
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Exercise  III. 

1.  Write  down  a  added  to  b. 

2.  Write  down  a  subtracted  from  b. 

3.  Write  down  the  difference  between  a  and  6. 

4.  Express  in  three  different  ways  tlie  product  of  a  and  b. 

5.  Express  in  three  diflferent  ways  the  divisloa  of  a  by  b. 

6.  Express  Xhe  fourth  power  of  a  +  6. 

7.  Indicate  in  two  different  ways  the  extraction  of  the  fifth 
root  of  a. 

8.  Indicate  ia  two  different  ways  the  fourth  power  of  the  fifth 
root  of  ab. 

9.  Indicate  that  the  sum  of  am  and  jy^  is  greater  or  less  than 
the  difference  of  o^  and  c. 

10.  Express  the  equality  of  tne  ratios  a  lo  m  ana  xy  to  cf. 

a^         ,    3x  , 

'1.  Write  down  the  reciprocals   of — ,  p,   — ^,  a  +  b  -  c, 

(X  4  yy. 

12.  What  is  the' difference  in  meaning  between  o  +  6*  and 
0^+6^  and  (a  +  ft)^? 

13.  What  is  the  difference  in  meaning  between  ax'y,  axy-,  and 
a^xyt 

2  2 

14.  What  is  the  difference  in  meaning  between  mx',  m'x,  and 

{mxf  1 

15.  What  is  the  difference  in  meaning  between  a  —  (x-T/)and 
(a-x)-yl 

16.  What  is  the   difference  in  meaning  between  am  —  c  and 
am  -^  c1 

17.  Write    down   four    homogeneous    terms  of  7  dimensions 
each. 

18.  Write  down  three  Lomogeneous  terms  of  13  dimensions 
each. 

19.  Write  down  any  six  like  algebraic  quantities. 

20.  Write  down  in  an  abbreviated  form  the  product  of  c,  a,  a 
a,  m,  m,  m,  (x  +  y),  (x  +  y)  and  am{x+y). 

21.  Resolve    the    expressions    7a^,    4ay,    a'm^y  {a+by,   a*x^ 
{^a  -  my  into  their  simple  factors. 
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22.  Express  the  division   of  the  sum   of  mx*  and  y*  Ly  tha 
squar?  of  the  sum  of  a  and  b, 

23.  \Yha.t  is  the  corfficient  and  what  the  exponents  of  a  and  x 
in  the  expression  ox? 


38.  To  jnd  the  numerical  value  of  an  algebraic  expres- 
sion, wlien  the  value  of  each  letter  entering  into  it  is  given  : 

Rule. — Subttitute  for  ecuK  ^^tter  its  numerical  value,  and  per- 
form upon  the  resulting  numbers  the  operations  indicated  by  the 
si^ns  Connecting  them. 

Thus,  in   the  following  exercise,    wherever   a  occurs   in   an 

exjiression,  we  write  its  assumed  value  1  ,  for  6  we  write  2  ; 

for  c  we  write  3  ;  for  d  we  write  4;  and  for  m  we  write  0  :  then 

we  mulliiily,  divide,  add  or  subtract  tljese  quantities  as  directed 

l>/  the  connecting  signs.     For  example,  taking  a  =  1,  6  =  2,  ce3 

and  7/1  =  7,  we  thi'5  find  the  value  of  the  expression  : — 

bc  +  a 

Vm(3a-  4c  +  2b^) _ 

2x3+1 6+"". 


=  ViCS  xl-4xo  +  2x2^ ^ =    V '(.3  -  12  +  16)  -  -^— 

=  V7x  7  -  ]  =  V-i9  -1  =  7-1  =  6     jSns. 

39.  AV"e  are  .?aid  to  show  that  one  algebraic  quantity  is 
nuuicrically  equal  to  another, 

When  by  substituting  the  values  for  the  individual  letters  in  earh 
we  show  that  the  numericul  value  of  the  first  expression  is  the  same 
as  that  of  the  other. 

For  example,  if  «  -  4,  fc  =  3,  rf  =  7,  and/=-  0 

a-bdf  +  ab  -  d  =  2d  -  {a  +  2b)  +  I 
Ilere  wc  at  once  throw  out  the  (\\ia.:i\.[tj  a'^bdf  because,/" being 
=  0,  the  whole  quantitj'  into  which  it  enters  as  a  factor  must=  0, 
and,  therefore,  as  an  addend,  it  disappears  ;  then  substituting 
their  values  for  the  others, 

4x3-7  =  2x7- (4 +  2x  3) -^1 
12  -  7  =  14-  (4  +  6)+  I 
12  -  7=  15-  10 
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Exercise  IV. 

U  a  =  I,  b  =  2,  c  =  3,  d  =  4,  and  tti  =  0,  find  the  valae  of : — 
1.  a*  -  1.  2.  c'  -~  3c  3.  ab  +  cd. 

4.  a^b'^-(c-a).  5.  'Jb  +  c+d.  6.  a^in^xdJ' 

7.  6(a~c2)  8.  (6^(f»-cm2)5.       9.  (a  +  6)(rf-77i)^ 

10.  4{a-((f-c)}1.     11.  (6Vrf2)^.  12.  ((f^-Ac)=' (c*-ic(f)«. 


13.  Show  that    p —  =a,    ,-     ,  =°i    i ,  =  <">  &c. 

i+1  i  +  1  i+1 

14.  Show  that  14«  -  (36+c)  <id*-b  (6  +  c). 

15.  Show  that  (a-b-c'^d  V  abc)ni  =  dVd~in. 


16.  Show  that  '^Jab't^  -  4(6  +  (i)c  >  {  (6  +  c)  {d'^  +  c*)  }' 

17.  Show  that '—^ — -  =  6(6  +  c)  +  a6V//i. 

a+6+c+rf 

flV  +  2abcdm  -  (d-  cV 

18.  Show  that     „  _  r  =  {dc  ~  (d  +  c  +  b  +  a)  | 

{/'.{a'  +  d'y+b  {c  +  d)  ' 

Find  the  numerical  value  of  the  following  expressions  : — 

19.  (2  -  b)  (3a  +  Ab  -  c)  +  \ab  +  (3d-  2c)  \  -  4a(2c  -  36) 
-  {  abc^  ~(3c  +  a)  ]  +  \abd-  (c  +  d)  a}b. 

20.  (c^  -  a^)  (6^  -  m^)  +  m  \bcd  (a  -  6^)'/}  +  3a  { a  +  c  (d-3a)  }. 

21.  {(a-6)+(c  +  f/)P  +  {(c  +  m)-(6-a)f-{(m+rf)  +  (2f  -0^. 

22.  -J  (a->rc)d  +  yc^  {a  +  o;  +  {  2((i  +  6f)^  +  (7rf  -  b\)  ]^  - 
(bed  +  a)i. 

7  (a/7j)^  +  SV-i  -  (bd+Ar)        aW(?  -  7(i  +  {  rfs  (a  +  c)  j^ 
^^'         "  i  067+705/70?^  {(''-«)  +"a'  }  [^  (  6 +"^7«))  ' 

^abcd  -  (P. 

24.  \{ab  (a  +  6)  }  -  I  {  6c  (c  +  fl)  }  +  i  {  (ca  -  6)  (a-6  -i-  3)  }  + 
i  {(^i  +  c)  (1-f  36~2c  +  rf)2} 

c  (a  +  6  -  c/  +  11  {  (3(Z  +  2c)  (2a  -  6  +  J^f)  } 
^^'  {  ( jc  +  6)  -  V"'|  (<i  +  c  -5-  62  ^n )  "*" 

{  (;a-;-3'/)2-(c«+56)-(c  +  a)  }J        (2o6  +  erf  -  6//)  (rf  +  c) 
""       abm  +  -k/d?  -  a  1  (d  +  ab") 
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SECTION    II. 

ADDITION,  5: UBTR  ACTION,  USE  OF  BRACK3TS, 
MULTitLICATION,  AND  DIVISIOK", 


ADDITION. 

40.   **7hen  the  quantities  are  similar  and  have  the  same 
sign : — 

RcLE. — Jdd  the  coefficients,  annex  the  literal  part,  and  prefix  the 

proper  sit^^n. 

(4)  (5)  

-8(ci-a^)  2a-3m+  y-G^a  +  i 

-  4  (cii  -  a?)  3(T  -  5/n  +  Gy  -  3^'.t  +  b 
-3(cd-a^)  8a-  Tin  +  3y  -  5^i+b 

-  (cd-a^)       5a-3in  +  2y  -    i^aVb 
-'l(cd-n'')       3a-2in+   y 

-  2  (cd  -  a*)         a  -  7/71 


(0 

(2; 

(3) 

la 

-■2cd 

6(x  +  y) 

3a 

-3cd 

2{x  +  y) 

5a 

-  cd 

5(X+7/) 

\\a 

-5cd 

8(x-  +  !/) 

3a 

-  cd 

(X  +  T/) 

2a 

-9cd 

Uix^y) 

3\a    -20rrf      33(x  +  !/)        -25{cd-a^)    22a-27m+13y-15v'a+ A 

Exercise  V 
Find  the  sum  of: — 

1.  3'(,  2n,  9(/,  llrt,  a  and  I7a. 

2.  -  4tti'/^,-  7a6'^  -  lla6^,  -  ab'^,  and  -  3at\ 

3.  3(a  +  6-  c^),  6(,a  +  6  -  O,  2(a  +  6  -  c^;,  (a  +  6  -  H),  and 
7(</  +  6  -  c^). 

4.  4a(x  -  i/)i,  9a(x  -  2/-)i,  3«(x  -  y^)*,  and  1  lff(x  -  f-)^. 

5.  3a-4(/+7,  6a -3!/ +  3,  5'»-3y  +3,  7a-y+ 2,and  6a- 2i/ +  8. 

6.  3  (X  +  1/)+  la-abc,  5(x  +  y)  +  5a-3(/6c,  2(x  +  y)  +  lla-7u6<:, 
(X  +  ?/)  +  2a-a^c,  2(x  +  y)  +  a-5u6c,  and3(x+y)  +  20  -  3./6c. 

7.  (a+6)x-(c+d)i/ -(,/+/)=,  5(a  +  6)x-6(c  +  rf).y-7(<f +/)2, 
2(rt  4-  6)  X  -  3(f  +  d)y  -  4(^/  +/)  z,  4(a  +  6)  x  -  5(c  +  d)  j,  - 
6((/+/)=,  and  3(rt+6)r -4(c  +  (i)y- 5(f/+/)i. 

8.  rt^6='x^  +  a^b'x^  -  iPb^x*-a^b"^x\  Sa-'i^x' +  7i/'Z.'x5  -  5(;»6^r* 
-  6u'''i!'^x2,  7(/*/)'x"'  +  3a'b^x^  -  ia:'b^x»  -  2a'b^x\  an  i  4a^6»x' 
+  0*  62x^  -  2a*/>^x»  -  8a»i'a;». 
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41.  When  the  quantities  are  similar,  but  all  have  not 
the  same  sign  : — 

RcLs. — Arrange  the  quantities  so  that  similar  terms  shall  be  in 
the  same  vertical  column.  Add  separately  the  positive  and  negatvtis 
coefficients  ;  to  the  difference  of  these  tvo  sums  prefix  the  sign  of 
the  greater  and  affix  the  common  lit  era!,  part. 

(1)  (2)  (3)  (4)  _ 

4a       5(/  -  3c         5ab  +  6cy  -    3         5(a  +  x)  -  Zd^xy  +  T^a+S 

-la       2a  +  4c      -8«6-3c2/+ll         9(« +x)-6a^j:2/-8(a  +  6)=' 

-3(i  -3a  +  9c      -lab  -^Acy-'    6      -  ?(« +x)  +  Sa^iry- 6(a  +  6)* 

1 
-2a       6a-5c       Uab-lcy+    7         3(a +  z)  -  Sa^xj/- 5(a  +  6)^ 

5a       4a  +  3c         Sab-Ary-h    6       l\{a  +  x)  -  5a^xy +  3{a+by 

6a   -7a- 12c      -7a6+    cy-    1    -  13(a  +  x)  +  6a^x2/- 8V(;4'6 

3a       7a-4c      -3u6-4c^  +  14         8(a  +  x)-6a2x!/-17(a+6)^ 

Explanation. — In  (1)  the  sum  of  the  positive  coefficients  6,  5,  4  =t  15 
sum  of  the  negative  coef.  2,  2,  7  =  12;  then  15  -  12  —  3,  which  is  positive, 
because  15,  the  greater,  is  the  sum  of  the  positive  coetticients. 

In  (2),  left  hand  column,  the  sum  of  pos.  coef.  4,  6,  2,  5  =  17,  and  of 
neg.  coef.  7,  3  =  10;  then  10  -  17  =:  7,  which  is  pos.  because  17  is  pos.    In 
right  Iiand  column  sum  of  pos.  coef.  3,  9,  and  4  =  16,  and  of  neo-.  coef  12 
5,  and  3  =:  20;  then  20  -  IP  —  4,  which  is  neg.,  because  20,  the  sum  of  the 
neg.  coefficients  is  the  greater. 

Exercise  VI. 
Fiad  the  sum  of: — 

1.  a  +  6  and  a  -  b  ;  2a  +  b  -  c  and  a  -  6  +  4- ;  4a  -  36  +  c  and 
lb  -  8c. 

2.  2ab  +  3ny  -  cd,  6ab  -  2ay  +  5cd,  3ai  -  6ay  +  2cd,  and 
-  3a6  -  2ay  +  7cd. 

3.  5a^x^  -  3(a  +  6)  -  Ix^y  +  7,  a^x^  -  1(a  +  b)  -  8x'y  -  U 
and  -  la^x^  +  3(a  +  b)  +  Sx'^y  -  16. 

4.  a  +  b-c-d,a-b-c  +  d,a-b  +  c-d,-a-b  +  c  +  d,-a  +  b-c  +  d 
and  a  —  b  +  c  —  d. 

5.  3xy+7a6-3,  5i-!/  +  3a6  +  7,  4a;y-7a6  +  ll,and-7xy+lla6+2 

6.  3  +  7a  -  6fr  +  c,  7a  +  3  -  46  -  2c,  76  -  3a  -  7  +  3c,  and  oe- 
26  +  6  -  3a, 


-eU 
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7  ab  -  xy  ■^■  cd  -  m  +  c,  6c  -  3xy  -him-  cd  -  Bab,  5cd  -  6m  +  5c  + 
Sab  -  3x7/,  5in  +  Gc  -  3cd  +  2xy  -  3iib  and  1  Ixy  -3m-2c  +  Bab  -  Ted. 

8.  bni^x  +  3xy  -  7,  Ixy -ir  3  -  Sw^x  +  yz,  17  -  yz  +  Ixy  -  llm-x 
and  -  1  Im^x  +  3xy  +  4. 

9.  6m'n^-9a^d^  +  lOffi'x',  Ga^d'  -  6m*x*  -  ?«*?»',  2ft*d'  - 
3m *x'  -  3ni^n^  and  -  m^/i^  -  m^x^  +  a'rf^ 

10.  V2  +  V3  +  V4-V"+c^llV2-9'V^3  +  7Va-6V4  +  Vf,-3V3+ 
7V2  +  V^  -  7a'*  +  S^c,  lla^  -  V2  +3^3  +  7^4,  and  9c'^  _  4a'^  +  1 1^4. 

11.  3xy-7fr7/+2cx-x^  +3^y,  2xy+ll-^x-  lay,  I3y^  -W.x  + 
2ay,  12^1/-  7x'  +  Sex -ay,  llxy +  3ai/  +  6cx  and  4xy  -  ^/x  -  3^y. 

12.  (ax  +  by-czy -\/i>i+7i-(x-y),  l^/in-rn  +  3(x-y)-^/ax+by-cz, 
7(-r-i/)  +  8l^ax  +  by-cz-  ll(m  +  7i)%  GV  "'  +  «+  1 7(ax+6y-f2)* - 
(x-y),  -12  (ox  +  6y-cc)*-3  (x- y; +  4  (m +  71)^  and  7  VhT+w- 
9  )yax  +  by  -  cz-i-  ll(x  -y). 

42.  When  the  quantities  are  unlike  : — 
Rule, — Connect  them,  together  by  their  proper  signs. 

0)      , 

3a 

-4c 

Id 

-  5ffi 


Sum  =  3a  -  4c  +  7(i  -  5in. 

(2)    

5rt  +  3c  -  e^a  +  b 
2m  -  4id-b  +  3ab' 


-6xy  +  3r('6* 


Sum  =  5a  +  3c-6V''  +  ^  +  2ffi-4a^6  +  3a6*-  Uy  +  3a^t^ 

43.  When  the  quantities  are  partially  similar  .-— 

R'TLB. — Md  the  nmilar  quantities  by  .Arts.  38,  39,  and  to  the 
partial  siim,  thus  formed,  ajix  the  wUUie  quantities  by  their  propif 
tigns. 


Arts.  42-44.]  SUBTRACTION.                                     25 

(3)  (4) 

2a  -  4c  +  6  Zaxhj  +  lay  -  lOx^  +    3a^p 

*la-3c  +  m  -  5axhj           +    3x*  +    lit^p  -  mn 

-9a  +  6c  +  Sab  f  -8aij              -I3a^p+  qp 

+  1ain  4ax^y+   ay -h    *Ix'               +  m' 


-c  +  b  +m  +  Sab  +  7am     2ax^y -  Sa^p  -  w.n  +  qp  +  m^ 
Exercise  VII. 
Find  tire  snm  of: — 

1.  a  +  b,  m  +  c,  X  +  y,  and  Sp. 

2.  2ap  -  Sxy  +  4/)i",  5mn-  Sxz  +  Ixy,  3mn  -  5c*  +  2ap,  and 

-  4(/p  -  Axy  -  12/nn. 

3.  3(a  +  b)  +  1(x  ~y),  1c  +  8(a  +  b),  U(x  -  y)  +  Ax^,  and 
-l^x~y)-  ll(a  +  6), 

4.  5x^1/  -  Sj/^c  +  4,  Tz/^s  -  7m  -  3,  Sx^!/  +  S'/z  -  a^b,  and  6  +  7ni 

5.  a+ft  +  c,  36-X  +  ?/,  5(a  +  Z<)  +  3x,  7c  -  3.'n2n,  5(i6  +  66  -  3y,  and 
3(x  +  2/)  -  8c. 

6.  7ax2  -  3a6?/  +  7x ^-S^x  4-  5,  7Vx  -  3  -  *laby  -  Gax^,  Stti  -  5V«+y 
+  lOafiy,  11  -  ax2+  S^x  -  9xV  -  7m,  and  2x-i/-  +  4/n.  -  3Vx  +  5. 

7.  x^-Sx-y^-y^-zy+y^,  2y^  +  Ixhf  +  Sy^-9,4yz  +  S+Sx^-5y^ 
+  3X-I/2,  2i/3  -  6x2j/2  +  2y,  -  Syz  -  xhf  +  4y\  and  6  -  hxf. 

8.  5(xy  +  xr -?/:)"  +  3((;  +  ?/)c- 7u2y,8(x7/  +  xr-?/c)''  -  7(a  +  2/)c 
+  3;n,  8^X3+x!/-i/r;  -4am,  7(a  +  ?/)c-  1 7^X5 - yc  +  xy,  5am  -  3m 

-  3(a  +  2/)c  -  {xz  -yz  +  xy)  a  and  x-j/ -  m^ 


SUBTRACTION. 
44.  Theorem. — The  subtraction  of  any  positive  quantity  is  equiv- 
alent to  the  addition  of  the  same  quantity  taken  negatively  ;  and  the 
subtract  on  of  a^y  negative  quantity  is  equivalent  to  the  addition  of 
ike  same  quantity  taken  positively. 

Deiioxstratio.v  I.  a  =  a  +  6-6(Ax.  vi)  ;  subtract  +  6  from  each. 

Then  (Ax.  in)  a- (  +  6)  =  a-6=  a  +  (-6) 

"  11.  a  =  0  +  b-b  (Ax.  vi)  ;  subtract -6  from  each. 

Then  (Ax.  lu)  o  -  (-  6)  =  a  +  6  =  a  +  (+  i) 

0 
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45.  To  subtract  one  algebraic  quantity  from  another  : — 

Rule. — Change  all  the  signs  of  the  subtrahend  o-rimagine- them 
to  be  changed,  and  then  proceed  as  in  addition. 

Note. — Once  the  signs  of  the  subtrahend  are  changed,  the  question  is  ro 
longer  one  in  subtraction,  but  id  caaTerted  into  au  equivalent  problem  in 
addition. 


From  ^a-l3xy  +  2^ 
Take  5a-Uxy-\-19 

r,.i..«.  (      To       Ta- 13x3/ +  27 
Hucuoa.     ^     Add-5o+lliy-19 

Remaiader  2a-    2xy  +   8 

Sum    2a-    2iy+   8 

(1) 

(2) 

From  9a6+   3xjj-23 
Take   5ab-   Ixy+ll 

From  3x2;/-   1xy^  +  3z^-i 
Take   9x^y+  4x1/2- 52*+ m 

Rem.  Aab-hlOxy-iO 

Rem,  -  6x2]/ - 1 1  ry2  +  8z3  -  4  -  in 

(3) 

From       2(x-i/)+  i^(a  -b) 
Take     -1  (x  -  y)  -  a'^?n  +  11 


Rem.       9(x-y)  +  z\a-b)-^ahn-lt 
EXBBCI3B  VIII. 


1 .  From  'ia^jh  -  Txy^  +  5az' -1xy+l3m-l\ 
Take  3aY-  +  4xy3_6a22_i|xy-  7/b-II 

2.  From    3a-1c  +  4xy^-1'^a-b' 
Take  -  1  la  +  7c  -  m^  +  6Va^^ 

3.  From  (a  +  b)^x^-y  +  '!ani'-cd 
Take  7ani'''- 3c(i  +  4(a  +  6)(x2-y)J 

4.  From  9(xj/  +  y^-z^y  +  3'Jx^'^^  +  7tt*x^  -  1  l^m  +  1  Ixa/^TI 
Take  5(xy-23+j/2)^+i7x(6+a)* +3/7i*  -  7a*xi +  3(x«-j/2)^ 

5.  From  3  +  V2-5x+^4-7i/  +  8^-6Va^ 
Take  V2  -  13  +  4*  -  6^8  -  5x  +  I6y  +  3(a  -  6)* 

6.  From  5n-66-7c  +  4d-  llc+  7m-16x  +  j/-7z 
Take  4d-1z  +  5a-Gb  +  m.-5c+9x  -  lly  +  abed 
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USE  OF   BRACKETS. 

46.  Much  difficulty  is  commonly  experienced  by  a 
beginner  in  the  management  of  brackets.  His  attention 
is  therefore  particularly  directed  to  the  following  rules, 
remarks  and  exercise. 

RcLS  1. — Jf  any  number  of  quantities,  enclosed  within  brackets, 
be  preceded  by  the  sign  +,  the  brackets  may  be  struck  out  as  of  no 
value 

This  arises  from  the  fact  that  when  a  quantity  is  added, 
the  signs  of  its  terms  are  not  changed. 

RcLE  2. — If  any  number  of  quantities,  inclosed  within  brackets^ 
oe  preceded  by  the  sign  ~,  the  brackets  may  be  removed  if  all  the 
included  signs  be  first  changed,  i.e.,  +  into  —  and  —  into  +. 

The  necessity  of  thus  changing  the  signs  is  manifest 
from  the  following  illustration  : — 

a-  (b  +  c)  means  that  we  are  to  subtract  the  whole  quantity 
b  +c  from  a.  If  we  subtract  b  alone  the  remainder  a-  6  is  too 
great  by  c,  for  we  were  to  subtract  the  sum  of  b  and  c.  Hence 
to  obtain  the  correct  remainder  we  must  take  c  from  a  —  b,  but 
this  gives  a-b-c.     Therefore  a-(b  +  c)  =  a-b-c. 

Again  a-  (^b-c)  means  that  b  is  to  be  decreased  by  c,  and  the 
remainder  taken  from  a.  If  now  we  take  b  from  a,  the  remainder 
a-6istoo  small  by  c,  because  we  have  subtracted  a  quantity 
too  great  by  c.  Hence  to  make  the  remainder  a-b  what  it 
ought  to  be,  we  must  add  c,  but  this  gives  us  a-6  +  c.  There- 
fore a-  (b-c)=  a-b  +  c. 

Kemaek  1, — The  learner  must  carefully  note  that  in  every  case  in  which 
he  meets  with  [  or  j  or  (  he  must  look  for  the  counter  part  )  or  ^  or  ]  and 
that  the  above  rules  apply  only  to  the  signs  of  the  quantities,  simple  or 
compound,  included  within  the  complete  or  outer  bracket. 

Eemap.k  2. — In  removing;  the  brackets  from  a  quantity  it  is  to  be  care- 
fully remembered  that  the  first  sign  wthin  the  bracket,  when  +,  is  always 
uuderstood,  and  that  the  rules  above  given  apply  to  it  as  well  as  to  the 
other  eigua. 
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Ex.  1.  Simplify  a  +  (b-c  +  d) 

OPERATION. 

a+{b-c  +  d)  =  a  +  b-c-^d 
£x.  2.  Simplify  3a-(4c-d  +  3a-jn) 

OPERATION. 

3a  -  (ic  -  d  +  3a-  m)  =  3a  -  Ac  +  d -  3a  -Hn  --ic+d  +  m. 
Ex.3.  Simplify  3;/i-{a  +  (c- m)  } 

OPERATION. 

'  3/71  — {a  +  (c-7n)  }  =  Sm-o  — (c-m) 

=  3in-a-c  +  m  =  4.in-a-c 
Ex.  4.  Simplify  l-{l-(l-{  I-x})} 

OPERATION. 

1-{1-(1-{1-X})}=1-1+(1-{1-^}) 

= 1-1+ 1 -j 1-x} 

=1-1 +1-1+X 

=  x 
Ex.  5.  Simplify  (a-6)-{-a-(6-fl)  {-{-(- {-(-a +  6)-<-}-A)-r} 

OPERATION.* 

(a_6)-{-a-(6_a)!-{-(-{-(-a  +  6)-r}-J)-r} 
=  a-6  +  a+(6-a)  +  (-{-(-a  +  6)-c{-6)  +  c 
=  a-6+a  +  6-a-{-(-a+6)-c}-6  +  c 
=  a-b  +  a  +  b-a  +  (-a  +  b)+c-b+c 
=a-b+a+b-a-a+b+c-b+c 
=  2c. 

*AHhoiigh,  for  the  sake  of  illustrating  each  6tep,  the  process  is  here 
made  to  consist  of  several  linos,  the  student  is  recommcndod  to  remove 
all  the  brackets  at  one  operation,  and  thus  to  make  oiily  two  di:itiuct  steps 
iu  the  eimplilicatiou. 

Exercise  IX. 
Simplify  the  following  expressions  : — 

1.  {a+in)-(c-6)  +  (5-7n)-(a  +  c)  +  (c +  3)  -  (5c  +  m) 

2.  (a-b-c)-{b-c-u)-(c-b-a)-(a+b  +  c) 

3.  (3a-4)-(Gj/-x)-(5a-4-6l/)-  (3a-4-{-6]) 

4.  6-{-(-{-(-{-(m)l)l)} 
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5.  (2a  -  3c  +  4i)  -  {5i  -  (m  +  3a)  }  +{  5a  -  (  -  4  -cZ)  }  -  {3a- 
(4a  -  5d  -  4)  } 

6.  m2-(c2-uO  -  { -7n2-(-  2a2)  }_{_(_57?i2-  { -  (a'  -  c'^  +  Zm^) 
-c^-\-m"-)  -2a2} 

7.  l-(-l)-{-(-l)}-{_(-{-(-l)-l})-l} 

8.  a^+2x-{a2-(2x2-{-m2-(a2+2x-{-m2-(3a2  +  3x  +  3m2)[){ 

-  2/n2)  -  a  ^  } 

9.  (a^ic+Sc^)  +  Sa^ic  -(m  +  c)-{-  (4a^bc  +  c)  -  (  -  3c^  -m)  } 

10.  3a  -  (2a  +  1)  +  {  a-  (2  -a)  }  -  {-  1  -(-a-{-  2  -  a  +  (-1)}  -  2a)} 

11.  (-a-6 -c)  +  (a-c)-(c-a)-{ -(+{+(+{+(  +  { -a }-6-c) 

-  a  }  -  36)  }  -  36  -  2c)  -  2a  } 

12.  {  (a/n-c)-  7}+{  (5 -7a/7i  +  c)}-{-3a-(-4a7/i-{-c-(-9 

-  3c  -  4a)  I  -  6)  -  5a?/i  } 


47.  It  is  frequently  found  necessary  in  the  performance 
of  algebraic  operations  to  inclose  two  or  more  simple  terms 
within  brackets  so  as  to  deal  with  them  as  constituting  one 
quantity.  In  placing  any  given  terms  within  a  bracket, 
attention  must  be  paid  to  the  following  rules: — 

KcLK  I. — j9ny  term  whatever  may  be  selected  as  the  first  term 
within  the  bracket,  remembering  that  the  sign  of  that  term  must  be 
■placed  before  the  bracket. 

RcLE  II. — //  the  sign  thus  placed  before  the  bracket  be  +,  the 
vther  terms  may  be  at  on-e  placed  within  the  bracket,  each  preceded 
vy  its  proper  sign;  but  if  the  sign  thus  placed  before  the  bracket 
be  -,  then  in  placing  the  other  terms  within  the  braiket  we  must 
change  the  sign  of  each,  i.e.,  +  into  —  and  —  into  +. 

KoTE. — The  signs  are  thus  changed  when  the  terms  are  put  into  a 
bracket  preceded  by  the  sign  — ,  in  view  of  the  fact  that  when  the  brackets 
are  struck  out  this  —  sign  has  the  elTect  of  changing  the  included  signs  bock 
again  to  their  original  form. 

Ex.  1.  Inclose  a-6-c  +  d  in  a  pair  of  brackets. 

OPERATION. 

+  a-6-c  +  d  =  +  (a-6-c+<f) 
or  =  -  (6  -  a  +  c  -  a') 
or  =  -  (c  -  a  +  6  —  e) 
or  =  +  ((i  +  a  -  i  -  c) 
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Ex.  2.— Inclose  a-b  +  c  -  d-r^  +/, in  alphabetical  order,  in 
brackets,  using  an  outer  bracket  iMclosing  two  pair  of  inner 
brackets. 

OPERATIOy. 

a-  b  +  c-d~m+/={(a-b  +  c)-(d  +  m  -/)  j 
or  =  {  (a  -  6)  +  (c  -  d  -  m +/)  } 
or  =  {  (a)  -{b-c  +  d  +  m  -/)  } 
0T  =  \(a-b  +  c  -d)  -  (m  -/)  j 
or  =  {  (a  -  b  +  c  -  d  -  m)  +  (/)  \ 

EXEECISB    X. 

Express  a-b  +  c  -d  -  e  +  m-f-  r-s  +  v  +  w  +  x  io  brackets 

1.  Taking  the  terms  two  together. 

2.  Taking  the  terms  three  together. 

3.  Taking  the  terms  four  together. 

4.  Taking  the  terms  six  together, 

5.  Three  together,  using  an  inner  bracket  after  the  moael, 

{*  i(  •+  *)} 

6.  Three  together,  using  an   inner  bracket  after  the  model, 

7.  Four  together,  using  an  inner  bracket  after  the  model, 
{^i(,  ±  .+  ♦)} 

8.  Four  together,  using  an  inner  bracket  after  the  model, 
{(*+•  +  •)  +  •} 

9.  Four  together,  using  an  inner  bracket  after  the  model, 

^«  +(•  ±  *)  +  •  } 

10.  Six  together,  using  an  inner  bracket  after   the   model, 

!•  ±»  i  •  +(•  ±  •±-  )} 

11.  Six   together,  using   an  inner  bracket  after  the  model, 

{(+»±*+»+»)+*i»} 

12.  Six  together,  using  two  inner  brackets  after  the  mod^l, 

I  -±(  •±»)±    '±(  *±»  )i 

jfo^E.— The  asterisk  Is  used  merely  to  denote  the  position  to  be  occupied 
by  the  given  letters  with  reference  to  the  brackets,  th'-  dign  i,  ready)/u5, 
or  minus,  implies  here  that  the  student  is  to  determine  whid*  one  of  these 
•  igns  is  to  b«>  employed. 
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48.  A  number  or  a  letter  written  directly  before  or 
after  a  bracket,  inclosing  one  or  more  quantities,  implies 
that  each  of  the  included  terms  is  to  be  multiplied  hy  that 
number  or  letter.  So  the  line  that  separates  the  numerator 
and  denominator  of  an  algebraic  fraction  acts  as  a  vinculum 
in  uniting  the  terms  of  the  numerator  into  one  quantity ; 
and  hence  when  the  several  terms  of  the  numerator  are 
written  separately,  the  denominator  must  be  placed  under 
each. 

Ex,  1.  Remove  tlie  bracket  from  6  (a  -  am  +  bi/  -  c). 

OPERATION. 

6  (a  -  0771  +  by^  -  .)  -  6a  -  Gam  +  6by^  ~  6c 
Ex,  2.  Remove  the  bracket  from  4  {a  -  b  -  (ex  ■i- dy  -  b^}m 

OPERATION. 

4  {  a  - i -  (cr  +  dy- b^a]m  =  Am{a-b-  (ex  +  dy-b^)  a] 

=  4a77i- 46771- 4771  (ex  +  dy-b^)a 

=  4am-4bm~  4:am(ex  +  dy-b''') 

=  4a/n  -  46771  —  4ac777a;  —  Aadmy  +  '^bhn 

■^  «  ,        .       ,        „         Za-m-((^-m'^-\-x)y 

Ex.  3.  Remove  the  vinculum  from  „,,  , 

2oVc 

2a,~m-(c^-7n?+x)y         3a  m  c^y-rn^y  +  xy 

26Vc  ^  T6Vc'  ~  "26^7^"  26Vc 

3'X  m  (?y  rr?y  xy 

~  '2b^Je  ~  "26 V^  ~  "26 Vc"  ^  Ib^'j'c  ib^c 
Note.— In  the  first  step  of  this  operation,  when  the  bracket  inclosing 
the  last  three  terms  is  struck  out,  the  included  signs  are  not  changed, 
because  the  vinculum  -written  under  these  terms  still  binds  them 
into  one:  but  when  in  the  next  step  this  vinculum  is  removed,  the  minus 
sign  preceding  it  has  the  effect  of  changing  the  signs  of  the  terms  as 
exliibiied  in  the  operation. 

Exercise  XL* 
Remove  the  brackets  and  vincula  from  the  following  expres- 
BioD^ : — 

1.  3/'a-6);  4x(a  + i^-ar");  Zp-x(\-b-c^ 

2    «/'a- 6^  +  77177)  +x2  (1  - 3a-  b)-m^x'^  (Z-b-  m'x) 

•  See  Axte.  52.  53,  and  67. 
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3.  3{l-(x-7/)a}  +  4{l  +  (a  -  b  +  y)i}~  c^  {a-(-3  -  ni)y} 

4.  a  I  a  (m  -  ii)  -  c  (p  -  q)  \  +  c  {  c  {-  m  +  n)  +  a  (^-p  +  q)  \ 
X  +  J/  —  (c  —  d  —  m) 


5.  a  -b  — 

6.  m  + 


^3 

a  -  (6  -  c  -  (/) 


xyz 

t  ,         V            ,       1 .  .             6a  -  (771  -  3p ) 
7.  a  {  (/?i  -  7/)  X  -  e  (a  +  i)  }  +  ay ^  '^  '^ ' 


8.  3i{_(a_c)(Z+(wi-7!)/}- 


2a -c 

l-{2(l-c)4-3(T-777>-4(l-y)} 
^5x2 


49.  Two  or  more  terms  of  an  algebraic  expression  that 
have  a  common  factor  are  often  written  in  an  abbreviated 
<brm  by  the  aid  cf  brackets,  placing  the  factor  common  to 
the  several  terms  directly  before  or  after  the  bracket,  and 
the  remaining  part  of  each  term  with  its  proper  sign 
within. 

Ex.  1. — Collect  the  coefficients  of  x^i/s  in  the  following  ex 
pressioa  into  one  quantity:  5ax-^r - Sx^ys  +  Sa'/n^x^ys  +  SoZwrtc^^i 
-xhjz. 

OPERATTOX. 

*  ^axhjz  -  3xhjz  +  5a-m-x-yz  +  Babc^xhjz  -  i^yz 
=  (5a-3x+  5a-m^  +  3ubc--l)x^yz 

50.  Any  factor  of  an  algebraic  term  may  be  regarded 
as  the  coefficient  of  the  remaining  factor.  This  is  at  one* 
evident  from  the  meaning  of  the  expression  coefficient  » 
con  "  together  with,"  and  efficiens  "making"  or  "  operat- 
ing," i.e.,  the  part  which  cooperates  with  the  remainder  to 
make  the  complete  term. 

Thus,  in  the  term  3abxy,  3  is  the  coef.  of  oJxy;  3a  is  the  coef. 
of  6x1/ ;  3ab  is  the  coef.  of  xy  ;  3j6x  is  tho  coef.  of  y ;  3aby  is  tha 
coef.  of  X  ;  abxy  is  the  coef.  of  3  j  3xy  is  the  coef  of  iib,  kc,  &c, 
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5.  TVhcn  terms  involving  brackets  are  to  be  added  or 
subtracted  it  is  commonly  best  fiist  to  strike  out  the 
brackets  by  Art.  46,  and  after  performing  the  addition  or 
subtraction,  re-bracket  the  terms,  if  necessary. 

Ex.  1.  Add  2a{x  -y  +  3),  5(m.  -  r?  -  ax),  and  2(a  +  ay  -  4m) 

OPERATION. 

2a(x  -y  +  3)    =      lax  -  2ay  +  6a 

5(/n  -  c*  -  ax)  =  -  5ax  +  5m  -  5c* 

2(a  +  ay  —  4ni)  =  2ay  +  2a  —  8m 

Sum  =  -  3ax  +  8a  -  3iii  -  5c* 

=  -  3{ax  +  m)  4- 8a  -  5c^ 
Ex.  2.  From  p(x  -  y)  +  q  (y  -  z)  take  a  (x  -  c)  -  i  (jf  +  «) 

OPERATIOX. 

p(i  -y)  +  q{y  -z)  =  px  -py  +  qy-  qz- 
a{x  -  z)  -  b{y  +  z)  =  ax  -  az  -  by  -  bz 


Diff.  =  px  -  py  +  qy-  qz  -  ax  +  nz  -r  Lu  +  bz 
=  px  -ax-py-\-qy  +  by~-qz  +  az+bz 
=  (p  - a)x -  {p  ~q-b}  y-  (ji-u.-  b)z 
Exercise  XII.* 
Find  the  value  of, — 

1.  3{am  -  X  +  ?/)  +  5a(x  +  3y)  +  2(a  -  xj)m  +  4x(a  +  1). 

2.  (a-x  +  y)m  +  3[m  +  a)x  +  4(a-  y)  +  3(a  +  x)!/. 

3.  7(a  +  6  -  f)  -  5(6  +  X  +  6c)  -  3(//i  -  a-  c). 

4.  (a  +  >n)x  -  3{am  +  c)  xy  +  2  (a  -  cm)y'^  added  to  (x  +  y'^)a 
+  (c  +  a)xy-(b+/)f 

5.  3(x  +  y  +  z)am  +  2c(x  +  z)  +  (y  -  z)ac  substracted  from 
3(a  -  6  +  c)ij  —  (2?n  —  c)x  —  3m (ax  H-  uy  -  az). 

6.  2a(p  +  xy)c  -  3(m  -  2xy  +  y'^)c  -  3a{jj  +  c)  substracted  from 
ll(a  +  b)my  -  3xy{ii  -b  +  c). 

jMULTIPLICATIOX. 
52.  Theorem. — Quantities  having  like  signs,  give,  when  multiplied 
together,  a  product  which  is  positive ;  and  quantities  having  unlike 
.iigns,give,  when  multipli'd  together,  a  product  which  is  negative. 
Or,  us  it  is  sometimes  expressed,  for  the  sake  of  brevity, — 
In  Multiplication,  like  signs  give  plus,  and  unlike  signs,  minus. 

•  See  Alts.  52  and  53. 
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Demonstration  I.  +  ax  +  b  means  that  +  a  is  to  be  taken  in  an 
additive  sense,  i.e.,  is  to  be  added  as  often  as  there  are  units  in 
b.  But  +  a  added  once  gives  +  a  ■  +  a  added  two  times  gives 
+  2a;  +  a  added  three  times  gives  +  3a,  and  so  on.  Hence  +  a 
added  b  times  gives  +  ab,  that  is,  +  a  x  +  6  =  +  a6. 

II.  ~a  X  +  b  means  that  -  a  is  to  be  taken  in  an  additive  sense 
as  often  as  there  are  units  in  b,  but-  a  added  once  gives -a; 
-  a  added  tw^  times  gives  -2a;  —  a  added  three  times  gives  -  3a, 
and  so  on.  Hence  -  a  added  b  times  gives  -  ab,  that  is  -  a  x  +  6  = 
~ab. 

Otherwise, -a  +  a=  0  ;  multiply  each  of  these  equals  by  +  6. 
Then  ■^ax  +  b  +  ab=0;  subtract  +  ab  from  each  of  these  equals. 
Then  -  ax  +  b  =  -  ab,  which  was  to  be  proved. 

III.  +  a  X  -  6  is  equivalent  to  -  6  x  +  o,  since  quantities  connected 
by  the  sign  of  multiplication  can  be  read  in  any  order  whatever. 

But-  6  x  +  o  =  -  a6  by  last  case.  Therefore  also  +  ax-b  --ab. 

IV.  -  a  +  a  -  0  ;  multiply  each  of  these  equals  by  -  b. 
Then  -ax-6-a6  =  0;  add  +  ab  to  each  of  these  equals. 
Then  -ax  -b  =  +  ab,  which  was  to  be  proved. 

63.  Theorem  II. — Different  powers  of  the  same  quantity  are 
multiplied  together  by  adding  their  exponents. 

Demonstration. — a*  x  a'  =  aaaa  x  aaa  =  aaaaaaa  =  a''  =  a  **',  and 
the  same  is  true  in  all  other  cases,  hence  generally  a™x  d"  =  a'^*  ". 

Case  I. 

54.  When  multiplicand  and  multiplie-.  ar"  both  simple  alge- 
braic quantities, 

R0LB. — Multiply  together  the  numerical  co-efficients  and  write 
the  letters  in  juxtaposition  aft(\  .his  product. 

Thus  3a6  X  Scy  =  3  x  5  x  abcy  =  i5abcy  ;  -  2ab  x  3c  =  -  6abc ; 
2xy  X  -  1  l77i  =  -  22mxy  ;  -  ixy  x  -  1am  =  28amxy. 

Case  II. 

55.  When  the  multiplier  is  a  simple  quantity  and  the  multi* 
plicand  is  a  polynomial. 

Rule. — Multiply  each  term  of  the  multiplicand  by  the  multiplier^ 
and  connect  the  several  partial  products  by  their  proper  signs. 
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Ex.  1.     Multiplicand,  4ax-  2ay  +  3x^!/' 
Multiplier,       2ary 


Product,  ia^x^y  -  ^a^xy^  +  Gax^y* 

Ex.  2.     Multiplicand,  4ani^-3acx-4xy+ 7 
Multiplier,      -  3ay^ 


Product,         -  12a^V  +  9a^cxy^  +  I2axy^  -  21ay''' 

Case  III. 

56.  "When  both  multiplier  and  multiplicand  are  poljnomiala, 

Rule. — Multiply  each  term  of  the  multiplicand  by  each  term  oj 
the  multiplier,  and  add  the  several  partial  products  together. 

Ex.  3.     a^-ah-b^ 
a  —  b 

«•  a'  -  a-b  -  ab^ 

-a'^b  +  ab^+b^ 
a*-  2a^6         +  b* 

Ex.  4.     3ax«-3a2x  +  2a2x* 
5a    -2x 
15o^x^-15a^x  +  10a'x2 

-   6flx='+6a^x^-4a^x» 
2  la^'x'  -  4a^x'  -  6ax*  - 1  ba^x  +  lOa^x' 

Ex.  5.       2ab^  -a^b^  +  a'b^ 
dab    -  2iib'^  -  3n^b 


6a''b'^-3a^b^  +  3a%^ 

-  42^64+ 2a364-2a46s 

-6a''b^+3a*b^-3a^b* 


6d'b^  -  9a*6H2o»6*-4a^6*+3a*/>*+3a*6»-2a46«-3a«6* 
Ex.  6        a'  -  2ab  +  b^ 
c?  +  2ab  +  b^ 


a* -20^6 +0^6^ 

2a«6-4a2i2+2a6» 

aW-2ah^^b*' 
a*  -20^6*  *6* 
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Ex.  7.     x^-  {a-  l)x  +  ah 


X*  -  (a-b)x^  +  abx 

-mx^  •>r  (ma  -  mh ,x  -  dbm 

X*  -  (a  -  6  +  m)x^  +  (ina  -  mb  +  ab)x  -  abm 

Ejl  8.     x'-ax^-bx  +  c 
X  -m 


X*  -  ax^  -  bx'^  +  ex 

—  mx^  +  anx^  +  bmx  -  an 
x^  -  (a  +  m)x^  -  (6  -  am)x'^  +  (c  +  bm)x  -  cm 

Exercise  XIII. 

1.  Multiplyrt^-2a?/  +  ?/^bya2-2ai/  +  2!/-;  and a^ - 3a-b +3 ab^-b' 
by  a^  +  2ab  +  b'\ 

2.  Multiply  2iz^/;i^+  I2ainxy  +  Qx-y'^  byam-xy;  and3i2^x-3ax^ 
by  3a-x'-  x'^  -  1. 

3.  JIultiply  a*  -   a'/zi  +  a-;;i^  -  am^  +  ni*  by  a   +   m  ;    and 
2a^  -  2(;xy  +  2;/-  by  a'  -  ax  +  y'^. 

4.  Multiply  x^  -  3x  -  7  by  X  -  4  and  a^  +  ff*  +  a^  by  a*  -  1. 

5.  Multiply  a'  +  2d'b  +  3(16^  +  4i»  by  a^  -  2a6  -  36''*. 

6.  Multiply  a6  -  ac  +  6o  by  ah  +  ac  -  be. 

7.  Multiply  a*  -  2a''6'-  Sa^i^  _  2a63+  ^4  ^^  ^^  ^  2a6  +  b\ 

8.  Multiply  3x2  _  2abx  -  2a^6^  by  x  +  2ab ;  and  x*  4-  2x  -  3  by 
x^-x  +  1. 

9.  Multiply  X*  +  2x^  +  3x2  +  2x  +  1  y,^  ^.4  _  ojS  +  3^2  _  2x  +  1. 

0.  Multiply  Sf/^*  +  2x'y-  +  3^^  by  2i/'  -  3xV  +  i^-^^  i  and  a™  +  i" 
y  fl"  +  i". 

11.  Multiply  2(1  +  3,  3a  +  4,  5a*-  2,  and  a- 3  together. 

12.  Multiply  ax  +  by  hy  ax  +  cy  ;  and  a™ -6"  +  c^  by  a^*^-b^P 

13.  Multiply  a™-cP  +  (/''  by  a^-m^  +  x". 

14.  Multiply  a* -ax  +  x^  by  a'-a'x+  ax^  -  x*. 

15.  Multiply  2a  -  6,  36  +  c,  2c  -  ?/i,  and  3m  -  i  together. 
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DIVISION. 

57.  Division  is  the  process  of  resolving  a  given  quantity 
into  two  factors  -when  one  of  the  latter  is  given.  As  iu 
Arithmetic,  the  given  quantity  to  be  resolved  or  divided  is 
called  the  dividend^  the  given  factor  is  called  the  divisor, 
and  the  factor  to  be  obtained,  the  quotient. 

Since  the  divisor  x  quotient  =  dividend,  the  sign  of  the  qno- 
tient  must  be  such  that  the  sign  of  its  product  by  the  divisor 
shall  be  the  sign  of  the  dividend. 

+  nb  ,  ,      -^"b  ,  . 

Thu=!.   • — ,-  =  +  a-.-  +  ax+b-+  ab]  -  =  -a-.'-a  x-b  =  -hab; 

'     +b  '    -b  ' 

-ab  -  ab 

— ,-  =  -^-a\--bx-\-a  =  —  ab:  -— 1.~  =  —  a'.'-ax  +  b  =  -  ab. 
—  b  '    +  0 

Hence,  the  rule  of  si^ns  for  division  is  the  same  as  for  multiplica- 
tion ;  that  is,  like  *igns  in  divisor  and  dividend  give  plus  in  the 
quotient,  unlike  signs  in  divisor  and  dividend  give  minds  in  the 
quotient. 

58.  Since  a*  x  a*  =  a*  *  *  =  a',  it  follows  that  a''  -r  a*  =  a",  that 
is,  a'  -v  a*^  =  a''  ~ '^  =  a^ ;  or  generally,  since  a™xa"  =  a'"*",  it  follows 
that  a"  +  "  ^  0^=0^  or  a™+"  -f  a"  =  a™. 

Hence,  one  power  of  any  quantity  is  divided  by  another  power  of 
the  same  quantity,  by  subtracting  the  exponent  of  the  divisor  from 
the  exponent  of  the  dividend. 

Thus,  a^b^  -r  a^b^  =  a*6'  ;  x^c'  -f  xz"  =  x^  ;  ab^c^m*  -r  bm^  = 
abc^m,  &c. 

Case  I. 

59.  "When  both  dividend  and  divisor  are  simple  quanti- 
ties or  monomials, 

Rule. — Diviile  separately  the  coefficient  of  the  dividend  by  the 
coef.  of  the  divisor,  and  the  literal  part  of  the  dividend  by  the  literal 
part  of  the  divisor ;  write  the  partial  quotients  thus  obtained  in  juxta- 
position^ and  prefix  the  prefer  sign. 
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Tbus  14a^6'c*  ^  -  la'tc*,  14  •;■  7  =  2,  and  a''b'*c*  -f  o^ftc*  =  a*bc*, 
and  the  quotient  is  -  2o*6c*,  because  the  signs  of  divisor  and 
I^vidend  are  unlike. 

Similarly  -  2\a^bx  ^  Sa'b  =  -  7-c  ;  -  18xyV  a  _  2x2^  =  Qy'z,  ecv,. 

jfOTE.— If  both  coef.  and  literal  part  of  the  divisor  are  not  contained  as 

factors  in  the  dividend,  we  can  only  indicate  the  division  by  writing  the 

two  quantities  in  the  form  of  a  fraction. 

Tab'cx^ 
For  example,  lab'^cx^  -i-  limy  can  only  be  expressed  thus,  — 

But  when  we  have  thus  expressed  the  quotient  we  can  cancel  any  factors 
that  are  common  to  both  numerator  and  denominator. 

Thus  2iaixyi -^Voaxzi—+— 5^  =  5 ■.    , -=  -7^ 

*  loaxz^  Sax  x  bz^  bz* 

Exercise  XIV. 

Find  the  quotients  of: 

1.  I5abc^  f  5ac  ;  4:2ax^y^  ^  laxy*;  2i(i^xy  v  Saxy  ;  -20x^2*° 
■=■  20xy^z''. 

2.  -liab^m*  -i-  labm^ ;  -  14aix'  ^  146x  ;  -  2'Imx^  -r  -  3x'  ; 
-  I2x''y  -T  -  Ax^y. 

3.  I2ab'^c  4-  20axi/;  -  I7a6x^  v  llamx  ;  -21a6x'^  -r  -  SSfix^c*; 
abhf  ^  -IQacfx'^. 

Case  II. 

60.  When  the  divisor  is  a  simple  quantity,  but  the 
dividend  is  a  compound  quantity,  i.  e.,  a  polynomial. 

Rule. — Divide  each  term  of  the  polynomial  by  the  divisor,  as 
directed  in  Case  I,  a?id  conned  the  several  partial  quotients  thus 
obtained  by  their  proper  signs. 

Example. — Divide  Aa'^b'c  -  3ab(^  +  12a6'cx  -  8aby^  by  -  Aab. 

Aa^^c-Zabc'^-Uab'cx-Sabv^    +4a^b''c       ^  -Sabc' 

Here ^^ "  =  ^riHr'*°"^-r^H6    '"°*^ 

+  \2ab'cx       ^-8aby^  ,  ^       3c=«        ,     ,.,  j,„j 

;-  ,  and  — — r-  =  -  ale,  and  +  — ,  And  -  3b''-r,  and  +  2u^  = 

-  4a6    '  -  Aab  *■'  ' 

3c* 
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Exercise  XV. 
Find  the  quotients  of: 

1.  12aa;j/2  _  2labc^  +  I2axhj  -  8acm  -f  4aca 

2.  21xy'^  -  llffl  +  Ux^y  -  AQy^  v  35axy. 

3.  -  64o*/7i  -  IGa^m^  +  24a*/;i  -  AOm^xy  -r  -  iM^m. 

4.  3a6c  +  4a^c^  -  IQaxy'^  -  SOa^m  -r  -  12mxy. 

Case  III. 
61.  When  both  divisor  and  dividend  are  polynomials, 

Rule — I.  Arrange  the  terms  of  both  divisor  and  dividend,  so  that 
the  different  powers  of  some  one  letter  (which  is  comm.on  to  both  of 
them)  may  succeed  each  other  in  the  order  of  their  indices,  and  place 
the  divisor  thus  arranged  to  tie  left  of  the  arranged  dividend,  as  in 
arithmetical  division. 

II.  Divide  by  Case  I.  the  First  Term  of  the  dividend  by  the 
First  Term  of  the  divisor,  and  place  the  result  with  its  proper  sign 
in  the  quotient, 

III.  Multiply  the  whole  divisor  by  the  term  placed  in  the  quo- 
tient, set  the  product  beneath  the  dividend,  and  subtract. 

IV.  To  the  remainder  bring  down  as  many  terms  from  the  divi- 
dend as  the  case  may  require  ;  again  divide  the  first  term  of  this 
partial  dividend  by  the  first  term  of  the  divisor,  and  place  the  resuU 
with  its  proper  sign  as  second  term  of  the  quotient ;  multiply  and 
subtract  as  before,  and  proceed  thus  till  all  the  terms  are  brought 
down. 

ExAMrLE.  a  +  b  )  a''  +  2ab  +  b^  (^a  +  b 

a^+  ab 

ab  +  W 
ab  +  b' 


Explanation. — The  terms  are  already  properly  arranged  in 
both  divisor  and  dividend,  since  the  powers  of  a  follow  one 
another  in  regular  descending  order.  Tnen  a^  (first  term  of 
dividend)  -r  a  (first  term  of  divisor)  gives  +  a  as  result,  and  we 
place  this  in  the  quotient.  Next  (a  +  b)  x  a  =  a^  +  ab  which  we 
subtract  from  the  dividend,  and  to  the  remainder  +  ab  we  bring 
down  b^,  the  other  term  of  the  dividend.  Next  +  ab  (first  term 
of  partial  dividend)  -r  a  (first  term  of  divisor)  gives  +  b  for  second 
term  of  quotient.  Lastly  (a+b)  x  b  =  ab  +b^  which  we  subtract 
and  find  that  there  is  no  lemainder. 
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Ex.  2.     Sab  +  46^)  -  ai»  +  Ga^^  -  126* 

3a6  +  46^    6a^f'^  -  «i»  -  126*(2a6  -  36» 
6C-C/3  +  8ab' 


-  906"  -  1 2b* 


Explanation. — Here  we  see  that  the  terms  as  given  are  not 
properly  arranged,  since  in  the  divisor  the  exponents  of  a  are 
arranged  in  descending  order,  while  in  the  dividend  they  are 
not;  moreover  the  exponents  of  b  in  the  divisor  follow  one  an- 
other ia  ascending  order,  but  in  the  dividend  they  follow  one 
another  irregularly.  ^Ve  first  then  arrange  them  properly,  and 
then  proceed  to  divide  as  follows  :  Garb-^  Zib  -  +  2(»6,  whii.-h  we 
place  in  the  quotient,  {2ab  +  46-)  x  2ab  =  Ga^b'^  +  8a6',  which  sub- 
tracted from  the  dividend  gives  a  remainder  -  9a6'  —  126*.  Next 
-9a63  ^3a6  =  _  3<,:i .  (3,,^  +  45.;)  x  -  36^  =  -  9a6*  -  126*,  which 
subtracted  leaves  no  remainder. 

Ex.3.     3a- 6  )  6a*-96  (  2a»+ 4a2  +  8a+ 16 
6a*-  Vla^ 

12a»-96 
lJa»-  24a* 


24a-- 96 
24a2-48a 

4Sa-96 
4Sa-96 

\    x^-xy-iry')  xY  +  X*  +  y* 

x^  -xy  +  y-)  X*  +  x-j/-  +  y*  (  a'  +  iw  +  y* 
X*  -  x'y  +  x'^y'^ 


x^y   +  y* 

x^y   -x'-y'  +  xy' 

x^y'  -  xy'  +  y* 

x'Y  -  xy*  +  y* 
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Ex.  5. 

t'-  2ax  +  X-)  a'^-ia^x  +  6a'x^-4ax^+  ix*  (a^-  2ax  +  x^+   '^-2ax+  ^ 
a'^  -  2a^x  +  a'x^ 


-2a^x 

+  5a^x^ 

-  4  ax* 

~2a^x 

+  ia^x^  ■ 

-2ax^ 

a?x^- 

-  2ax^  +  4x* 

aH-"- 

-  2ax^+x* 

3x*  =  rem. 

Ex.  6. 

1+a)  a^+2a 

+  1  (a^-c^  +  o*- 

a5 

+  — 

+  2a  +  l 
'  +a 

a^-^a^ 

-a^ 

+  2a 

-a^ 

-a* 

a*+2a 

a*+a'' 

-a^  +  2a 

-a^-a« 

Rem.  =  a^  +  2a+l 
Note. — In  Examples  5  and  6  the  division  does  not  terminate,  or  in  other 
words,  the  dividend  is  not  exactly  divisible  by  the  divisor,  and  we  write 
ihe  remainder  as  the  numerator  of  a  fraction  having  the  divisor  for  denom- 
inator. In  Example  6,  however,  this  inconvenience  arises  from  the  fact 
that  the  terms  of  both  divisor  and  dividend  are  not  arranged  according  to 
rule,  for  if  we  had  arranged  the  dividend  thus  (1  +  2a  +  a2 )  we  should  have 
obtained  1  +  a  for  the  quotient.  The  student  then  must  be  careful  to 
remember  that  the  divisor  and  dividend  must  be  arranged  either  both 
according  to  the  ascending  or  both  according  to  the  descending  powers 
of  the  principal  letter,  or  letter  of  reference,  as  it  is  called;  and,  that  not 
only  at  starting,  but  throughout  the  whole  process  he  must  take  care  to 
arrange  the  partial  dividends  according  to  the  same  plan  as  that  adopted 
in  the  divisor. 

Exercise  XVI. 

Find  the  quotients  of: — 

1.  x^  -  2xy  +  y^  divided  hy  x  -  y  ;  and  a?  4-  Za^h  +  3a6^  4  b^ 
divided  by  a +  6. 

2.  »/i*  +  4»i'x  +  Gm'-'a:^  +  4mx* 4-  a;*  divided  by  m^  +  2mx  +  x^. 

3.  9x6  _46x«  +95x2+150x  divided  by  x^~Ax-b. 

D 
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4.  a^+5a-b  +  b'  +  5ab^  divided  bya  +  i;  and  -  1 -f  iVdivided 
b3'  -  1  +  ^y- 

5.  x'^  +  10j;-33  divided  by  3  +  x2_2x. 

C.  a^  ■¥2a^m^- 2a^m^- 2a' m  + m^ -2am' +  2c^in^  divided  by 
c"*  4  m^—d-in  —  aiii^. 

1.  1  divided  by  1 +a;  a  divided  by  l-o;  1  -  m.  divided  by 
m+1  ;  and  1  -  2x  +  Sx^  divided  by  1  +  x  - x^. 

8.  Ga'^-10a'^iii-22ahn^-hiGam^-20m^  divided  by  Aam  +  Za' 
-  5/ft2. 

9.  4^5  -  lGa^b-+  I0a-b'^+l5ab*-25b^  divided  by  2a^-5lr\ 

10.  a=*+6^  +  f*-3a6c  divided  by  a^  +  b  '■'+c^-bc-ac-ab. 

11.  144x*-  145xV+  36i/*  divided  by  4x  +  3i/. 

12.  20-"*  f  2a'"6P  -  4a™c"  -  3a™6  -  36^^  +  e6c"  divided   by 
a^  +  bP-  2c". 

Note— If  (he  teacher  is  desirous  of  giving  his  pupils  a  greater  number 
of  questions  in  division  he  can  find  material  for  such  in  Exercise  XIII,  in 
which  the  product  may  be  regarded  as  tlie  dividend,  and  either  the  multi- 
plier or  multiplicand  as  the  divisor.  Similarly,  the  questions  in  Exercise 
XVI.  may  be  made  to  furnish  additional  material  for  practice  in  multipli- 
cation. 


DIVISION   BY   DETACHED  COEmCIENTS. 

62.  It  is  sometimes  convenient  in  division,  as  also  in 
multiplication,  to  employ  only  the  coefficients.  The  mode 
of  proceeding  is  shown  in  the  following  rule  and  illustra- 
tion : — 

Rule. — Having  arranged  the  divisor  and  dividend  as  in  ordinary 
division,  omit  the  letters,  and  set  down  the  coefficients,  each  preceded 
bij  its  proper  sign,  and  place  zero  for  every  term  of  either  divisor 
or  dividend  that  may  chance  to  be  absent. 

Proceed  with  these  coefficients  as  in  ordinary  division,  and  the 
^•esult  will  be  the  coefficients  of  the  quotient  with  their  proper  signs; 
the  literal  part  to  attach  to  each  of  these  is  easily  determined  by 
inspection. 
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Ex.1.     Divide  9x4 -144  by  3x- 6. 


OPERATION. 


3  -  6)  9  +  0  +  0  +  0  - 144  (3  +  6  +  12  +  24 
9-lS 


18  + 

0 

18- 

■36 

36  + 

0 

36- 

72 

72- 

•144 

72- 

■144 

Hence  the  quotient  =  3x^  +  Gx-  +  12x  +  24. 

ExPLAT^ATiON. — "We  place  three  ciphers  in  the  dividend  to  occupy  the 
places  of  the  absent  terms  x^,  x-,  and  x.  AVe  ascertain  the  literal  parts  to 
attach,  by  observing  that  x^  -^  x  =  x'^ ,  which  we  place  after  the  first 
coefficient,  and  the  others  of  course  follow  in  regular  order. 

Ex.  2.  Dividea;^  +  4a;5-8x4_25j;3+35j:2^21x-2Sbj'ar+5x  +  4. 

OPERATION. 

1  +  5  +4)  1  +  4  -  8  -  25  +  35  +  21  -  28  (I  -  1  -  7  +  14  -  7 

1  +  5  +  4 

-1-12-25 
-  1  -    5-    4 


-  1- 

-21  +  35 

-    7- 

-35-28 

21 

14  +  63  + 

14+70  +  56 

-    7- 

35- 

28 

-    7- 

35- 

28 

Hence  quotient  =  x^  -  x^  -  7a;-  +  14x  -  7. 

The  student  is  recommended  to  apply  this  method  to  the  examples  in 
Exercise  XVI. 
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SYNTHETIC    DIVISION. 

63.  The  following  is  a  still  shorter  method  of  division, 
and  is  peculiarly  applicable  when  the  first  coefficient  of  the 
divisor  is  unity.  It  is  frequently  called  "  Horner's  Method;"' 
after  the  name  of  its  inventor.* 

Rdle. — AfUr  properly  arranging  divisor  and  dividend,  if  ike 
first  coefficient  of  the  divisor  be  not  unity,  divide  both  dividend  and 
divii>or  by  the  first  coefficient  of  the  latter.  Then  set  down  the  first 
term  of  the  dividend  for  first  term  of  the  quotient. 

Arrange  the  divisor  in  a  vertical  column  to  the  left  of  the  divi- 
dend, and  change  the  sign  of  every  term  in  it  except  the  first. 

Multiply  all  the  terms  of  the  divisor,  so  changed,  by  the  first 
term  of  the  quotient,  and  arrange  the  products  diagonally  under  tht 
second  and  following  vertical  columns  of  the  dividend. 

Add  the  terms  in  the  second  column  and  the  sum  will  be  iht 
second  tei-m  of  the  quotient.  Multiply  the  changed  terms  of  iht 
divisor  by  the  second  term  of  the  quotient,  and  arrange  the  products 
under  the  third  and  following  vertical  columns  of  the  dividend. 

Continue  this  process  until  the  remaining  vertical  columns  added 
give  zero  for  sum,  or  until,  in  other  cases,  the  division  is  carried  at 
fiir  as  desired. 

NoTK.— It  is  usual  in  synthetic  division  to  perform  the  work  by  detached 
coefficients,  remembering  to  place  Os  for  the  absent  terms  in  both  diviso» 
and  dividend. 

Ex    1.     Divide  a^-3a*x^+3a'x*-x^  by  a^-Za^x  +  3ajc^-x'. 


1 
+  3 
-  3 


OPERATTOX. 
1+0-3  +  0  +  3  +  0-1 

3+9+9+3 
-3-9-9-3 


+  1   I +1  +  3  +  3+1 

Quot.  =     1  +  3  +  3  +  1+0  +  0  +  0  =  a»+  3a^x  +  3ai^  +  j* 

*  Syntlietic  division  demands  the  attention  of  the  student  not  only  on 
account  of  its  brevity  and  ele-^ance,  but  also  for  its  great  value  in  many  of 
U»e  hif;ner  departments  of  research,  such  as  in  obtaining  factors  prepara- 
tory to  tlie  integration  of  finite  differences,  in  constructing  a  recurring 
feries,  in  the  treatment  of  reciprocal  equations,  &o. 
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ErPLANATiON.— Using  only  the  coefficients  we  write  a  0  for  each  absent 
term,  i.e.,  for  the  terms  involving  a^x,  a'ix'3,  and  ax. 

Tlio  first  coef.  of  the  divisor  being  unity,  the  first  step  of  the  rule  is  not 
required. 

We  set  down  the  divisor  vertically  on  the  left  of  the  dividend,  and 
change  all  its  signs  except  the  first. 

We  place  the  first  term  of  the  dividend  for  first  term  of  quotient. 

We  multiply  the  changed  terms  of  the  divisor  by  the  first  terms  of  the 
quotient,  and  arrange  the  products,  3,  -3,  and  1,  diagonally,  as  represented, 
so  that  the  first  is  under  the  second  term  of  the  dividend,  and  so  that  each 
is  horizontally  opposite  that  term  of  the  divisor  from  which  it  was  obtained. 

We  add  the  second  column,  and  get  +  3  for  the  second  term  of  the 
quotient. 

We  multiply  the  changed  terms  of  the  divisor  by  this  -f  3,  and  arrange 
the  products  +  9,-9,  and  +  3,  diagonally,  as  represented. 

We  add  the  third  column,  and  thus  get  +  3  for  the  third  term  of  the 
quotient,  and  so  on. 

Lastly  we  attach  the  proper  literal  part  to  each  term. 

Ex.  2.  Divide  6a*  -  a^  +  2a^  +  13a  +  4  by  2a^-  3a  +  4. 


OPERATION. 

2-3  +  4)6-    1  +  2  +  13  +  4 
1  3-   J  +  1  +  6J  +  2 

+  li  +41  +  6  +  IJ 

-2       I  _6-8-2 

Quot.  =  3+   4  +  1  +  0    +0   =  3a^  +  4a+l. 

Explanation. — Here,  as  the  first  coefficient  of  the  divisor  is  not  unity, 
ne  divide  both  divisor  and  dividend  by  2,  the  first  coef.  of  the  former. 
The  rest  of  the  process  is  similar  to  that  in  last  example. 

Ex.  3.    Divide  a^  -  5a*x  +  lOa^a;^  -  10a^x=*  +  'Jax*  -  5x«  by  a^ 
-  2ax  +  x^. 
1 

+  2 

-1 
Quot.  -1-3  +  3-1     +2-4  =  0"-  3a''x  +  3ax^-  a."  +  ^  "  ^"^^ 


1-5  +  10-10 

+  7-5 

+  2-    6+    6 

-2 

-1+3 

-3  +  1 

=  1 -3  +  3  -  1 

+  2-4 

Explanation. — The  vertical  line  is  drawn  in  order  to  show  where  the 
remainder  commences,  and  it  will  be  observed  that  this  is  one  less  than  aa 
many  columns  from  the  extreme  right  as  there  are  terms  in  the  divisor. 

The  student  is  recommended  to  apply  this  method  to  the  examples  in 
Exercise  XVI. 


<^ 
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SECTION    III. 

THEOREMS*  AND  FACTORING. 

64.  The  following  theorems  should  be  thoroughly  mas- 
tered by  the  pupil : — 

65.  Theorem  1. — Zero  divided  by  any  ^iven  quantity  gives  zero 
fur  quotient. 

Dkmonstration. — The  divisor  x  quotient  must  =  dividend,  and 
consequently  Ibe  smaller  tbe  dividend  becomes,  the  divisor 
remaining  unchanged,  the  smaller  must  the  quotient  be.  Hence 
when  the  dividend  becomes  less  than  any  assignable  quantity, 
i.e  ,  =  0,  the  quotient  also  becomes  =  0,  that  is  0  -f  a  =  0. 

66.  Theorem  II. — JI  finite  quantity  divided  by  zero  gives  an  in- 
finitely large  quantity  for  quotient. 

Demonstration. — A  finite  quantity  divided  by  itself  gives 
uuity  for  quotient,  and  as  the  divisor  is  decreased  in  magnitude 
(the  dividend  remaining  unaltered),  the  quotient  increases^ 
Hence  -when  the  divisor  becomes  infinitely  small,  i.  e.  =  0,  the 
quotient  becomes  infinitely  large,  i.  e.=  cc.     Therefore  a-r  Q  =  cc. 

Ql.  Theorem  III. — i  finite  quantity  divided  by  a  quantity  infi- 
nitely largCj  gives  a  quotient  infinitely  small,  or  in  other  words 
gives  zero  for  quotient. 

Demoxstratiok. — Since  the  divisor  x  quotient  =  dividend,  it  is 
evident  that  (the  dividend  remaining  unchanged),  tbe  larger  the 
divisor  the  smaller  must  be  tbe  other  factor  or  quotient.  When 
then  the  divisor  becomes  infinitely  great,  tbe  quotient  must 
become  infinitely  small.     Hence  a  t  oc  =  0. 

63.  Theorem  IY. — Zero  divided  by  zero  gives  any  quantity  tchat- 
cverfor  quotient. 

Demoxstratio.x. — Since  the  divisor  x  quotient  =  dividend,  and 
tbe  dividend  and  divisor  are  both  zero,  it  follows  that  the  quo- 
tient may  be  any  quantity  whatever  or  in  other  words,  0  v  0 
5=  (/,  because  0  x  n  =  0. 

*  An  .alfrobraic  theorem  is  an  algebraic  statement  or  property  required 
to  be  demoustratcd. 
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69.  Theorem  V. —  The  zero  power  of  any  quantity  is  equal  to 
unity. 

Demonstration.^  Since  one  power  of  a  quantity  is  divided  bj' 
another  power  of  the  same  quantity  by  subtracting  the  exponent 
of  the  divisor  from  that  of  the  dividend,  it  follows  that  a  -f-a  =  a^"^ 
t  a-  ;  but  any  quantity  divided  by  itself  equals  unity,  hence  a-f  a 
=  1.     Since  then  a  -■  a=  a"  and  also  =  1,  it  is  evident  that  a"  =  1. 

Cor.  Similarly  it  may  be  shown  that  —  and  a"^  are  equivalent 

1      a^ 

es-pressions  :  for =a''-^  =  a"^. 

a       a 

KoTE.— It  follows  from  the  foregoing  theorems  that  a  being  any  finite 
quantity  whatever, 

0,    —  and  —  are  equivalent  symbols,  each  representing  no  quantity,  or 
a  oc 

the  absence  of  quantity,  or  a  quantity  less  than  any  assignable  quantity. 

;-  and  oc  are  equivalent  symbols,  each  representing  a  quantity  greater 

than  any  assignable  quantity.    Hence,  also,  zero  and  infinity  are  the  reci- 
procals ot  each  other. 

rtP,  and  —  and  1  are  equivalent  symbols,,  each  representing  unity. 

— -  is  a  symbol  of  indetermination,  i.  e.,  is  employed  to  designate  a 

quantity  which  admits  of  an  infinite  number  of  values,  or,  as  we  shall  see 
hereafter,  a  quantity  whose  value  depends  upon  its  origin. 

70.  TnEOKEM  VI. —  The  square  of  the  sum  of  any  tico  quantities 
is  equal  to  the  sum  of  the  squares  of  the  two  quantities  together, 
u-ilh  tvnce  their  product. 

Demonstration. — Let  a  and  b  be  the  twa  quantities  ;  then 
a  +  b  -  their  sum,  and  (a  +  b)'^  -  the  square  or  their  sum. 
Now  ((/  +  hf  =  (a  +  6)  (a  +  6)  =  a^  +  lah  +  H''. 

71.  Theorem  VII. —  The  square  of  the  difference  of  any  two 
quantities  is  equal  to  the  sum  of  the  squares  of  the  two  quantities 
aiminished  by  twice  their  product. 

Demonstration. — Let   a  and  b  be  the  two  quantities  ;  then 
a-b=  their  difference,  and  (a  -  b)^  =  the  square  of  their  difference, 
Now  (a  -  bf  =  (a  -  h)(a  -b)  =  a!^  -  2ab  +  b\ 
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72.  Theorem  Ylll.—  The  product  of  the  sum  of  any  tiro  quart- 
titiesy  by  the  difference  of  the  same  two  quantities^  is  equal  to  the 
difference  of  the  squares  of  the  two  quantities. 

Demonstration. — Let  a  and  b  be  the  two  quantities,  a  being 
tbe  greater ;  then  (a  +  b)  =  the  sum,  and  (^a  -  b)  =  the  difference 
of  the  quantities,  and 

(a  +  6)(a  -  b)  =  a'^  ~  b^=  difference  of  their  squares. 

73.  Theorem  IX. —  Tfie  product  of  two  binomials  having  tht 
same  quantity  for  first  term,  but  their  second  terms  unlike,  is  equal 
to  the  square  of  the  first  term,  together  with  the  product  of  the  two 
second  terms,  and  also  the  product  of  the  first  term  by  tffe  sum  of 
the  two  second  terms. 

Demonstration. — Let  (x  +  a)  and  (x  -  6)  be  the  two  binomials, 
then  by  actual  multiplication  (x  +  a)  (x-b)  ^x" +  (a-b)x-ab. 

Similarly,  if  (x  -  a)  and  (x-  b)  are  the  two  binomials,  their 
product  will  be  x^  +  (-  a  -  b)x  +  ab  =  x'  -  (a  +  b)x  +  ab. 

74.  Theorem  X. — The  difference  of  the  -a.*  powers  of  two  quan- 
iities  is  always  divisible  by  the  difference  of  the  simple  powers  of 
the  same  two  quantities,  whether  the  exponent  n  be  an  odd  number 
or  an  even  number. 

Demonstration. — We  are  to  show  that  the  two  quantities 
being  a  and  x,  and  the  difference  of  their  n*  powers  being  a^-x" 
then  a"  -  x"  is  divisible  by  a  -  x  whether  n  be  an  odd  number  or 
an  even  number. 

. =a''-i+ =a"-i+-^^ 

a  -  X  a- x  a- X 

Now  it  is  evide  "  that  when  a"  "  ^  -  x"  '  ^  is  divisible  by  a  -  x 
then  tt"  -  x"  must  also  be  divisible  by  a  -  x. 

But  when  n-  2,  n-  1  =  1,  and  it  is  manifest  that  a-x  is 
divisible  by  a  -  x,  therefore  d^  -  x^  is  divisible  by  a  -  x. 

.Again,  if  n  =  3,  n  -  1  =  2,  and  since  a^-x'  is  divisible  by  a~x, 
then  also  a*  -  x^  is  divisible  by  a  -x,  and  hence  also  a*  -  x*  is 
divisible  by  a  -  x,  and  hence  also  u-'  -  x'  and  so  on.  Therefore 
a"  -  x"  is  exactly  divisible  by  a  -  x,  whether  n  be  an  odd  or  an 
eyen  number. 
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75.  Theorem  XI. —  The  sum  of  the  n"  powers  of  any  tvo  quan- 
tities is  not  divisible  by  the  difference  of  the  quantities  whether  n  be 
an  odd  or  an  even  number. 

Demonstration.    =  a^-i  +  

a  —  X  a  —  X 

Now  a"  +  x"  is  div.  by  a  -  x  only  -when  a""^  +  x""^  is  div.  by 
a  —  X. 

Taking  n=  2,  n  -  1  =  1,  and  a"  '  '^  +  x"  '  ^  =  a  +  x,  which  is 
evidently  not  div.  by  a  -  x,  and  therefore  a^  +  x^  is  not  div.  by 
a  —  X. 

But  when  n  =  3,  n  -  1  =  2,  and  since  a^  +  x^  is  not  div.  by  a  -  x, 
therefore  a?  +  x'  is  not  div.  by  cr  -  x. 

But  when  n  -  A,  n  -  \  =  3,  and  since  a'  +  x'  is  not  div.  by 
a  -  X,  therefore  a*  +x*  is  not  div.  by  a  -  x. 

And  therefore  a^  +x'  is  not  div.  by  a-x,  and  therefore  a^  +  x^ 
is  not  div.  by  a  -  x,  and  so  on. 

Therefore  whether  n  be  even  or  odd,  a"  +  x"  is  not  div.  by  a  -  x. 

76.  Theorem  XII. — The  difference  of  the  n""  -powers  of  any  two 
quantities  is  not  divisible  by  the  sum  of  the  quantities  when  n  is  ar. 
odd  number. 

a"-x"  x2(a"-2-x"-2) 

Demonstration.     ; —  =  a**"^  -  a""'''x+ 

a  +  X  a  +  X 

Now  a"  -  x"  is  div.  by  a  +  x  only  when  a""^-x"*^  is  div.  by 
a  +  X, 

Taking  rt  =  3,  7i  -  2  =  1,  and  a"  "^  -x""  ^=  a-x,  which  is  evi- 
dently not  div.  by  a  +  X,  and  therefore  a'  -  x'  is  not  div.  by 
a  +  X. 

But  when  7i  =  5,  n—  2  =  3,  and  since  a'  —  x^  is  not  div.  by  a  +  x, 
tlerefore  also  a^  -  'x^  is  not  div.  by  a  +  x. 

But  when  n  =  7,  n  -  2  =  5,  and  since  a^  -  x"  is  not  div.  by 
a  +  x,  therefore  also  a^  —  x^  is  not  div.  by  a  +  x,  and  so  on. 

Therefore  when  n  is  an  odd  number,  a"  -x"  is  not  div.  by  a  +  x. 

77.  Theorem  Xltl. —  The  sum  of  the  n""  powers  of  any  two 
quantities  is  not  divisible  by  the  sum  of  the  quantities  when  a  is  ar 
even  number. 

Demonstration.     =  a"    *  -  _;^ r 
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Now  in  order  that  a"  +  a"  shall  be  div.  by  a  +  x,  a"  ~  ^  -  i"  ** 
•nust  be  div.  hy  a  +  x. 

When  n  =  an  even  number,  n  —  I  must  =  an  odd  number ;  and 
we  have  shown  (Theor.  xii.)  that  the  difference  of  the  odd 
nowcTS  of  two  quantities  is  not  div.  by  the  sum  of  the  quantities. 
Therefore  when  n  is  an  even  number,  «"  "  ^  — a:""^i3  not  div.  by 
J  +  a:,  and  therefore  a"  +  a."  is  not  div.  by  a  +  x  when  n  is  an 
even  number. 

78.  TuEOREM  XIV. —  The  difference  of  the  n"  powers  of  any 

huo  quantities  is  exactly  divisible  by  the  sum  of  the  quantities  when 

n  IS  an  even  number. 

o"  -  x"  x(«" -^  +  j"  -  1) 

Demoi^stration.     , —  =  a"  "  ^  - — 

a  +  X  a  +  X 

Now  when  a"  "  ^  +  x"  "  ^  is  div.  by  a  +  x,  then  also  a"  -  x"  ig 
div.  by  a  +  X. 

Bat  when  n  =  2,  n  -  1  =  1,  and  a  +  x  is  evidently  div.  by  a  +  x 
therefore  a^  —  x-  is  div.  by  a  +  x. 

And  by  first  step  of  next  theorem  a^  +  x^  is  div.  by  a  +  x,  and 
therefore  also  a*  -  x*  is  div.  by  a  +  x,  and  so  on. 

Therefore  «'*  -  x"  is  divisible  bj'  a  +  x,  when  n  is  an  even 
number. 

Note.— The  several  steps  of  this  and  of  the  following  demonstration 
mutually  depend  upon  one  another.  Thus,  the  1st  step  of  the  following 
di'iiends  on  the  1st  step  of  this;  2nd  step  of  this  on  1st  step  of  following: 
2nd  stej)  of  following  on  2nd  step  ol'this;  Srd  step  of  this  on  2nd  stop  oJ 
following;  and  so  on. 

79.  Theorem  XV. —  Tiic  sum  of  the  n""  powers  of  any  two 
quantities  is  divisible  by  the  sum  of  the  quantities  when  n  is  an  odd 
number. 

fl"+x"  x((i'' -  1  -  x"  -  ») 

Demonstration.     , —  =  a"  "  ^  + — -— 

a  +  x  a  +  x 

Now  h"  +  x"  is  exactly  div.  by  a  +  x  when  u^  '  ^  -x^-^is.  div. 
by  a  +  X. 

Cut  when  n  =  an  odd  number,  n  —  1  must  =  an  even  number, 
aiwl  (/""  1  -  j"  - 1  expresses  the  difference  of  two  even  powers,  and 
8. nee  (1st  step  of  Theorem  xiv.)  a*  -  x''  is  divisible  by  a  +  x, 
therefore  also  a^  +  x'  is  divisible  by  a  +  x. 
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And  since  (2nd  step  of  Theorem  xiv.)  a*  -  x*  is  divisible  by 
a  +  X,  therefore  also  a°  +  x^  is  divisible  by  a  +  x ;  and  so  on. 
Therefore  a"  +  x"  is  div.  by  a  +  x  -when  n  =  an  odd  number. 

80.  The  following  is  a  recapitulation  of  the  latter  of 
these  theorems : — 

a"  —  a;"  is  div.  by  a  —  a;  Avhen  n  is  odd. 
a"  —  x"  is  div.  by  a  —  x  when  n  is  even, 
a"  +  x"  is  div.  by  a  +  x  when  n  is  odd. 
a"  —  x"  is  div.  by  a  +  x  when  n  is  even. 
All  other  nth  powers  are  indivisible  by  either  a  +  x  or 
a  —  X. 

Illustrative  Examples. 

Theorem  YI. 

(2x  +  3;/)-=  (2x)2  +  2(2x)(3i/^  +  (Zxff=Ax^+  12x^2 +  9y*. 
(2ax  +  byzf  =  (2axf  +  2(2ax)(5y=)  +  (byzf^^^a^x'^^rlOaxyz^lW^'^- 
Conversely x^+2x?/  +  i/^:^(x  +  ?/)(x  +  7/);  a^+43X+4x*=(a+2x)(£t+2x) 
9a^  +  QJxy  +  xV'  =  (3j  +  xy)(3a  +  xy)  ;  4x*  +  12r-!/  + 
9/ =(2x2 +3!/)  (2x2 +32/). 

Theorem  V 
(m-2x)2=  m^-  2(7n)(2x)  +  (2x)2  =  m2_4?7,a;+4x2 
(4«6  -  3x'i/)2  =  {Aaby-  2{Ajb)(3x^y)M3x^y)-=l6a-b^-24abx-y-^9x^y^. 
Conv'Tsely  m'  —  2my+y''=  (m  —y)  {m—y;  Ax-y"^  —  Aacxy  -^-a-c-  = 
(2x1/  -rn)  (2x1/  -  ac). 

Theorem  VIII. 

(771  -  xy)  (m  +  xy)  =  m^  -  {xyY  -ir?  -  xHf 

(3a  +  ly)  (3a  -  7j/)  =  {?.af  -  (1y)^  =  So"  -  49y^. 

(4d^xy  -  3a^b)  (4:a^xy+  3a^b)  =  (ia^xy)^ -  (3a%)^  =  Ua^xY-^C^b' . 

Crnversely  x'^'-Ay-^x'-  (2y)^  =  {x  +  2y) {x - 2y)  ;  x*y^-m'^b^  = 

(x-'i/-)-  -  (n-b)-  =  (^xY  +  m^b)  (xY  -  m^b). 

t*  -  a*  =  (x-'  +  a^)  (x^  -  d^)  =  (x2  +  a^)  (x  +  a)  (x  -a). 
m'  6  _  ji  6i  1 6  =  ^,„8  ^  a'"6^)(a8  - ««&«)=  (m«  +  c»6'')(m4  +  fl*6*) 
,  •.  ^  -  a*6*)  =  (?w8  +  a^b^)(mi^+u%^)(m^  +  d'b'^)(m'  -  d-b') 
-  (m*  +  a^fr^Xn**  +  a'^b*)(m^  +  a2i2)(m  +  ai)(m  -  jL). 


52  <BSsoBXaiS.  V^t^  ni 

Tbbokim  IX. 

(X  -T)(x-J-9)=x»  +  (»-T)r-63  =  x»-f-lx-OL 
(x-3)  (x-7)  =  ^-(3  +  T>r  +  2l  =  x»-lte  +  ai. 

Conrerselj.  Fisd  the  ftetaes  of  z*  -i-  I4r  ^  33.  Hoc  nace  14 
is  the  snm  and  33  the  product  of  the  two  last  tui,  we  weA  ts 
find  bjr  iBspectioB  what  anniben  added  will  sake  14,  aadanlti- 
pticd  together  will  aake  33.    ETideatlj  11  aad  3. 

Therefore  X* -f- I4x -f- 33  =  (X  + 11)  {X  +  3) 
x*^-x-42  =  Cx-f-T)  (x-6)-.-T-t-(-6)  =  l  aad  7  x- 6^-43. 
i*-9x-!-20  =  (x-5>fx-4)-.--5-f-(-4)  =  -9aiid-5x-4  =  -f-20 
x--x-15€='x-13)(xH-12)-.--13-«-12=-l  aW- 13x12  =  -15S. 

Tbboszxs  X,  XIT^  and  XT  — Bj  actoal  finaoat 

a*-z*  €*-x* 

=«■>  J-o^-t-ax^-rX*:  =  1^  — T^  — «z*— X*. 

a  —  X  '    a  -  z 

a'-x'  a'-x' 

— =<r*-i-«'x-!-<rV-i-ffx''-i-i*: =<*-«'x-f-«V— «r*+x* 

ffi-x  '     «-rX 


81.  la  order  to  be  enabled  to  write  thcae  aal 
witfaoat  aetaallj  diridi^  obaerte  Ae  fbDowia^  poals 

I.  The  nnniber  of  tetas  in  the  ^aetkat  alwajs  =  dhe 
of  a  in  the  diTidead  ■£■  czpoaeat  of  a  in  the  dirlMr. 

n.  The  cocC  of  each  tens  of  the  faotieat  ia  aai^. 

in.  The  expoaeat  of  «  decxeaoes  aad  that  of  x  iauiam  ■ 
the  sereral  terns  of  the  qaotieat,  bj  aaitjr,  or  aMcc  generx^j  Ir 
the  exposeat  of  the  co«ie»pundiag  tera  of  the  dirinr. 

IT. — ^Whea  the  connecting  ^n  of  Ae  dtriaar  ii  »buj,  all  ;i:e 
flpa*  of  the  aaotient  are -f,  bat  when  the  coaantlag  i^gn  of  the 
(iirUor   u  pbUf  the  ^na  of  the  qnetimt  an  -t-  aad  —  alicr- 


T.  TheiaaiofaecxpoaeBtaofeach«exB  =  the( 
twcea  the  exponent  of  a  in  the  difideai  nad  that  of  a  in  the 
diTisor. 


Acts.  81, 82.J  THEOREMS.  53 

Exercise  XYII. 
Find  by  inspection  the  value  of: — 

1.  (a-3y)';  (3a  +  2x)2;  (Sxy-I)';  (2ax^-3x)':i  (2a  +  3axf)^ 

2.  (a-3j:)(a  +  3j);  (2a +  3y)(2a  -  3y)  ;  (3ab  -  xy){xy  + 3ab)  ; 
(2m2-3xi^)(2m2+ 3x1/3;. 

3.  (3a  -  2xy)(2xy  +  3a)  ;     (2a  -  7)(7  +  2a)  ;     (x  +  3)(3  -  x) ; 
(2  +  oayy ;  (3a  -  4xY)^. 

4.  (x-6)(x+  11);    (3a-2)(3a+ 5);    (x  -  4)(x  -  9;;    (x  +  3) 
(x-T);(x-2)(x-l). 

5.  (a'  -x")  4-  (a  -  x)  ;  (a«-x5)  -^  (a  +  x);  (m'  +  a^)  -r  (77i  +  a) ; 

{C*  +X*)  -r    (C  +  X). 

6.  (a»'+x> '2/^1)4-  (a+xy);  (a^m^-r'')  ■=■  (^am-r);  (a'-fm^s') 
T  (a  -  ms);  (a*  -  y*z*)  -r  (a  -  yz). 

7.  (x^+9x  +  20)^(x  +  5);  (x^^-  7x-8) -r  (x  -  1);  (Rx^-f  5x-4) 
■r  (3x  +  4"  •  {6a*x^  +  c^x-a^  ^  (2ax  +  1). 


82.  Theorem  YIII.  mav  sometimes  enable  ns  to  find  without 
actual  ihultipiication  the  product  of  two  xrinomials  or  quadri- 
nomials,  i.  e.,  when  we  can  write  one  of  them  as  the  sum  of  two 
quantities  and  the  other  as  the  difference  of  the  same  two  quan- 
tiiies. 

Ex.  1.  (a  -  X  +  y)(a  -  x  -  (/)  =  {  (a  -  x)  -f  i/}  {  (a  -  x)  -  y]~ 
(a  —  x)^  —  y^=a'^—  lax  -r  x^  —  y'^. 

Ex.  2.  (2x  -  3!/  -  2=) (2x ^3y-  2z)  =  {(2x  -  2zy-3y]  {(2x-2z)+3y} 
=  (2x  -  2=/  -  {3yy  =  4x2  _  gj..  +  4^_  9y2_ 

Ex.  3.  (a -26  +  3c)(a+ 26  -  3c)  =  {a-(25-3c)  }  {  a -5- (25- 3c)  } 
-.a--  (26  -  3c)2  =  a2  -  (46^  -  126c  +  9c^  =  a^-  46^  +  126c  -  9c^. 

Ex.  4.   (a  +  26  +  3c  -  <f)  (a  -  26  +  3c  +  d) 

=  {  (a  +  3c)  +  (26  -rf)  }  {  (a  +  3c) -  (26  - d)  }  =  (a-J-  3c)2-  (26 -d)^ 

=a^  +  6ac  -i-  9c2  -  (46^ -  ibd  +  d^)  =  a^  +  6a£  +  Sc*-  46^+  Abd  - d^. 

ExKHCisE  XVTn. 

Find  the  value  Oi : — 

1.  (a-6+c)(a-6-c);  (a-6+c)  (a  +  6-c);  (a+6  +  c)  (a-6-c). 

2.  (3a -2c +  4)  (4  -  3a  +  2c)  ;  (2o  -  x  +  3/?i2)  (2a -^  x -  3w?) ; 
(2a  -  3y  +  2xt/)  (3y  -  2a  +  2xy). 
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3.  (2a  -  3c  +  2x  -  3y)(Zrj  -  2x  -  3c  +  2a);  (a  +  2c  +  4m +3(0 
((/  +  3d~2c  -  4m). 

4.  (3a  -  7«.2  -  2  +  x!/)(2  -  iii'  +3a-  xy)  ;  (1  +  2a^  -  3x'  +  y-) 
(2a--  l-r-3x=). 

Simplify  the  folloAving expressions,  i.e.  perform  the  operations 
indicated,  and  reduce  the  result  to  its  simplest  form  : — 

5.  (3a-  2b){2a  +  3h)  -  (2a  -  46)--4(3 -a)(a  +  3) -4(2a- J)2. 

6.  {Aa  -  3xy){3xy  -  4a)  +  3  (2a  +  xy)--  1  (3a  + xy){xy  -  3a)  + 
4(2a  -  3xy)'^. 

1.  (l-x)(l  fx)(l+^')(l  +  ^*)  (l  +  x')(l+xi6)....8terms. 
8.  (a  -  xy)  (a  +  xy)  (a-  +  x-y-)  (u*  +  x*j/*) to  n  terms.* 


83.  Although  we  have  seen  (Theor.  xi  and  xn)  that  the  sum 
of  the  even  powers  of  any  two  quantities  is  not  divisible  either 
by  the  sum  or  the  difference  of  the  quantities,  it  sometimes  hap- 
pens that  we  can  resolve  the  sum  of  two  even  powers  into  its 
component  factors.  This  occurs  whenever  the  exponent  n  con- 
tains an  odd  factor,  as  for  example  when  it  is  6,  or  10,  or  12,  or 
14,  &c. 

Ex.  1. — Resolve  a'  -  xV  into  its  elementary  factors. 

Theor.  x.     a^  -  x^  =  a'  -  (xy)*  =  (o  -  xy){a-  +  axy  +  x-y-). 

Ex,  2. — Resolve  o*  -  hi'  into  its  elementary  factors. 

a''  -m  ^  is  divisible  by  a-vi,  and  therefore  its  factors  are 
(a  -  ni)  (a*  +  a?in  +  arni^  +  ain^  +  ?«*). 

Ex.  3.— What  are  the  factors  of  x'  +  y'^  ? 
x"+j/"  =  x'+(?/'0^  =  (x  +  !/-)(x6-x5i/-  +  x'*/'-x*i/''+x-y''-xyi''+y»-). 
Observe  here  the  exponents  of  x  in  the  second  factor  decrease  by  the 
subtraction  ol  tliat  of  x  in  the  tirst  factor,  while  the  exponents  of  y  in  the 
second  factor  increase  by  the  addition  of  that  of  i/  in  the  first  factor. 

Ex.  4. — "What  are  the  factors  of  a^^**  -  m^^c^^  ? 

By  Theor.  viii.  a'^  _  {mcY^  =  {a«  +  (mc)^  {a'  -(mcy\  and 
a^  -  (mc)*  =  {a*  +  {mc)*]  {  a*  -  (mc)*} ;  and  so  on.  Therefore 
ai6_„,  16^16  =  ((js  +m''c')  (a*^m*c*)  (a-'  +  i/iV-)  {a^mc)  (a-mc). 

♦Ascertain  by  inspection  what  power  of  2  expresses  the  exponent  of 
each  term  of  tlio  product  of  the  iirst  two  of  these  factors,  then  of  three, 
and  hence  of  n  factors. 
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Ex.  5. — What  are  the  factors  of  32x5  +  243^,5  7 

32rs  +  243?/5  -  (2a:)'  +  (3yy  =  (2x  +  3y)  {(2x)4  -  (2x)^(3y)  + 
(2a-)^  (3i/)'^  -  (■2x){3)jy  +  '3y)-'l=  (2x+3ij)  {IGxi^  ~  2ixhj+3GxY - 
o4xy^  +81  J/*). 

Ex.  C. — Resolve  a'-  +  //i'-  into  its  two  elementary  factors. 

rt' '  +  ;«' ^  =  (a"*)-*  +  (771*)',   and  since  the  sum  of   the    cubes 
of  two  quantities  is  divisible  by  the  sum  of  the  quantities, 
(rt*) '^  +  (7?i'*)3  =  (a*  +  7?i4) (a"  -  a*ni*  +  m« ). 

Ex.  7. — Resolve  a-°  -  x'-^'  into  sis  elementary  factors. 

^20  _^2n  ^  (-QjlO  +a;i")(«3  +xS)(a'  -x5). 

ai"+xi"  =  (a-)'  +  (x^)'  =(a-  +  x')(a8_a6j;2^g4j;4_(j2^6  +x  j, 
and  resolving  (a^  +  x')  and  a'  -  x^  into  their  factors,  we  find 
that  a'-'"  -  X-"  =  (a^  +  x^)(a^  -  a^x^  +  a*x*  -  arx^  +  x')(a  +  x) 
(«*  -  a'x  +  a^x^  -  ax3  +x*)(a-x)(a'*  +a^x  +a2x^  +  ax3  +  x*). 

Ex.  8. — Resolve  m^*  —  s'^^'into  eight  elementary  factors. 

„j5  4   _   .M    =   (;ft2  7    +227)    (-„j27   _  .27)_ 

771 '^  +=•-•=  (ni^y  +  (=9)^  =  (7?i9  +c9)  (77i'8-m929  +  =i»)  and 

m9  +  Z'^  --^  (77i3)3  +  (r ')3  =  (fflS  +  23)  (^^6  _  jn^^3  +  ^6)  and 

m^  +  z^  -  (ni  +  z)  (771^  -  771S  +  z"). 

Therefore  t?!^^  +  z-''  =  (m^  ^  -  m^z^  +  z^ «)  (771^'  -  m^z^  +  z^) 
(771^  -  mz  +  z'^)  (771  4-  =). 

And  similarly  771-^-^27  =  («ii ? +771^29  +  ris)  Qn^  +  m'^z^ +  z^) 

(771'''  +  777-  +  £2)    (771  -=). 

Therefore  m^  *  -  s^  4  _  ^^jjg  above  eight  factors. 

Exercise  XIX 
Resolve  into  elementary  factors  : — 

1.  a'-m';        2.  a' +  c' ;  3.  a*+x*;  4.  a*"' -  6^  ; 

5.  a9  -  x"  ;       6.  ai '  -  6 '  1  ;  7.  a*  -  77i.*.c*  ;    8.  32a'  +  x«  ; 

9.  8I-lGt*;   10.  243/71' -  32c5  ;  U.a^^+x'^^;  II.  a^°  +  m'^°  ; 

13.  c'''* +x2*;  14.  x^o +7n30;  15.a*^-c*»;    l.Q.  a^^  +  m^^  ; 

17.  a'o^-c'osjis.  mi*'*  +  ci**;  19.  ai*+7ft^*  ;  20,(a7n)8'-/>8i 
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Exercise  XX. 


inSCELLANEOUS    EXAMPLES. 


1.  Simplify  a  -  x  -{-  (-a)  -x]-{-(-{-a-(-{-(-a:-c 
-  a  \  -  x)  -  a]  -  a)} 

2.  Simplify  3(a  -  x)(a +x)  -  2  (a-2x)^-  (3a- 2j;)(2x- 3a) 
4(3x-a)(a  + 3x).  J 

3.  Add  together  ■\/3  +  2V6  +  3V5  -  V^  ;  2V3  -  3V5  -  4ax'-^x 
2V5  -  3V^  +  aV  -  V2  ;  and  4V6  -  Sa^x  -  Z-s/x. 

4.  Multiply  a™  +  xP  +  «  by  ac  -  x"»  -  i". 

5.  Divide  a"  -  x"  by  a  +  x  to  5  terms. 

6.  What  are  the  factors  of  x'*  -  I4x  -  51  ? 

7.  Divide  1  by  1  -  1,  and  express  the  value  of  the  quotient. 

8.  Resolve  a'^-x'*  into  its  six  elementary  factors. 

9.  Divide  a*x*in}  —  Aa^m-x^p  +  4p^m-x^  into  its  factors.  I 

10.  If  a  =  2,  6  =  3,  c  =  4,  (f  =  1,  and  m  =  0,  find  the  value  oi 

^cd(ab  +  bfi)        ({a  (b  +  c)  -  rfF  +  ab)  ~  {be  (b  +  c)  +  l! 

— r +  Ua-b^cdm ^^= 

''c  -  m         ^  cdm  +  -^c^bc  +  d)  -  b  -  (a  +  b  +  d) 

11.  Multiply  by  detached  coefficients  x*  +  2x'  +  3x^  +  2x  +  1  by 
x^  -  2x  +  1,  and  also  a^  -  2ab  -  36^  by  a-'  +  20^6  +  3ab^  +  46'. 

12.  Divide  synthetically  x*  -  a^x'  +  bx'^  -  ex-  +  abx  +  aex  -  be  by 
ax  +  x^  —  c. 

13.  Resolve  a"*  -  tti"'*  into  its  elementary  factors. 

14.  Find  by  inspection  the  value  of  (a*  +  c')(a  +  e)(a  -  c) 
Ca20-o'»c'«+a'«c*-a"'c6  +01*0"  -a"'c"'  +  o'"c'* -a«c'*+a*c»« 
-«'r'«  +  c^°)(a^'>  +  a^e  +  a^e''  +a'e^  +  a^c*  +  a'^c"  +a*c^  +  a^c^ 
+  «^c''  +  ac^  +  c^")(a^°  -  aV  +  a'c'-a'e''  +  a^c*-a^c''  +  a^c^ 
-w'e''  +  a'c«  -ae^  +c^°). 

15.  If  a  =  J,  and  a  +  b  +  c  =  a  +  b  =  0,  find  the  value  of 

(62 -c2)  {b'  +  e^-b(a-c)} 

16.  Simplify  a'  -  6^  -  3a6(a  -  b)  +  3ab(a  +  6)  +  a'  +  6». 

17.  Simplify  a^  -  m*  +  3(a  -  7/i)2-2(2a-  3m)  (3m  +  2o) - 
(5m  +  3a)  +  6(a* -?«=')  + 2m(5a  -  2m). 

18.  If  m  =  a  +  6  +  c,  prove  that 
m(m  -2a)  (m  -  26)  +  vi(m-  26)  (m-  2c)  +  m(m-2c)(m  -  2a) 
=  8a6c  +  (m  -  2a)(m  -  26)(m  -  2c). 


r 
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SECTION    IV. 

rREATEST   COMMON  MEASURE    AND    LEAST  COMMON 
MULTIPLE. 


GREATEST  COMMON  MEASURE. 

84.  The  great .  common  measure  of  two  or  more 
.Igebraic  quantities  is  the  letter  or  quantity  of  highest 
limensions  that  -will  go  into  each  of  them  without  a 
•emaindcr. 

,  Thus,  the  greatest  common  measure  (G.  C.  M.)  of  ia-xy  and  6a-x!:-  is 
Ja^x;  the  G.  C.  M.  ofSc^y  -21j;-j/  aiid2a6j;-lto&i3a;-7  or7-a;. 

^  85.  The  words  greater  and  less  are  not  generally  applicable  to 
Algebraic  expressions,  unless  when  specific  numerical  values  have  been 
a-signed  to  all  the  letters  which  occur  in  them.  Thus,  a;  -7  is  greater  or 
less  than7-a;,  according  as  we  assign  different  values  to  x.  On  this 
account  the  term  Greatest  Common  Measure  is  incorrect  as  employed  in 
Algebra,  and,  as  we  merely  use  the  expression  to  indicate  the  common 

I  divisor  of  highest  dimensions,  it  would  be  more  accurate  to  call  it  the 
lushest  common  measure. 

86.  Theorem  I. — If  a  quantity  measure  another  quantity,  it  will 
also  measure  any  multiple  of  that  quantity. 

Demousteation. — We  are  to  show  that  if  w  measure  a,  then  it  will  also 
measure  ta,  tmy  multiple  of  a. 

Let  TO  be  contained  ?!.  times  in  a.  Thena  =  n;7i,  and  ta=tnm.  Now 
m  evidently  measures  inm,  therefore  it  also  measures  its  equal  ia. 

87.  Theorem  II. — If  one  quantity  measure  two  other  quantities 
then  it  ivill  also  measure  the  sum  or  difference  of  any  multiples  of 
those  two  quantities. 

DEM:o^'6TEATI03^. — ITe  are  to  show  that  if  m  measure  a  and  also  b,  it 
will  likewise  measure  na  +  pb. 

Since  m  measures  a  and  b  by  hypothesis,  It  also  (Theor.  I)  measures  na 
and ^6.  Let  m  be  contained  t  times  in  na  and  s  times  in  pb;  then  na 
:=  tmandpb-zzsni.  Therefore  na  ±  pb  =  tm  i  sm  =  {t  +  s)  m.  That  is, 
m  is  contained  (<  is)  times  in  na  +p6  and  is  therefore  a  measure  ofTia  +  ;96, 

B 
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88.  The  G.  C.  M.  of  two  or  more  quantities  can  often 
be  found  by  inspection  or  by  the  following : — 

Rule. — Resofoe  each  of  the  quantities  into  its  component  factors 
then  the  product  of  those  factors  common  to  all  the  given  quantities 
will  be  their  G.  C.  M. 

Ex.  1.  What  is  Ibe  G.  C.  M.  of  ^^aWc^  and  63a'6V? 
490^6^0*=  1aW<?  X  7c  and  63a' 6^c^  =  7a^6V  X  9a'6,  whence  it 
is  evident  that  the  G.  C.  M.  required  is  7a^6V. 

Ex.  2.  The  G.  C.  M.  oim\a^--m'^y  and  (a«n»  +  am»)'; 

that  is,  of  m^(ci? - m^)  (a^-m')  and  {am  (a+ m)}'. 

that  is,  of  m^  (a  +  m)  (a  -m)(^a+m)  (a  -  /n) and  a^m'  (a  +  m)(a  +  m) 
(a  +  m)  ; 

that  is,  of  m^(^a  +  wii^(a  -  7/1)^  and  m^(a  +  7n)^(a  +  m)a''n  ig 
m'(a  +m)^. 

Ex.  3.— The  G.  C.  M.  of  I5(x'^ -  2ax  -  3a^)  and  35(i'+a»). 
that  is,  of  5  X  3(x  +,  a)(x  -  3a)  and  5  X  7(x  +  a)(i*  -  ax  +  a»)  ; 
that  is,  of  5(x  +  a)x3^x  -3a)  and5(x4  a)x7(i'-aj:  +  a*)  ii 
5{x  +  a). 

Exercise  XXL 

Find  by  factoring  the  Q.  C.  M.  of 

1.  I8abhn  and  2Aa^b-m: 

2.  21a*m2,  ISo^mS  and  ISa^ni*. 

3.  Sa^x-y  +  1  lamxy  -  Sahn^x^y  and  5xy  +  Saxy  -  14a^a:^. 

4.  x^+2x-7ttx*-27/ix  and  x*+4x  +  4  +  ax +2a. 

5.  3a^((i*-x^)  and  4a'x2(a  -  x)^ 

6.  3m''(a'  -  7?i^)  (a  +  m),  4m  (a^7?i  -  7?i')-  and  47n^  (a-  -  m'')  (a  -  m), 

7.  X--4X-21,  X--  12X  +  35  and  xH5x-84. 

8.  (ax-a)- and  a-(x^-3x +  2V 

9.  x*  +  3x  -  4,  x^  -  2x  +  1  ana  x-  -  1. 
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89.  To  find  the  G.  C.  M.  of  two  polynomials:— 

KULE. 

I.  Strike  out  the  greatest  monomial  factor  (if  there  he  any)  which 
is  common  to  all  the  terms  of  both  polynomials^  and  reserve 
it. 

II.  Reject  from  each  of  the  polynomials  any  remaining  monomial 
factor  that  may  be  common  to  all  its  terms. 

III,  Arrange  the  resulting  polynomials  as  for  division^  i.e., according 

to  the  powers  of  the  same  letter  of  reference,  and  nutke  that 
one  the  divisor  whose  first  term  is  of  lower,  or  of  not  higher 
dimensions,  as  to  the  letter  of  reference,  than  the  first  term 
of  the  other. 

IV,  Multiply  (if  necessary)  the  dividend  by  the  least  monomial 

that  will  render  its  first  term  exactly  divisible  by  the  first 
term  of  the  divisor. 

V,  Divide  the  dividend  by  the  divisor  and  continue  the  division 

until  the  highest  exponent  of  the  letter  of  reference  in  the 
remainder  is  less  than  the  exponent  of  the  letter  of  reference 
in  the  first  term  of  the  divisor,  observing  that  if  the  coef.of 
the  first  term  of  any  partial  rem.  should  happen  not  to  be 
divisible  by  the  coef.  of  the  first  term  of  the  divisor,  in  order 
to  avoid  fractions,  the  rem,  is  to  be  multiplied  by  such  a 
number  as  will  render  the  coef.  of  its  first  term  exactly 
divisible  by  the  coef.  of  the  first  term  of  the  divisor. 

VI.  Reject  from  the  remainder  its  greatest  monomial  factor,  and  if 
its  first  term  is  negative,  change  all  its  signs:  consider  the 
result  as  constituting  a  new  divisor  and  the  former  divisor 
a  new  dividend  :  proceed  as  before,  amd  continue  the  opera- 
tion until  there  is  no  remainder. 

VII.  Multiply  the  last  divisor  by  the  reserved  monomial,  if  any, 
and  the  product  will  be  the  G.  C.  M.  of  the  given  polynomials. 

Troop  opEtjxe. — The  G.  C.  M.  of  two  quantities  is  evidently  the  product 
of  all  the  factors  common  to  both.  Hence  if  we  take  out  any  monomial  factor 
common  to  both  (as  we  may  do  for  the  sake  of  convenience)  we  must  still 
regard  thig  factor  as  entering  Into  the  G.  C.  M.,  and  therefore  we  reserve 
it. 
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II.— Since  tlio  G.  C.  M.  of  two  quantities  is  the  product  of  all  the  factors 
which  are  common  to  both  quantities,  it  is  evident  that  a  factor  Krhich 
belongs  only  to  one  of  the  two  cannot  form  a  part  of  their  G.  C.  3t .,  and 
therefore  we  may,  for  the  sake  of  abbreviating  the  work,  reject  ir  m  di- 
rected in  II. 

IV. — Having  by  11  struck  out  every  monomial  that  is  a  factor  o»  .sither 
of  the  quantities,  it  is  evident  that  if  we  multiply  the  dividend  by  anj  mono- 
mial in  order  to  make  its  first  term  exactly  divisible  by  the  first  tero.  jf  the 
divisor,  this  monomial  not  being  a  factor  of  each  of  the  terms  of  the-  avisor 
(though  it  ii  of  the  first  term)  cannot  be  a  factor  common  to  both  <f  ridend 
and  divisor,  and  therefore  cannot  form  part  of  their  G.  C.  31. 

Ill,  V,  VII.— Let  the  given  polynomials  whose  G.  C.  M.  is  reqi  red  be 

vi-na  and  w'^fb,  where  m-,  n  and/are  monomial».  After 

b  )a(p  striking  out  and  reserving  the  common  factor  ***,  and 

hp  rejecting  fi-om  the  remainders  na  and  fb,  the  fat-tors  n 

—  and/ which  are  not  common  to  both;  then  the  reduced 

'^ '    ^^  polynomials  whose  G.C. 31.  is  sought  are  a  and  6.  Supposa 

^  these  being  properly  arranged,  the  leading  letter  c£b  is  of 

d)c(r        lower  or  not  higher  dimensions  than  that  of  a.    Then 

dr  divide  and  suppose  a -^6  gives  a  quotient  p  with  rem.  c; 

—  also  6 -f- c  gives   quotient  5  and  rem.  d;  also  c -f- d  give* 

quotient  r  and  no  rem.    Then  d  is  the  G.  C.  31.  of  o  and  b. 

We  shall  first  show  that  d  is  a  common  measure  of  o  and  b.    ■ 

Because  d  measures  c,  since  it  goes  into  it  without  a  remainder,  therefore 
(Theor.  I)  it  measures  qc  a  multiple  of  c. 

Because  d  measures  d  and  also  qc,  therefore  (Theor.  II)  it  measures 
their  sum,  which  is  b. 

Because  d  measures  h  it  also  measures /)6,  a  multiple  of  & 

Because  d  measujes^;6  and  also  c  it  measures  their  sum  which  is  a. 

Therefore  d  measures  both  b  and  a,  and  is  a  common  measure  of  them. 

Next  we  shall  show  that  d  being  a  common  measure  is  the  greatest 
common  measure  of  a  and  b. 

For  if  d  be  not  the  G.  C.  31.  of  a  and  b  let  there  be  a  greater  as  d*. 

Then  because  d'  measures  6  it  measures  p6,  a  multiple  of  6. 

Because  d!  measures  a  and  alsoi>6,  it  measures  (Theor.  II)  their  differ- 
ence, which  is  c. 

Because  d'  measures  c.it  also  measures  qc,  a  multiple  of  c. 

Because  d'  measures  6  and  also  qc  it  measures  their  difference,  which  is  d. 

Tlierefore  d'  measures  d,  that  is,  a  greater  quantity  measures  a  less,  which 
is  absurd. 

Therefore  d'  is  not  a  common  measure  of  a  and  b;  and  In  like  mannei 
it  may  be  shown  that  no  quantity  greater  than  rf  is  a  common  m««<isure  of 
a  and  b.    Therefore  d  is  the  G.  C.  31.  of  a  and  b. 
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v.— "We  may  uraltiply  any  remainder  by  any  number  in  order  to  m.ike 
its  first  coef.  exactly  diTisiblc  by  the  first  coef.  of  the  divisor,  because  the 
G.  C.  31.  of  a  and  b  is  the  same  as  the  G.  C.  M.  of  any  divisor  Sana.  -fern.  c. 
If  now  we  multiply  this  rem.  c  by  any  monomial  as  /,  the  divisor  6  having 
no  monomial  factor,  can  have  no  factor  in  common  with/,  nor  therefore 
any  in  common  with/c  but  what  it  may  have  in  common  wit"h  c.  That  is, 
the  G.  C.  31.  of  6  and/c  will  be  the  same  as  the  G.  C.  31.  of  6  and  c,  and 
therefore  the  same  as  the  G.  C.  31.  of  a  and  6. 

VI. — 'We  reject  the  monomial  factor  of  the  remainder  before  making  it 
a  dinsor,  because  the  former  divisor,  which  has  now  become  a  dividend 
contains  no  monomial  factor,  and  therefore  can  contain  no  factor  iu  cora« 
mon  with  the  monomial  rejected  from  what  now  becomes  the  divisor,  an 
therefore  the  G.  C.  IT.  of  the  dividend  (last  divisor)  and  the  unreduced 
divisor  (i.  e.  last  rem.)  is  the  same  as  the  G.  C.  31.  of  the  dividend  and 
divisor  reduced  as  directed. 

TVe  can  change  all  the  signs  of  the  divisor  becaus  this  is  equivalent 
merely  to  dividing  it  by  -  I. 

Ex.  1.  "Whatis  the  G.  C.  M.  ofx^-  lOx  +  21  and  x^  -  2z-35? 

OPERATION. 

x^-  lOx  +  21  )  x2-    2X-35  (  1 
x^-  10x+  21 


8x-56  =  8(x-T) 

X-  7)  x2-  10x4-21  (  x-3 
x^  -    7x 


-3X  +  21 
-3x4-21 


.-.  G.  CM.  =  x-  7 

Expi.A^ATiox.—There  is  no  monomial  factor  -common  to  both,  nor  is 
there  any  monomial  factor  common  to  all  the  terms  of  either.  Therefore 
we  at  once  proceed  to  divide,  x  being  taken  as  letter  of  reference ;  the  first 
terms  of  the  given  quantities  are  of  the  same  dimensions,  and  consequently 
it  makes  no  difference  which  is  taken  as  divisor. 

After  the  first  step  of  the  division  we  obtaia  a  remainder  8x  -  56,  a,z.d 
before  using  this  for  divisor  we  strike  out  its  monomial  factor  8.  This 
gives  us  X  -  7  for  2nd  divisor.  We  make  the  last  divisor  the  new  divi- 
dend, and  finding  that  we  now  obtain  no  rem.,  we  conr.'ude  that  the 
G.  C.  JI.  is  X  -  7. 
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Ex.  2.— Find  the  G.  C.  M.  of  2a*  +  So'x  -  9a*x»  and  6a*x 
-  1  la^x-  +  lid^x^  -  3ax*. 

on:RATio:?. 
6a*x  -  1 7  a*r2  ^  liahr'  -  Sax*         a  x  x(6a»  -  I7a^x  +  liax^  -  3x^ 


2a*  +  So'x  -  9a'x^  a  x  a(2o^  +  Sax  -9x^) 

2a2  +  3ax  -  9x2  )  g^s  _  i^j^h:  +  Uax^  -  3x»  (  3a  -  13x 

6a«  +    9a2x-27ax2 


-  26a*x  +  41ax2-  Sx* 
-26a-x-39ax2+  ll7x' 


80ax^  -  120  x»  =  40tx2(2a  -  3z) 


2cJ  -  3x  )  2a^  +  Sax  -  9x*  (  a  +  3x 
2a^  -  Sax 


6ax  -  Qx* 
6ax  -  9x^ 

G.  C.  M.  of  the  reduced  polynomials  =  2a  -  3x  and  the  reseKT'^ 
common  factor  =  a. 

Therefore  G.  C.  M.  of  given  quantities  =  a(2a  -  3x). 

Ejoplanation .— Hero  we  Btrike  out  and  reserve  (ho  monomial  factorji; 
■which  is  common  to  both  quantities,  and  etriko  out  and  reject  the  mono- 
mial factor  X  of  the  second  quantity  and  remaining  monomial  factor  a  c^ 
the  first. 

We  select  the  divisor  as  shown  in  the  margin,  because  a-,  its  first  tomt- 
Is  of  lower  dimensions  than  o3,  the  first  term  of  the  other.    Our  first  reik- 
is 80ax2  -  120x3  from  which  we  rtxect  its  greatest  monomial  factor  40x» 
and  this  gives  us  2a  -  3x  for  a  new  divisor,  tho  last  divisor  becoming  th* 
new  dividend. 
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Ex.  3.— Find  the  G.  C.  M.  of  6r*  -  3^^  -3xy  +  Zri^  -  y*  and 
9a:*  -  3x*!/  -  2zV  +  Sxy'  -  y*. 

OPERATION. 
Cx*-xh/-  3x^f  +  3i]/'  -  2/4  )  9a:4  -  3x^y  -  Ix^f  +  3a:!/«  -  2/*  (  3 


18r*  -  Gx^*;/  -  4tV  +  S-^^  -  2!/* 
18x*  -  Zx^y  -  9xV  +  ^^]^  -  3$-* 

-  Zx^y  +  5xV  -  Sx?/**  +  y* 

-  !/(3x2  -  Dx^!/  +  3xy^-i/) 

Si*  -  6a*jf  T  3xT/^  -  1/3  )  6x*  -      x^t/  -  3x^y^  +  3xi/^  -  ^  (  2x  +  3 v 
6x*  -  lOx^y  +  6xV  -  2x/ 

9x^!/  -    9x^!/^  +  5xy^  -  y* 
,  gx^y- 15xV  + 9x!/3-32/* 


6xV  -  4x2/^  +2!/* 
=  27/(3x2  -  2x^  +  2/*) 

Sz^'  -  2x?  +  1/2  )  3x*  -  5:^y  4-  Sx?/^  -y^  (^x  -y 
3x»  -  2x''2/  +  X2/2 

-  3x^  +  2xy'^  -  2/^ 

-  3x*(/  +  2xy2  -  2/' 

Therefore  G.  C.  M.  =  Sx^  -  2xy  +  y"^ 

Explanation.— Hero,  after  seeing  that  the  terms  are  properly  arranged 
and  that  there  is  no  monomial  factor  to  reject,  we  multiply  the  dividend 
by  2  in  order  to  make  its  first  term  exactly  divisible  by  the  first  term  of  th« 
divisor. 

Before  making  the  rem.  a  div.  we  cast  out  its  monomial  factor  y  and 
change  all  its  signs,  or,  what  amounts  to  the  same  thing,  we  cast  out  the 
monomial  factor  -  y. 

Before  making  the  next  rem.  a  new  divisor  wo  cast  out  ita  monomial 
factor  2!/ 2. 

Exercise  XXII. 

Find  the  G.  C.  M.  of— 

1.  X*  -  5x  -  14  z^sJ-  X  -  6. 

2.  x*-8x»  +  Sla?'-20x  +  4  and  2x*-  12z*r21x-  10. 

3.  a*  -  «x  -   ^"  r  7x  and  o?  -  3a  +  3x  -  a*" , 
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4.  x'  +  x^  -  12x  and  x^  +  Ax^  +  5x  +  20. 

5.  d^  -  Sab  +  2b^  and  a?  -ah-  2b^. 

6.  a'  -  a^i  +  3a62  _  sfis  and  a«  -  5a6  +  46^ 

7.  30x4  _  18x3  +  942.2  _  42x  +  56  and  60x&  -  36t«   +  48x4 

-  45x'  +42x2-45x+  12. 

8.  Ga^b  -  6a-by  -  2hf  +  2ahif  and  120^6  +  Sfty^  -  \baby. 

9.  a*  +  9a2  +  2Ya  -  98  and  a^  +  12a  -  28. 

10.  9,a%'^  -  24a-6*  +  2406*  -  86'  and  12a*  -  24a'6  +  \2a%\ 

11.  ea»  +  20a*  -  12a*  -  480^  +  22a  +  12  and  a^  +  4a'  -  S-^* 

-  16a3+  11a'' +  12a -9. 

12.  2a*  -  2a-6  -  IGai^  -f  126*  and  3a*c  -  9a*6c  -  240^6^0  +  b^abh 

-  246*c. 


90.  To  find  the  G.  C.  M.  of  tlirce  quantities : — Find 
the  G.  C.  M.  of  two  of  them,  and  then  of  this  G.  C.  M. 
and  the  third  quantity.  To  find  the  G.  C.  M.  of  four 
quantities  : — Find  the  G.  C.  M,of  any  of  two  of  them,  and 
then  theG.  C.  M.  of  the  other  two,  and  lastly  the  G.  C.  M. 
of  the  two  createst  common  measures  thus  found. 


LEAST  COMMON  MULTIPLE. 

91.  The  Least  Common  Multiple  (1.  c.  m.)  of  two 
or  more  algebraic  quantities  is  the  quantity  of  lowest  dimen- 
sions, as  to  the  letter  or  letters  of  reference,  which  exactly 
contains  each  of  the  given  quantities. 

KOTE.— Of  cour?o  there  is  the  same  objection  to  the  u^e  of  the  -word 
"  least "  here  ns  to  tlic  word  "  greatest"  in  regard  to  common  measines. 
It  would  be  more  correct  to  use  the  term  lowest  common  multiple. 

92.  To  find  the  1.  c.  m,  of  two  or  more  algebraic  quan- 
tities : — 

RcLE. — Divide  their  product  by  their  G.  C.  M. 

Or,  Divide  one  of  the  given  quantities  by  their   G.  C.  M.,  and 

mulliphj  the  quolicnt  and  remaining  qusai''v  together  for  their 

I.  c.  m. 

Note. —  To  .find  the  I.  e.  m.  of  three  or  rt*ore  ^xaifMss.  Divide  all  but 
one  of  them  b]/  their  (j.  c.  m. ,  and  vmltiphj  together  tiie  v^ivided  quan 
tity  and  all  the  resnliing  quotients/or  their  I.  r  n«. 
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Proof  of  Eule. — l-et  it  lie  required  to  find  the  1.  c.  m.  of  any  two 
quantities  a  and  6,  ana  iet  ei  be  the  G.  C.  M.  of  these  quantities. 

Let  a  =pm  and  b  =  qm,  and  m  being  the  G.  C.  M.  of  a  and  b,  it  follows 
of  course  that^  and  q  have  no  common  factor.  Then^g"  —  least  quantity 
that  contains  both^j  and  q,  and  mjjq  =  the  least  quantity  that  contains  p, 
q,  and  m,  and  therefore  =:  the  1.  c.  m.  of  a  and  b.    Then  L  c  m.  zz.pqm. 

m  m  m  m 

Ex.  1.  Find  the  1.  c.  m.  of  l^a^x^y  and  l^ax^t/^z. 

OPERATIOH. 

G.  C.  M.  of  l^a?3^y  and  ISoxYs  =  Zax^. 

Then  — ?!?!^  x  Ibax^z  =  6a  x  15axYr  =  2Qi(fii?yh  =  L  c.  m, 
'dax^y 

Ex,  2.  Find  the  L  c.  m.  of  a^  +  3a»  +  5a  +  3  and  a^i  0^+  a  -  3. 

OPERATION. 

G.  C.  M.  of  a?  +  3a*  +  5a  +  3  and  a'  +  a'  +  a  -  3  =  a^  t  2a  +  3. 

a'+3a'^  t-5a+3 

a^-l-2a  +  3 
+  2a*-2a-3  =  L  c.  m 


a  +  1  and  (a»  +  a'  +  a  -  3)  x  (a  +  1)  =  a*  +  2a* 


93.  Very  frequently  the  I.  c.  m.  can  be  most  easily  obtained 
t  y  resolving  all  the  given  quantities  inco  their  prime  factors,  and 
multiplying  together  the  highest  powers  of  all  the  factors  that  occur 
in  order  to  form  the  I.  c.  m. 

Ex.  1.  Thel.c.m.of  x'-x, a;3  -1  andx'  +  1 ;  that  is^of  x(x2-l), 
a;3  -  Ij  and  a;^  +  1 ;  that  is  x(x  -l){x  +  1),  (x-  l)(x^+  x  +  1)  and 
(X  +  l)(x2-x+l)  =  x(x  -  l)(x2+  x+  l)(x  +  l)(x2  -  X  +  1) 
=  x(x3  -  l)(x3  +  1)  =  x(x6  -  1)  =  xT  -  z. 

Note.— Of  course  the  same  factor  is  only  to  be  taken  once  in  the  L  c.  m. 
although  it  may  occur  in  each  of  the  given  quantities. 

Ex.  2.— The  L  c.  m.  of  A{x^  -  xy"^,    20(x5  +  x^y  -  xy^  -  y% 
I2(xy^  +  y^),  12(x2  +  x2/)2and  8  (x3  -x^y); 
that  is,  of  4x(x2  -  y^)  ;  20  {  (x'  +  x'^y)  -  (xy^  +  2/^)} ;  i^fix  +i/)  ; 
2x\x  +  yy  and  8x2(x  -  y)  ; 
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that  is,  of  4x(x  +  y)(x  -  y)  ;  20}z*(x  +  y)-  y*(x  +  j/)} ;  12)/* 
(X  +  y)  ;  12x''(x  +  y)^,  and  Zx\(x  -  y)  ; 

that  is,  of  4x(x  +  2/)(x-t/);  20(x  +  y)(x2--y2)  .  12j/2(z+y); 
12x^(x  +  yYy  and  8x2(x  -  i/)  ; 

that  is,  of  4x(x  +  t/)(x  -  y)  ;  20(x  +  y^^x  -  y)  ;  Uy\x  +  y)  ; 
12x2(x  +  yy,  and  8x2(x  -  y)  is  equal  to  120a;V(«  +  y)*(2;  -  J/)  = 
120£V(^^  +  ^^2/  -  ^2/^  -  2/0 

ExEBCiSB  XJnil. 

Find  the  L  c.  m.  of — 

1.  2a^x,  3x?/,  ^ali^y,  and  -  3x^i/'. 

2.  2ax2,  3xy^,  4yz2,  -  2a^x,  and  '-  2x^y. 

3.  (X  -  y),  (x^  -  2/)*,  and  (x  -  y)'^. 

4.  x^  -  1/^,  x^  -  y^,  and  x*  -  y*. 

5.  (X  -  x2)'^,  (x2  -  1),  and  4(1  +  x>x. 

6.  4(a  -  6)2,  6(a3  -  fcs),  6(a3  +  b^),  and  9(a«  -  i«). 

7.  (x2  -  3x),  (x''  -  lOx  +  21),  and  x^  -  7x. 

8.  (a'  -  x^),  and  (a^  +  x  -  ax  -  a). 

9.  a'  -  9a*  +  26a  -  24,  and  a'  -  8a'  +  19a  -  12. 

10.  3(a5  ~b^-),A(a-by,  5(a*-b*),  6(a-5)2,  and  (a»-t»)». 


SECTION    V. 

FRACTIONS. 


94.  Algebraic  fractions  are  in  all  essential  respects  simi- 
lar to  arithmetical  fractions,  and  the  rules  for  operating 
upon  them  are  the  same  as  tnose  for  common  arithmetic, 
and  are  deduced  in  the  same  manner, 

95.  Since  the  value  of  a  fraction  is  the  quotient,  "which 
is  obtained  by  dividing  the  numerator  by  the  denominator, 
we  infer  tho  following  principles,  upon  which  the  principal 
rules  are  founded : — 


1 
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I.  That  multiplying  the  numerator,  or  dividing  the  denominator 
pf  a  fraction  by  any  quantity^  multiplies  the  fraction  by  that  quan- 
tity. 

II.  That  dividing  the  numerator,  or  multiplying  the  denomina- 
tor, of  any  fraction  by  a  quantity^  divides  the  fraction  by  that 
quantity.  , 

III.  That  multiplying  or  dividing  both  numerator  and  denomina- 
ioT  of  a  fraction  by  the  same  quantity  does  not  change  its  value. 

96.  These  principles  are,  however,  susceptible  of  general 
proof,  as  follows : — 

I.  Let  -r-  be  any  fraction  and  m  any  integer,  then,  -—  =  —-  x  wi.    For 

0  0  0 

in  each  of  the  fractions  -^  and  —  the  unit  is  divided  into  6  equal  parts, 

and  m  times  as  many  of  these  parts  are  indicated  by  the  latter  fraction  aa 

by  the  former.    Conversely  -j-  =:  -r-  -r  m. 

Again,  let  =—  be  any  fraction  and  m  any  integer,  then  -—=:-—  X  wj. 
cm  0         bm 

For  in  each  of  the  fractions  r—  and  -r-  the   same    number   of  parts 
bm  0 

is  taken ;  but  each  part  of  the  former  is  ■— th  of  each  part  of  the  latter, 

therefore  each  part  of  the  latter  fraction  is  m  times  larger  than  each  part 
of  the  former ;  and  since  the  same  number  of  parts  is  taken  of  each,  il 


follows  that  th    atter  fraction  —  is  wi  times  greater  than  the  former  frac- 

Uon  =—• 
bm 

II.  The  proof  of  this  is  simply  the  converse  of  the  above. 


6 

.     .,    .         a  a  ,     a  a 

And  since  — -  =  —  X  m,  conversely  r-  = m. 

b        bm  bm         b 

III.  Since  both  multiplying  and  dividing  any  quantity  by  the  same 

number  does  not  change  its  value,  if  we  both  multiply  and  divide  —  by  m, 

its  value  will  remain  unaltered.    But(I)-r-X  m—  — ,    and   (IJ)    — 

am        a  b  b  b 

-T-  m  =  i—   »=  -  -,  i.  e.,  although  the  parts  in  the  former  fraction  are 

each  bu*  — th  of  each  of  those  in  the  latter,  m  times  more  of  them  are  taken. 
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Or,  —  = r —  (-^rt.  69,  Cor.)  =  — . —  =  -r-  because  m"  -=  1. 

bm  0  0  0 

And  since  n~m  — —  =  am.- 1  and  b-^m=^  —  =:?>n"i.      Therefore 
m  m 

a-^m _  am-1   _  a""''  __ amo  _  a_  ^^^^^^ mO  =  1 

b  -^  m        6m-i  b  b  6 

"il.  The  following  facts  should  be  borne  in  mind  by  the 

t      ent :-  - 

i.  jlny  integer  may  be  expressed  as  a  fraction  havmg    1  fo. 

a 
denominator.     Thus,  a  =  -r-- 

^  6 

II.  Any  quantity  divided  by  itself  equals  unity.     Thus,  "r  =  1- 

III.  ^f«i/  integral  expression  may  be  expressed  as  a  fraction 
having  a  given  denominator,  the  numerator  being  obtained  by  mul- 
tiplying the  given  expression  by  the  proposed  denominator. 

Thus,  let  it  be  required  to  express  a  as  a  fraction  with  denominator  b. 
(Art.  97, 1).    a  =  —,  multiply  both  numerator  and  denominator  by  i 

a        ab 
we  get  o  =  —  =  -^ 

lY.  The  signs  of  all  the  terms  of  both  numerator  and  denominO' 
tor  may  be  changed  without  altering  the  value  of  the  expression, 
this  being  equivalent  to  merely  multiplying  both  numerator  and 
denominator  by  -  1. 

2a  -  36  +  4cm  -  x^     3b  -  2a  -  icm  +  x* 
^^^^'     3  +  2//1  -y^-3c  "  3c  -  3   -  2m   H-  y^' 

Y.  Jill  the  rules  andformulcc  infractions  hold  whether  the  letten 
employed  represent  integral  or  fractional,  positive  or  nc^ativt 
quantities. 


98.  To  reduce  a  fraction  to  its  lowest  terms: 

Rule. — Divide  both  numerator  and  denominator  by  their  G.C.M, 

Note.— The  student  should  always  endeaTOur  to  factor  the  numerat 
and  dcuominator  so  as  to  find  by  inspection  tho  G.  C.  M.  when  it  ci 
be  60  found  ^iorwisa  ho  must  find  the  G.  CM.  of  t\c  two  tor^is  1 
A't8&- 
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a^inxy     amx  x  ay      ay 


Ex.  1. 
Ex.  2, 
2x.  3. 


amx^       amx  x  x        x 

a^  +  Sa^x  a»  (1  +  3x)     _      1  +  3a: 


2a^  -  3a-ni  +  a^f    d\l  -  3m+f)     2  -  3m  +  y^ 
a*-a;*      _  (a2  +  x2)(a  +  x)(a -x)  _  (a^  +  a;2)(a  +  x) 


a^-2ax+x-  (a-x)(a-x) 

a^  +  a'x  +  ax^  +  x* 


a^  -  6a  -  27  _  («  +  3)(a  -  9)  _  a  -  9 
"  a-^  +  8a  +  15  ~  (a  +  3)(a  +  5)  ~  a  +  5 
x^  -  x?/  +  771X  -  my  _  X  (x  -  2/)  +  7»(x  -  y) 
^'     '  x''  +  xy  +  mx  +  my    x  (x  +  y)  +m  (^x  +  y) 
(3:  -y)  (x  +m)     X  -  y 


(X  +  y)  (x  ■+  »/t)      X  +  y 

Ex.  6.    .6^^  ~5^^_^o.    Here  (Art.  83)  the  G.  CM.  of  the 

lumerator  and  denominator  is  x  +  3,  and  dividing  both  terms 

(x3  -  8x  +  3)  -r  (X  +  3)       _    x«  -  3x  +  1 
.J  X  +  3  we  get  ^^.e  +  s^a  +  ^.  +  3)  .  (^  +  3) x^  +  1      ' 

Exercise  XXIV. 

Reduce  the  following  fractions  to  their  lowest  terms  : — 

a-  -  ab  2am  +  m'^x  —m^  c  +  ac 

ax+ay'  '        3a-m  +  m^      '  '    n  +  an 

a"^ b  +  a^P -i- a^bm  abc^  ai^v^ 

6. 


7nx  +  bx  +  X  '  ab  +  be  '  d^x'^m+  axy i-x^y-z^ 

21xV  -  35x3i/2  a-m  a^  +  b  d^-2ab  +  b- 


14x^2/^         *        '  d^-m?'        '    a^  -  b^' 
a^  +  b^  a^  -  m*  o*  -  m* 

^^-  a3  _  6-i'  •^^'    (a  +  7?0(a-m)"  ■^^*  a''  -  a^'m-^' 

•?x2-21x  +  35  x3-llx  +  28  4x^+12x  +  9 

^^"   llx'^-33x  +  55'        ^^'    x^-    4x-2r        ^^'  2"'x=*-  6x- 12 
x'  +  2x2y  +  3xY  a^-2^b  +  2ab^_-b^ 
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a*  -  m*  ac  +  bd  -h  ad  +  be 

u^  -  a'm  -  am'^  +  m^'  '    am  +  2bp  +  2ap  •{■  bm' 

i^  •*■  (a  H- t)x  +  a6  2i3  +  a;S  _  Sx  +  5 


X"  +  (6  +  c)x  +  6c'  7x2-12x  +  5      ' 

(a -f-m)(a  +  TO +x)(a  +  7n  -  x)  a^^  +  x' 


2a''m''  +  2a^x"''  +  2//i''x^  -  a*  -  m*  -  x*'  a'*"  +  x*« 


99.  To  reduce  a  mixed  quantity  to  a  fractional  form : — 

Rule. — Multiply  the  entire  part  of  the  quantity  by  the  denomi 
r.ator  of  the  fraction,  and  to  the  product  conntct  the  numerator  of 
the  fractional  part  by  its  propeT  sign.     Betuaih  the  whole  expres 
sion  thus  formed,  write  the  denominator, 

x  +  y  _  a^m  -  abm  +  (x  4-  y)      o'm  -  abm  +  x  +  y 


Ex.1.  a-b  + 


Ex.  2.  a^  -  2ay  - 


am  am  am 

3x  -  2am      4aV  -  8(7y'  -  (3x  -  2am) 


4i/^  4j/* 


4oV  -  8frv'  -  3x  +  20771 
"  4^  ■ 

Exercise  XXV. 

Reduce  the  following  mixed  quantities  to   their  equivaleat 
fractions  : — 

3 -2a  .  2  3a*- 30 

l,2(jx-y+  .      2.  a»+a+l  +  -— r.    3.  3a-j/- — r- 

^  ax  a-1  "       x  +  3 

2a  +  xy  2ax^  +  xt/* 

4.  3a  +  2/--^^.        5.  3ax-y*  +  m-       ^^^     . 

xyz  -  z^m  —  277i*s  (a  -  6)' 

6.  xy  +  m=  + T:fr2^ •       '•  (^  +  ^)* " -^TT"' 

a^  -  771*  a*  -  2ax  +  x* 


1  -  -.-T-. .-.         9.  1  - 


a"  +  771^  ■  a^  +  x^ 


100.  To  reduce  a  fraction  to  a  mixed  quantity: — 

Rule. — Divide  the  numerator  by  the  denominator,  and  place  the 
.remainder,  if  any,  over  the  denominator  for  the  fractional  part, 
dnnect  the  fraction  thus  obtained  to  the  entire  part  of  the  quotient 
i>!f  the  jt^Ti  plus. 


I 


JITS.  99 101.]  FRACTIONS.  7l 

30? -' I2ab  +  y  -  9a  y 

E^-   '■ 3^-^ -=a-46-3  +-. 

Cx*  -  ux  -  2x  -  ax  2x  +  ax 

EXEUOISB  XXVI. 
Reduce  the  foUowiug  fractions  to  mixed  quantities  : — 
20m^  -  20m  +1        _    a^  +  x^        ^    x'^  +  2xy  +  y^  +  x^ 


2. 
1 

d^  +  x^ 

+ 

3. 

a-  X  ' 
—  a  —  ab 

5/7i  ■         '    a  -  X  X  +  y 


5?;i'  -  5j!>'  +  3  I  -  a  -  ab  +  u^b  vn  +  a6  +  5am 

m~p       '         '  ab  -b  '         '  m  +  b 

101.  To  reduce  fractions  to  a  common  denominator. — 
RuLB. — Find  the  I.  c.  m.  of  all  the  denominators  ;  then,  taking  each 
ruction  in  succession,  divide  this  I.  c.  m.  by  the  denominator,  and 
xuliiply  both  terms  by  the  quotient  thus  obtained. 
lb  c 

Ex.  1.  Reduce  — ,  — ,  and to  a  common  denom. 

a  m  mx 

The  I.  c.  m.  of  a,  m,  and  mx  =  amx. 

amx  -r  a  =  mx  =  multiplier  for  both  terms  of  Ist  fraction, 
amx  -T  m  =  ax  =  multiplier  for  both  terms  of  2ud  fraction, 
amx  -f  mx  =  a  =  multiplier  for  both  terms  of  3rd  fraction, 
.  X  mx         mx  b  X  ax        abx  c  x  a  ac 

I  X  mx  ~    amx  '        m  x  ax  ~    amx '        mx  x  a  ~    amx  ' 

mx       abx  ac 

,  • .  and  . 

amx '    amx '  amx 

1  +  a    1  +  a'  1  +  a^ 

Ex.2.  Reducer-^,  .  _  ^g,  and  r— 3  to  equivalent  fractions 

laviug  a  common  denominator. 

OPERATION. 

The  Z.  c.  771.  of  1  -  a,  1-a^,  and  1 -a' =  (1 +  a)(l -a^)  ^  (14-a) 
;i-a)(l  +  a  +  a2). 

1st  multiplier  =  I.  c.  m.   v  (1  -  a)    =  (1  +  a)(l  +  a  +  a.^)  ; 

2nd         "         =        «       -f  (1 -a2)  =  (1  4-a  +  a2);  and 

3rd         "  =        "       V  (1 -a3)  =  (1 +a). 

Using  these  multipliers,  the  three  given  fractions  become 
1  +a)(l  +  fl)(l+a  +  a'')  ^  (l  +  a*)(H-a  +  g*)  (l  +  a')(l  +  a) 

;i-a)(l  +u)(l  +  a  +  a«)  '  {i^a^~){\VaVa*y  ^^"^  (l-a3)(lT'a) 
.  0_;}-^)Hl_J:a+  a2)_  (1  +  a'')(l  ^a  +  a'^)  (l  +  a3)(l  +  a) 
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Exercise  XXVII. 

Reduce  the  following  fractions  to  others  having  a  commoa 
denominator : — 


a     h     c  X  \      a  b  2      a  vn 

1.  -7-,  — ,  — r,  and — ,    2.  — ,  — ,  and  — .    3.  — ,  -tt,  and  ;;— 

0 '   c  '  a'  jiv         vv  xy'  mx  3a'  46'  2xy 

\  +  m  l—m  x-  —  y^  ar  +  y 

4.  -j and  -,—; .       5.  -5— — ;  and  — :j— -. 

1-7/1  1+771  x'+y^  x'  +  xy 

3x       4x  +  y  2x  -  3y  3a       4  -  2x  1 

6.    ,  — s 5,    and  TTT — ; — r.     7.    r- — ,  — r ,  and  T-i. 

x-y'    x^-y^'  2(x+2/)  2  +  x'       3m.    '  2a- 

1  1  1 


\ 


102.  To  add  or  subtract  algebraic  fractions : — 

Rule. — Reduce  them  to  a  common  denominator,  then  add  or 
subtract  the  numerators,  and  beneath  the  sum  or  (difference  place  the 
common  denominator. 

\-a      _\_  a-__(\-c)'^        1+a  a- 

^^'  ■"•   r+a      1  -a      T^TF'  ~  "1  -  a-       T^a*  "^  I'^T^ 
1  -  2a  +  a*  +  1  +  a  +  a*   _  2  -  a  +  2a* 
l~a^  f-  a*  ""• 

l+x2      1-x-      (l+x«)»      (I-x5)«       l  +  2x2+x* 
1  -  x'^      1  +  x-         1-x*  1-x*  1  -  X* 

1  -  2X-  +  X*  1  +  2x2  +  X*  -  1  +  2X  -  -  3-4  4J.2 

i~x*         ~  1-x*  ~    1  _^- 

a  a'  a^  a(l -<r)-      a~(\-a) 

^^-  ^-   r^  "  (l-a)^  ■•"  (1  -  a)^  ""    (1-a)'  ~  (l-a)-* 
g^        _a(l-a)' -a*(l~a)  +  a'»      o(l-2j  +  a-) -(a«  -  a')  +  a3 
■*■  (l-a)'»  ^  (1  -  a)^  ^  (1-a)^ 

(i-2a2  +  a' -a* +  a' +  a*     a-3a»  +  3a' 
^  {\-ay  =      (1-a)^     • 


isTS.  102, 103.]  MULTIPLICATION  OF  TRACTIONS.  tS 

(x^  H-  1/^)2         y  X   _  a;*  +  ■2,rV  +  !/*      V'^i^  -  I.*")^ 

xy(x-yf       X  y  a:i/(x  -  y)^        xy{x~yY 

2xy(x  -  ?/)2      x^(a:  -  ?/)^ 
xy{x-yf      xy(x-yy^' 
X*  +2x^y^+y^-y\x^-2xy  +  %/)  ~2xy(x^-2xy  +  y^j-x'(x^~2xy  \-y^) 
~  xy{x  -  yy 

x*^-\-2x^y-  +  i/'-x'^y^+2xy^-y^-2x^y+Axh/^-2xy^-x^  +  2x^y-x'^y^ 

^  ^yix-yf 

A:X-y^  Axy 


xy(x-yy.     (x-yf 

EXEECISK  XX\TII. 
Find  the  value  of: — 

2a      3        c  x2(ci-6)  u-h        a  +  b 

T     26       m"  y      p(x  +  3)"         •    a  +  b  ~  a  -  b' 

2x     5x  x'  V  xi/ 

4.     fjx  —  —  +  —  4-  3-2         (^    H -—  -  — 

4.    JX       ^        g+x.       o.  (^^^)3^^^2^      (x  +  2/)^ 

a  — 66  —  ca-c  m  p 

6.  -ri-  +  -. 


a6  6c  ac   '         '    m  +  p        m- p 

3  4(1 -5a)  7  x(16-x)     2x  +  3     2-3x 

^'  l  +  2a  ~  'ao'  ^r  ~  2a-l '     ^"  ~x^^^~  ■*"  "2"^  ~  xT2  " 
1  1  (x\y       x-y\ 

io-t(^+2/)+t(^+'^^-(^'^^ — b~y 

7n+u                     p  +  x                     ?re+x 
11.  7 ^-. ^  +  -r~~ — \~, ^  "f 


(p-x)(x-m)      {x~in){m-p')      (^m-p)(j}-xy 
a  ~b        b  ~  c  2ab  —  2ac 

^^"  0^+6       TTc  ~  6(a  +  c)  +  c(a  +  6) - 6(c - 6)* 
113  3 

^^'  iTx  ~   1+x        "l^2x  ~   1  +  2x" 

m  in,  m 

14. 


s(a-6)(a-c)        6(6-a)(6-c)        c(c-a)(c-6)' 


103.  To  multiply  fractions  together : — 

Rule. — Multiply  all  the  numerators  together  for  a  new  numera- 
tor, and  all  the  denominators  together  for  a  new  denominator. 
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KoTE  1. — If  any  of  the  given  fjuantitips  are  mixed  fractions,  they  must 
be  reduced  to  the  fractional  form  before  multiplying. 

KoTE  2.— Before  multiplying,  the  student  must,  by  attention  to  the  prin- 
ciples given  in  Arts.  70, 80,  strike  out  all  the  factors  common  to  a  nume- 
rator and  a  denominator. 

I'EOOF  OP  EcLE.  -  Let  it  be  required  to  multiply  -^  by  — . 

o         a 
a  c  a        c 

Let  Ij   —  X  and  -^  =ir  ?/,  then  -f  x  '^=^xy.    Also  a  =  lx  and  c  =  dy. 

ac 
Hence  ac  =  hdxij,  and  dividing  each  of  these  by  bd  we  get  Tj  =  xy. 

T,   .    «   .     c  1-u      *•        a        c       ac      product  of  numerators. 

But  -  -  x-y  =  x!/.  Therefore  -=-  X  -,-  =  ,  .  =  - — , ^ 

o        a  b       a       bd     product  ii/danorrunalvn. 

Ex.1.  ^-r-") ^l'-I r-- 

X  +  ?/       0       (x  +  ij)o       bx  +  by 

x^  —  b^x^      x^  +  6x     x'^  —  bx  +  6* 

V-r     9 X X . 

^s-  ^-    x-^  +  63         X  -  6  x^ 

x^(x^  -  b^)  X  x(x  +  b)  X  (x^  -bx  +  b") 
~  (x3  +  b^Xx  -  b)x^ 

x3(x  -  ?»)(x  +  6)  X  x(x  +  b)  X  (x'  -bx  +  b") 
~  (xl-  i)(a;«^6x  +  62)  x  (x  -  6)  x  x^ 

.^^±A)  =  x^+fcx^ 

1 

1  \       /        1  \  "'      h'  -  1      /'a  -  1\  '     a«  -  1 
Ex.  3.    (  a-—     x      !-• 


^■^(-7 


a_l      g  -  1      (g  -  l)'(fl'  -  1)  _  0*  -  2a»  +  2a  -  1 
a        ~a~  a*  a' 

ExBncisR  XXIX. 
Find  the  value  of: — 

2x        3x  i!!!    X  ^  X  •'''        3    "iit^  X  5^^*^ 

^'  T  ^   2a'  xi/       7I1J/        "^^         ■       xy  36  +  3a ' 

x  +  1       x-l  a^-T^       a*-b*  a 

*•  ^'^  ^     2a"  ""  aT6-       ^-  ~^+T        "^V  ""  I(^ ^y 

a^ -m'       a'-i-m^  a' -  x«       4ax« 

*•      my      ^    m-a'  3jx         a  +  x' 


a 
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X*  ~  13i;  +  42     x^  -  9x  +  20  a        b        c        d       m 

x^  -  bx  x^  -  6x  ■  by      cy'^      dy^    fy*     fy'" 

c»  -  4      c?  -  \      a  -  2 
10. 


11.,^ 


a*  -  1  2a        2  +  a 

X*  -  a*  x'  +  5x  +  fx  +  he 


bx  -  ax  -  ab       x^  +  ex  +  dx  +  cd' 


x*  +  x-  12       x^+  2x  -  35  _       _ 

^^•x^-13x+40"x^-7x-44-     13-  (1 -«  f  a^x  (1  +  -  + -). 


a      a" 


4a'  -  IQni^  5a  a-\-  2m 

■      J  -  'ZmT  ^  iooM^SOawTsOTft^  ^        a      ' 


104.  To  divide  one  algebraic  fraction  by  another : — 
Rule. — Invert  the  divisor  and  proceed  as  in  multiplication. 

Note.  1.— If  either  of  the  given  quantities  be  a  mixed  fraction  it  must  be 
reduced  to  a  fractional  form  before  applying  the  rule. 

KoTE  2. — After  having  inverted  the  terms  of  the  divisor,  bo  careful  to 
cancel  as  far  as  possible  before  multiplying. 

Proof  of  Eule  for  Divisiox.— Let  it  be  required  to  divide  —  by  — 

b         d. 

Put  —  -r — -  ==  X ;  multiplying  each  of  these  by  —  we  get  —  =  x  y.  -~ 
0         a  d  b  d 

= --.    Again  multiplying  each  of  these  by  d  we  get—    =  ex,    therefore 

u  0 

ad     ^  ,  a    ,    c     .,       .        a    ,    c         ad         a        d 

X  =  — .    But  X-—  ■ ; ;  therefore  . r  —  = ■  =  —  x  — 

be  b         d  b         d  be  b         c 

=  dividend  X  divisor  with  terms  inverted. 

a»  -  5'  ^    a^  -  2ab  +  6''_a^  -  6'         a^  -  5^ 
^^-  ^-  a*  +  b'  ^        ii^~6*        '  d^  +  b^^a^-2ab  +  b 
(a  -  bXa  +  b)x(a'+¥)(a-h)(a  +  b) 
'  (a*  +  6^)(a-6)(a-i>)  =  {a  +  b)  . 

a*  -h  y'    a*  -  ay  +  y*    a'  +  t/*        (a-  yY 


a*  -  y^        (a  -  y)^       a*  -  y^    a'^  -  ay  +  y^ 
(a  +  y)(a»  -  ay  +  y')(a  -  y)(a  -  y) 


(a  -  y)(o  +  y){a'^  -  ay  +  y^) 


=  a-y. 
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EXBRCISB  XXX. 

Fiud  the  value  of : — 

1       X  a  -h  X  X  c?  +  io^+  2c!b  +  b^ 


/a*  -  X*     1/ 


'  +  x^  x-3       x'-'-  15x+  56 

"Sa     '       ■  x^"9  ~  x^  17x  +  It 


I  b 

a  —  b     a  +  bj  ' 

fi  -  x6  IN       /a^  +  ax  +  x'    a^  -  ax 


a^  -  2ax  +  x'^    a  +  x 


3X  +  X*\ 
'1  I 


'3a2  -  3        x^-l        ^   /  y  ,      , 


10. 


/cr  +  b'^       a^  -  b^\    _     /a  +  b _a  -  b\ 
(a'  -  U^  ~  d'-  +  iy   "^   (^a  -  b~a^~bj- 


105.  To  reduce  complex  algebraic  fractions  to  simple 

fractions : — 

Rule  ^—Reduce  both  numerator  and  denominator  to  simple  frac 

tions,  if  they  be  not  simple  already;  then  having  thus  reduced  the 

fraction 
ichulc  cx!)ressiontothcform,of-f — r; — ,   multiply    the    extreme* 

together  for  a  nuineralor,  andthe  means  together  for  a  denominator 

3  -X 
I  -  \x  3  4(3 -x)         12 -4x 

^*-   '■■  !^y  -  a       y  -  4a       3(y  -4a)      3y  -  l2a" 
4 

1 
1  +  g  \  -  a  I  -  a 

2-  a       ~  (H-a)(2-u)  ~    2  +  a  -  a' 


1 
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1 


Ex.  3. 


1  a  a  -  1 

^  "*■  a  -  I  '  a  -  1  F 


1  4-  ^ •        1  +  1  +    -^ 


a-  1 

1  (a  -  ly        a^-2a+l 


Exercise  XXXI. 

Simplify  the  following  complex  frttctions: 

i(a  -  6)  «  -  fx  X  2\  -  ^:(x  +  2) 

"  "  4. 


lia  +  x)-l  1_-  2(t       1  +  2a 

l~+~2a  "*"  1  -  2a 
0^  +  62  1  +  .-C7y2 

8        ^  i    fl^  +  &^  9  ^^  ~        ^'J 


1  1  a2  -  62  1 

'b~  ~   ~a  ^"1 

1— f 

1-  — 

xy 


(1  -  2m)2+  (2OT+  1)2 


JO. 


b  + 


e  (1  -  4/H^)  -  (1  -  2'«)2 

d+-^--         11.      -  -  ^ 


adf-ac  (1  -  2ffi)2  -  (2/;i  +  1)2 

6d7+"6eT7/" 
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106.  Theorem. — If  any  two  fractions  are  equal  to  one  anothei , 
we  may  combine,  in  any  wanner  whatever,  by  addition  and  subtrac- 
tion, the  numerator  and  denominator  of  the  one,  provided  we  at  the 
same  time  similarly  combine  the  numerator  and  denominator  of  the 
other,  and  tfie  resulting  fractions  will  be  equal. 

That  is,  if  y  =  ■^,  tben 
a  -^h     c  ■¥  d  a~b     c~  d  b  d 

IT  =  -d~  0) '       ~6~  "  'd"  (")  i         T  =  T  ('")  ■• 

a         b  a  +  b       c  +  d  a-b       c -d 

T  =  'd  (^^) ;       -oT  =  ~c~  (^> :        -cT  =  T  (""'^  •' 

a  +  b       c  -^  d  a  c  a  e 

a'^b  =  c"r^  (^") ;  r+b  =  TTd  (^'")  5  ^-6  =  7^d  (")  i 

a        a  ±b  a  +b       a-b 

T  =  Tt^i (^) ;  rr^  =  c"^ <^')' '^°' *°' 

T??a       Tnc  ma  +  7i6      mc  ±  nd 

mc  +  r;6     mc  +  nd  ma  ±nb       mc  ±  nd 

-  ~b-  =  -f-  ^^'^) '  J^^  =  T^id  (•^^'>'  *^- 

Or,  T/;e  otoye  propositions  kold  with  any  multiples  whatever  of 

the  two  numerators,  and  also  any  multiples  whatever  of  the  two 

denominators. 

«"     c* 
Also,  i„-  =-j^  (xvi).     That  is,  the  above  theorem  is  true  of  any 

similar  combinations  cf  the   same  powers  of  the  numerator  and 
denominator. 

DEMONSTRATION. 

a       c         a  c  a  +  b     c  +  d 

(I).  Since  -=-.-.  -+i=-+ior-^  =  -^. 

a       c         a  c  a  —  b     c  -  d 

in).   Sine.  -  =  -.-.  ^-  -  1  =  -  -  1  or  -^-  =  -^, 

a       c  a  c  b  d 

(iij).  Since  .-  =  t  .'.  1  -^  ,-  =  1  ^  —  or  1  x  —  =  1  x  — 

b      d  b  d  a  $ 

b      d 
that  ia,  —  =  — , ' 


—    X  — 
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a        c           a       b         c       b  a         b 

(iv).  Since -T-  =  ~T  •'•  T^ —  =  ~r  ^ —  "^^  —  =  -r. 

^                      0        a           0       c         a       c  c         a 

a  +  b       c+  d                     b         d  a  +  b 

I  v).  Since  (i)  — r-  =  — t~  and  (iii)  —  =  —  •'•   . —  x 

ad  c  a  c    ' 

a  -  b     c  -  d                    b       d.  a  -  b      b 

(xi).  Since   (ii)  — ,-  =  —  .—  and  (iii)  —  =  —  •"•   — ,- 

^    ^                ^   ■'      b           d              ^    ^  a       c  0 

c  -  d        d       a  -  b       c  -  d 


a  -  b       c  -  d       '                                          b 
(vii).  Since  (ii)  — ,—  =  — j~    .-.   iuverling   by   (iii) 1 

d  a  +  bc  +  da  +  b  b  c  +  d 

s  ~  -,   and    also    (i)    — ,—  =  — —  .  .  -,—   x    -,   =    — ^j— 

c  -  a  ^  ■^       b  d  b  a  -  b  d 

d  a  +  b        c  +  d 

<  ~ — J  or  :   =     — J. 

c  -  d         a  —  Jj        c  —  d 

a  -\-  b       c  +  d  a  c 

(vni).  Since  (v) =  .-.  (in)  — -,  =  ^,-,. 

a  -  b       c  —  d  a  c 

(ix).  Since  (vi) = •'•  (m)   ■; — i  = .. 

^    ■'  'a  c  ^    ■'  a  -b       c  -  d 

a  c 

(x).    Since   (viii)    and    (ix)  —ri   ~   ~,~i    •'•    alternately 
a        a±b  ^    '  a±b        aid  ^ 

c       c  ±  d' 

a  +  b        a  a  - b       a 

(XI).  Since  (x)  -— ^  =  —  and  also     -_-^  =  y    .-.  (Ax.  xi) 
a  +  6       0-6 

— ,-  ,  =   ,  or  XI  -  VII  taken  alternately. 

c  +  d       c  -  d  •' 

a  c  a  m  c  m  ma  mc 
(xii).  Since  -p  =  -r  .-.-,-  x  —  =  -j-x  —  or  -  ,  =  -,. 
^     '^  b         d         o       n         d       n         nb       ml 

ma       mc 
(xiii.  &c.)  Since  — r  =  —  .•.  all  the  above  changes  mar  be 
nb       nd 

made  on  these  fractions. 

a        c  a      a  c      r         d^  c'^ 

CxviV  Since  —=—.'.  —  x—  =  —  x—  or   —  =  — • 

^     ^  b        d  b      b  d      d  b'^  d'' 

Similaily  ,-;  =   -   and  tv  =  jjr.      And  all    the  above  changes 
•'  6^       d''  6"-       d^  ^n        ^n  " 

ijay  be  made  on  the  equal  fractions  -.  „  =  ^^-. 
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107-  Theorem. — If  there  he  any  number  of  equal  fractions,  thm 
we  may  cumbine  in  any  manner  whatever  by  addition  or  subtraction 
the  numerators,  or  any  multiples  of  the  numerators,  provided  we 
similarly  combine  the  denominators,  or  the  same  multiples  of  the 
denom  inn  tors,  and  the  resulting  fractions  will  be  equal  to  any  orie 
of  the  given  fractions  and  to  one  another, 

ace 

That  is,  if-  =  -r  =  -, 
'      0        d       f' 

a        a  ±  c  ±  e        mn  ±r>c  ±  pe 
Then  y  =  'f^^^y  =  /n6  ±nd±pf 

ace 
Demon3tkation.     Let  '^r~  ~J  =  ~f  -  ^-     .'■  (^  "^  bx,  c  =  dr,  and 

e  =/r,  .-.  a±c  ie^bxidx  ±fx  =  ib±d  ±f)x. 

Dividing  each  of  these  equals  by  (6  +  d  +/)  we  get 
a  ±c  \e  a  a       a  ±c  ±'e 

^  "  yfd'if  ^^^  ^  =  T   •■•  T  "  b~±d±f- 
Again,  since  a  =  bx,  c  =  dx,  and  e  =fx, 
.•.  ma  =  mbx,  nc  =  ndx,  and  pe  =  pfx. 
And  ma  ±  nc  4  pe  =  mbx  4  ndx  4  pfx  =  (mb  4  nd  f  pf)x 
ma  ±nc  ±  pe  a  a        ma  +nc±pe 

•'■  ^  "^   mb'±nr±J)f  l^ut  X  =  y  .-.   y  =  »i6  4  nd  ±pf 
ace  a"      f"    c" 

It  follows  that  if  y=  y  =  y,  then  rs' -  "^n"  Tri   ^nd    thereforo 

a"      a"  4  c"  4  e"  a"  _  ma"  4  nc"  4  pe" 

I^  =  b-±a^  i/"'  ^"'^  tJierefore  also  ^  -  ^.t"  ^-^„-£^_^„. 
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SECTION    VI 

SLIIPLE       EQUATIONS. 

108.  An  equation  consists  of  two  aJgebraic  expressions 
connected  by  the  sign  of  equality. 

Thus,  3as  +  a;  =  6  —  7?i2;  x3_x2-i-3=i  .Jab  —  m ;  aa;  —  6  =  0  are 
equations. 

KoTE.— The  part  that  precedes  the  sign  of  equality  is  called  i7ie  Jint 
member  or  left  hand  side  of  the  equation;  the  part  that  follows  the  sign  of 
equality  is  called  stcond  member,  or  right  liand  side  of  the  equation. 

109.  An  identical  equation,  or  an  identity  as  it  is 
termed,  is  an  equation  such  that  any  values  whatever  may 
be  substituted  lor  the  letters  it  involves  without  desti'oying 
the  equality  of  the  two  members. 

^^         ,        ,      ,  w     .     \  1  '"■o  identities,   because    no 

Thus,  a2  — a:2=  (a_ar)(a+a;)  <  matter  what  numeiical  value 

4(a-f  6Ka  +  &)  =  4a2  +  8a&  +  4&2  L  may  be  asi-igned  to  a  and  a; 

i(a  +  x)  +  i{a  —  x)  =  a  or  to  a  and  6,  the  nieraburs 

'^     >     '  '  ^  '^  J  are  equal  to  one  another. 

110.  All  other  equations  are  called  equations  of  condi- 
tion, and  the  equality  existing  between  the  members  holds 
only  when  particular  values  are  assigned  to  .some  particular 
letter  or  letters  involved. 

111.  The  letter  or  letters  for  which  such  particular 
values  must  be  found,  are  called  the  unknown  quantities, 
and  are  generally  represented  by  the  last  letters  of  the 
alphabet,  x,  y,  z,  w,  &o. 

112.  An  equation  is  said  to  be  satisfied  by  a,ny  value 
which  may  be  substituted  for  the  unknown  quantity  with- 
out destroying  the  equality  of  the  two  members  of  the 
equation. 
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113.  The  solution  of  the  equation  is  the  process  of 
finding  such  values  for  the  unknown  quantity  or  quantities 
as  shall  satisfy  the  equation. 

114.  A  roo^of  an  equation  is  any  value  of  the  unknown 
quantity  by  which  the  equation  is  satisfied. 

Thus,  4  is  the  root  of  the  equation  x —  3  =r  1. 

Ig  and  —  '^  arc  the  roots  of  the  equation  2bx^  —  20x  —  13  =  0. 

2,  5,  and  —  7,  are  the  roots  of  the  equation  x3  —  39x  =z  —  70. 

115.  An  equation  which  involves  only  one  unknown 
quantity  is  said  to  be  of  as  many  dimensions  as  is  indicated 
by  the  exponent  of  the  highest  power  of  the  unknown 
quantity  that  occurs  in  it 

Ihua,  4a:  —  3  — 11  )  are   eqiations  of  one  dimension  or 

/  simple  eqiatioBs,  or  equationa  of  the 
2a(a;  —  m)  +  x  —  b^  —  m)  j^^gt  degree. 

ga;a  —  X  +  30  =  0  "I  an  equations  ottico  dimensions,  or  quadratic 
cx^  4-  2ax  —  b       f  equations,  or  equations  of  the  stcond  degree. 
4xi  —  112x2  x  109j;  —   27  =  0  )  are  equations  of  three  dimensions, 
y  or  cubic  equations,  or  equations  of 
a;3  -  15x2  +  74a;  - 120  =  0  )  the  third  degree. 

X*  —  74x2  -^  1225  =0  )  are  equations  of  four  dimensions, 

/  or  biquadratic  equations,  or  equa- 
a;*  — 4x3+6x2  — 4x— 5  =  0  >  tions  of  the/our//K7ei?ree. 

116.  It  will  be  shown  hereafter  that  an  equation  involv- 
ing only  one  unknown,  has  as  many  roots  as  it  hoii  dimen- 
sions, and  only  as  many  . 

Thus,  a  simple  equation  has  only  one  root. 

a  quadratic  equation  has  only  two  roots, 
a  cubic  equation  has  only  tliree  roots,  &c. 

117.  The  solution  of  simple  equations  involves  the 
following  principles : — 

I.  ^ny  term  may  be  carried  from,  one  ride  of  the  equation  to  the 
other,  or  transposed,  as  it  is  termed,  by  changing  its  sign. 

Thus,  if  4x  —  az=7  +  m,  then  4.r  =  7  +  n»  +«.  this  being  equivalent  to 
acidiug  +  a  to  each  side  of  the  equation  (As.  ii).) 

So  if  2x  —  a  =  46  +  X,  then  2x  —  x  =  46  +  a,  thia  being  equiraloiit  tO 
Bd^ing  +  «  and  —  *  to  each  side  (As,  u). 
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II.  The  si^ns  of  all  the  terms  of  both  members  may  be  changed 
withuut  altering  the  equality  of  the  two  members. 

Thus,  if  3a  —  4x  -r  bz=  —  m-\-  ax  —  c, 
Then  also,  —  3a -[-4x  —  b  =  m  —  ax  -\-  c. 

KoTE. — This  is  equivalent  to  transposing  every  term,  or  to  multiplying 
both  sides  of  the  equation  by  —  1,  wliich  of  course  does  not  affect  tho 
equality. 

III.  ^n  equation,  any  of  whose  terms  involve  fractions,  may  be 
cleared  of  these  fractions,  i.  e.,  converted  into  another  equation  not 

nvolving  fractions,  by  multiplying  each  member  by  the  I.  c.  m.  of 
all  the  denominators  of  the  fractions. 

Thus,  if  —  +  -s-  +  -,-  +   p.   =20,  and  we  multiply  each  side  by  30, 

which  is  tlie  1.  c.  m.  of  the  denominators,  we  get  15a;  +  10-*  +  6x  +  5a; 
=  600. 

KoTE.— This  is  merely  multiplying  both  members  of  the  equaMon  by  the 
iame  quantity,  and,  of  course  (Ax.  iv),  does  not  destroy  the  equality. 

IV.  Both  members  of  an  equation  may  be  divided  by  the  same 
quant ityxnth out  destroying  the  equality.  Hence,  having  reduced  an 
pquation  by  the  foregoing  principles,  should  the  unknown  quantity 
hate  a  coefficient,  we  may  divide  each  member  by  that  coefficieut. 

Thus,  if  llx  =  44,  then  dividing  each  member  by  11  we  get  a;  =  4. 


118.  Theorem. — j3  simple  equation,  or  equation  of  the  first 
degree,  involving  only  one  unknown,  can  have  only  one  root. 

Demonstration.— By  transposing  all  the  known  quantities  to  the  right 
hand  member,  and  the  unknown  quantities  to  the  left  hand  member,  every 
simple  equation  can  be  reduced  to  the  form  ax  =  b. 

If  it  be  possible  let  ax  —  b,  have  two  dissimilar  roots  ^  and  y. 

Then  a^  —  b  and  also  ay  —  b,  and  by  subtraction  a^ —  ay  =  b  —  b  =0, 
that  is,  a(/3  —  .y)  =  0,  which  is  absurd,  because,  by  supposition,  j3  —  y  does 
not  =  0,  nor  does  a  =  0. 

Therefore  ax^^b  cannot  have  two  roots. 

119.  From  Art.  117  wegelthe  following  rule  for  solving 
^  simple  ecj^uation  involving  onl^  one  unknown  (quantity. 
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I.  Clear  the  equation  of  fraction,'',  and,  if  neceaary,  of  bracket  $ 

also. 

II.  Trnnspose  all  the  terms  involving  the  unknown  quantity  to  the 
left  hand  member  of  the  equation,  and  the  remaining  terms 
to  the  right  hand  member. 

III.  Collect,  by  addition  and  subtraction,  as  fur  as  possible,  tht 
several  terms  of  each  member  into  one  term,  i.  e.,  reduce  each 
meinber  to  its  simplest  form, 

IV.  Divide  each  member  by  the  coefficient  of  the  unknown  quant  ity 
Ex.  1.  Given  8j:  +  7  =  2x  +  43,  to  find  tbe  value  of  x. 


BOLC 

TION 

8x  +  7    =  2x  +  43 

0) 

8a;  -  2x  =  43  - 

7 

CO 

=  (i)  transposed. 

6x  =  36 

(III) 

=  (ii)  collected. 

x=  6 

(IV) 

=  (ill)  -r  6. 

XXX 

Ex.  2.  Given   -  +—  =  — 
2      3      4 

+  14  to  find  tbe  value  of  i. 

SOLUTIOK. 

XXX 

-+-=-+    14 
2       3       4 

(0 

6x  +  4x  =  3x  +  1G8 

00 

=  (i)x  12,  the  l.c.m.  of  2,  3,  4 

6x  +  4x-  3x  =  1G8 

(III) 

=  (ii)  transposed. 

7x  -  1G8 

(IV) 

=  (III)  collected. 

x=    24 

(O 

=  (IV)  V  7. 

2x4-6 
Ex.  3.  Given  3x  +  — ^ — 
5 

Ux-  37 
-  =  5  + to  find  the  value  of  x. 

SOLUTION. 

2x  +  6                 llx- 
3x  +   -g-      =  5  +    -  2 

37 

(0 

30x+  4x  +  12  =  50  +  55x- 

185 

CO 

=  (i)x  10  (l.c.m.  of  2  and  5.) 

30x  +  4x  -  55x  =  50  -  185 

-12 

[ni) 

=  (II)  transposed. 

-21x  =  -  147 

(IV) 

=  (III)  collected. 

*=7 

(v) 

=  ( 

^iv)  +  -2l.                         ; 
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Ex.  4.  Given  a;  +  - 
-o  find  the  value  of  x. 


27  -  9x 


2x  +  5     29  H-  4z 
12' 


SOLUTION. 


21 -9x 


x  + 


5x  +  2 
■       6~ 


—  J  1  o   " 


2x+5     29+4X 


4  6       -"12-     3  12 

12x+8I-27x-10r-4  =  6l-8x-20-29-4x 

12r-27x-10x  +  8x  +  4x=61-20-29+4-81 

-  13x  =  -  65 

x=5 


(I) 

(!!)•'=  (1)X  12 


(m) 

(IV) 

(V) 


=(ii)transposed 
=  (III)  collected. 
=  (IV)  V  -  13. 


*  Note.— The  student  must  remember  that  the  separating  line  of  a  frac- 
tion acts  as  a  vinculum  to  the  numerator,  and  tliat  in  clearing  effractions 
a  minus  sign  before  the  traction  has  the  effect  of  changing  all  the  signs  in 
the  numerator. 

6x  +  1     2a;  -  1       2x  -  4 
Ex.  5.  Given   -5- ^  =  -^—^^  . 


SOLUTION. 


7x-  16 

30x  -  60 
6x+l-6x  +  3=-^^^^3 

30x  -  60 

^"^     7x  -  16 

23x  -  64  =  30x  -  60 

28x  -  30x  =  -  60  +  64 

-  2x  =  4 

X  =  -2 


(I) 

(II)* 

(in) 

(IV) 

(V) 

(VI) 
(VII) 


=  (i)  X  15. 

-  (11)  collected. 

=  (III)  X  (7x-  16). 
=  (iv)  transposed. 
=  (v)  collected. 
=  (VI)  V  -  2. 


*  Note. — When  one  of  the  denominators  is  a  binomial  or  trinomial,  it  is 
commonly  best  to  first  multiply  each  member  by  the  1.  c.  m.  of  the  other 
denominators,  and  reduce  the  resulting  equation  as  much  as  possible  before 
multiplying  by  this  compound  denominator.  This  is  especially  the  case 
when  one  of  the  remaining  denominators  contains  the  others,  as  in  this 
example. 

Ex.  6,  Given  i(x  -  ^)  =  ^(x  -  ^)  -  i(x  -|)  to  find  the  value 
of  X. 


^^ 
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SOLUTION. 


S(x-|)  =  4(T-i)-6(x-f) 


E; 


(0 
(") 
(III) 

(IV) 

(V) 

(VI) 
(VII) 

(vm) 
d 
ex    '  dx   '  fx 


3a;  -  1^  =  4x  -  n  -  6x  +  2ra 
3x  -  4x  +  6x  =  -  7t  +  2n  +  j 
5x  =  71  +  ^ 

25x  =  5?t  +  371 

25x  =  8» 

X  =  /jW 

a       6        f        a 
Given  - —  +  —  +  -r-  +  —  =  ffi  to  find  the  value  of  x 

()X  ff  rlr-  /■-»  °' 


=  (I)  X  12. 

=  (II)  cleared  of  brackets. 

=  (ill)  trausposed. 

=  (iv)  collected. 

=  (V)  X  5. 

=  (vi)  collected. 

=  (VII)  V  25. 


BOLUTIOIT. 


abed 

__  +  —  +  —  +  — 

ox     ex      dx     fx 


acdf  +  bhlfJr  bcY+  bcd^  =  bcdfgx 
acdf+b^df+bcy+bed:' 


bcJfg 

„  (rt  +  b)x 

Ex.  8.  Given   ^— -^  + 


(I) 
(«) 
(III) 


=  (i)  X  bcdfx 
=  (ii)  V  bcdfg 


a-b 


X 


X  +  1 

a  +  6 


to  find  the  value  of  x. 


(a  +  b)x 
a  —  b 


SOLUTIOX. 
X  +  11 


U2  _  52        jj  ^  ^ 

(a  +  6)2x  +  X  =  (a  -  i)(x  +  1) 

a*x  +  2a£)x+6^x  +  x  =  ax-6x  +  a-6 

o-x  +  2a6x  +  6^x  +  x-ax  +  6x  =  a-6 

(a2  +  2a6  +  62+  1  _a+fc)x:^a-6 

a  -  6 


a^  +  2a6  +  6^  +  1  -  a  +  6 


(I) 

(") 
(III) 

(IV) 
(V) 

(VI) 


=  (i)  X  (u*  -  6«) 
=  (11)  expanded. 
=  (ill)  transposed. 
=  (iv)  factored. 

=  (v)  V  coef.  of  X. 


Exercise  XXSII. 
Solve  the  following  equations  : — 

X         ^  X 

1.  *+  -=  7 . 

3  4 
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X 

2.  2x-  — =  x  +  4, 


X        X        3x  -  1 1 

3.  2x  -  - •  +  -  =  -^^  +  X  +  9. 

3x  -  1       x  +  8 

4.  2x  -   7  +  — z =  - -„-    -   21 

0  .-{ 

x-5  X  -  7 

5.  2  -  -,-  =   3  -  ^--. 

2x         3x  +  1 

6.  4x  -  —  =  -^—  +  X  +  G. 

7.  2x-  16|:  =   ^t  "<■¥■• 

X4-3       x+4  x  +  1 

8.  —  -  -^  -  16  =  -  --. 

2X+19  7x+ll 

9.  4x  -  — J —  =  15  -  — -. 

5  4 

7x  Six  -  7 

10.  -  +  3^=21--^. 

8x-l7       Hx  +17  31  -  X 

11.  — Yj—  +         j^         =   3x  -        ^ 


4x  +  4  14 -3x 

12.  — ^-x=2  +— ^. 

4x  -  5  2  -  6t       3x  +  1 

13.  3x  -  ■ — ^ —  +  |x  =  1 7  +  — ^ —  +  — ^ — . 

X        3|x-5       2;^,x-9  7.|x-x  +  2       9-55i 

14.  ^2  +        f  5        =  1  ^  6 

X      X        3(x  -  7) 

15.  x  +  y4--.-^—  =2X.23. 

5(x-l)       97- 7x 

16.  21  -  -^-^ Y~  "  ^  -  1*^^^^  -  11)  -  9- 

X      X       X      X      X  5x 

20  -  X 
18.  2x-  ■ — - —  +  10  =  \x. 

36  +  20x  5x  +  20 

^^-     25       6^;  =  3U  -  9^::t6- 


^s 
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li+7r       9  +  5x       3x-13 
20.  33f,-3x-       9       +       10       =        16      ■ 

Ilx-IT 
8 

9X+20       4X-12       X 
2^-       36             5x-4    "^  i' 

22.  ix  +  U^  +  3)  -  l(x  -  4)  =  K^  +  5)  +  315. 

'7(x  +  2)  2(2x+l)       17- 3x 

23.  6x-^^=5+— ^ T"- 

2C5x2-9)  6x  +  9 

2^-^^--3T^  =   ^-3T^- 

25   ^C-^'''^)         7x  -  13         6x  +  7 
"  ^^3  3(1  +  2x)  '        9 

26.  ax  +  6  =  c. 

27.  3ax  -6^=  6c  -  ^ar. 

23.  46x  -  3x  =  ^(a  -  6^  +  3ax). 

3a  -  X  (a  -  b)x 

29.  2a^x  -  T =  X  - 


30.  3a 


b  2a      * 

2x  +  a       4a-  3x       ax  -  ft 


ax        ex 
bx+  4a       c?  -  3?>r 


6'x      2a  +  6 
i(a  +  6)  ~   a   "^  (a  +  6)»  =  -S*^^  -  -^  '  '(^bY' 

37.  3  +  l-72x  -  2-21X  =  •203x. 

38.  .3x  +  x(G  -  a)  =  3a  -  .23x. 

39.  I(x  -  i)  +  H  1  -  (^  +  f )  }  -  ?  {  '  -  (^  +  -i-^)  }  =*  +  ?' 
8(7X  -  6      5&  7c 

40.  —3— --3=4-6--. 

41.  (a»  -  x)(6»  +  i)  -  3a6(l  -  z)  =  (x  -  a)(c  -  x). 
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PROBLEMS 

PKODUCING    SIMPLE    EQJATIONS   INVOLVING   ONLY   ONE   UNKNOWN 
QUANTITY. 

120.  A  Problem  is  a  written  statement  of  the  relations 
existing  between  certain  quantities  whose  values  are  given, 
and  another  quantity  or  other  quantities  whose  values  are 
to  be  found.  The  solution  of  problems  consists  of  two 
distinct  parts : 

I.  The  Algebraic  Slatement,  or  briefly  the  statement.  This 
consists  in  the  translation  of  the  problem  into  algebraic  language, 
i.  e.,  in  expressing  the  conditions  of  the  problem,  the  relations 
between  the  given  and  the  unknown  quantities,  by  means  of 
signs  and  symbols,  so  as  to  indicate  the  operations  described  in 
the  problem. 

II.  The  SOLUTION  of  the  resulting  equation. 

121.  It  is  with  the  former  of  these  parts,  i.  e.,  "  the 
statement,"  that  the  student  experiences  the  chief  difl&culty, 
the  nature  of  problems  being  such  that  they  admit  of  no 
•reneral  rule  for  their  statement.  The  student  must,  there- 
fore,  be  left  very  much  to  his  own  ingenuity,  and  he  can 
expect  to  acquire  facility  in  the  operation  only  by  long 
continued  practice.  He  will,  however,  be  very  much 
assisted  in  his  efforts  by  attention  to  the  following  general 
instructions  for  making : — 

THE   STATEMENT   OF   PROBLEMS. 
I.  Read  over  the  -problem  carefully,  until  its  conditions  areclearbi 
apprehended,  and  it  is  distinctly  understood  what  is  given 
and  what  is  required. 
II.  Represent  the  unknown  quantity  by  x,  and  set  down  in  alge- 
braic language  the  relations  existing  between  it  and  the 
given  quantities,  as  described  in  the  problem,  or  in  other 
words,  indicate  upon  x,  by  means  of  signs,  the  same  opera- 
Hon  that  would  be  necessary  to  verify  its  value  in  the  equation 
•'^  that  value  were  already  determined, 
G 
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Note. — Before  commencmg  the  exercise  the  beginner  is  particular'!/ 
directed  to  study  carefully  the  solution  of  the  preliminary  problems,  in 
order  to  observe  the  modes  of  proceeding  to  make  the  statement. 

Ex.  1.  What  number  is  that  from  the  double  of  which  if  10 
be  subtracted  the  remainder  is  44? 

SOLUTION. 

Here  we  have  given  that  a  certain  number  is  such  that  when 
its  double  is  diminished  by  10  the  remainder  is  44 
Let  x=  the  number. 

Then  2x  =  its  double,  and  2a;  -  10  =  its  double  diminished  by  10. 
Then,  by  the  problem,  2x  -  10  =  44,  which  is  the   required 
statement. 

2x  =  54,  by  transposition, 
z  =  27,  by  division. 
Therefore  27  is  the  number  required. 
Verification.     (27  X  2)  -  10  =  44 
54-10  =  44 
44  =  44 
Ex.  2.  Find  a  number  such  that  one-half,  one-third,  and  one- 
fourth  of  it  added  together  shall  exceed  the  number  itself  by  4J. 

SOLUTION. 

Here  we  have  given  that  i  +  ^  +  i  of  a  certain  number  >  the 
number  itself  by  4J,  or  what  amounts  to  the  same  tbing,  that 
i  +  I  +  i  of  a  certain  number  =  the  number  itself  +  4^. 

XX  X 

Letx=  the  number  ;  then  —  =  i  of  it ;  —  =  J  of  it ;  a»d  -—  = 
J  of  it. 

XXX 

And  ■o'  +  'T  +  T'""'^'*"^^!  '"^bich  is  the  statement  required, 

6x  +  4x  +  3x  =  12x   +54       (ii)  =■  (i)  X  12. 

6x  +  4x  +  3x+ -  12x  =  54     (ui)  =  (ii)  transposed. 

X  =  54     (it)  =  (m)  collected. 

Therefore  54  is  the  required  number. 

54     64     54 
Verification.     -^■^-^■\--r  =  5A^-\-^\ 

27  +  18  +  13J=58i 
68i=  58i 
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B«.  3.  Divide  the  number  112iuto  two  such  parts  that  if  21 
be  added  to  the  less  the  sum  shall  be  loss  than  one-third  of  the 
greater  by  the  third  part  of  unity. 

SOLUTION. 

Hsre  112  is  to  be  divided  into  two  parts  such  that  the  less 
+  21  shall  be  equal  to  (^  of  the  greater)  -  ^. 

Let  X  =  the  greater  part ;  then  since  112  is  the  sum  of  the  two 
ports,  112  -  X  =  the  less. 

X 

(112  -  x)  +  21  is  21  added  to  the  less,  and  —  -  ^  is  \  of  unity 
I«ss  than  J  of  greater. 

X 

Then  (112  -x)  +  21  =  —  -|,  which  is  the  statement. 
336  -  3x  +  63  =  X  -  1        (ii)  =  (i)  X  3 
-3x-x  =  -l-63-  336     (ill)  =  (ii)  transposed. 
-  4x  =  -  400     (iv)  =  (ill)  collected, 

X  =  100  =  greater. 
112  -  X  =  112  -  100  =  12  =  less. 
Verification.     (1 12  -  100)  +  21  =  -^^2.  -  ^ 
112-100    +21  =  i§a_i- 
133- 100  =  33i^-^ 
33  =  33 
Ex.  4.  "What  sum  of  money  is  that  from  which  if  $46-20  be 
subtracted,  one-half  the  remainder  shall  exceed  one-third  of 
the  remainder  by  $50  ? 

SOLUTION. 

Here  the  sum  of  money  is  such  that 

\  (Sum  -  $46-20)  is  >by  $50  than  ^  (Sum  -  $46-20). 

Let  X  =  the  sum  of  money. 

Then  x  -  $46-20  is  $46-20  subtracted  from  the  sum. 

r -846.20  X  -§46-20 

2 is  half  the  rem.,  and ^ is  one-third  of  rem. 

X- $46-20                 X- $46-20 
Then 2 -^50  = 3—  ^,y 

3x  -  $138-60  -  $300  =  2x  -  $92-40        (u)  =  (1)  X  6. 

3x  -  2x  =  -  $92-40  +  $138-60  +  $300. 

X  =  $346-20  =  sum  required. 

Note.— The  student  should  verify  the  result  in  every  c^e,  as  is  done  in 
the  three  preceding  problems. 
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Ex.  5.  A  certain  number  consists  of  two  digits,  such  that  the 
right  hand  digit  exceeds  the  left  hand  digit  by  2  ;  and  if  the 
sum  of  the  digits  be  increased  by  f  of  the  number,  the  digits  T^ill 
bo  inverted.     Required  the  number. 

SOLDTION. 

Let  X  =  the  left  hand  digit. 
Then  x  +  2  =  the  right  hand  digit. 
lOx  +  (x+  2)  =  thb  number.* 
X  +  a;  +  2  =  the  sum  of  the  digits. 
2x •  +  2  +  2(10x  +  X  +  2)  =  the  sum  of  the  digits  increased 

by  ?  of  the  number. 
10(x  +  2)  +  X  =  number  with  its  digits  inverted. 
Then  2x  +  2  +  S(10x  +  x  +  2)  =  10  (x  +  2)  +  x. 
14x  +  14  +  9(llx+2)  =  70  (x+2)  +  7x. 
14x  +  14  +  99x  +  18  =  TOx  +  140  +  7x. 
99x  +  14x  -  70x  -  7x  =  140  -  14  -  18. 
36x  =  108. 

X  =  3  =  left  hand  digit. 
X  +  2  =  5  =  right  hand  digit. 
Therefore  the  number  is  35. 
Ex.  6.  A  can  do  a  piece  of  work  in   10  days,  which  A  and  B 
can  together  finish   in  6  days.     In  what   time  can  B  working 
alone  do  the  work  ? 

SOLUTION. 

Let  X  =  number  of  days  B  would  require  to  do  the  work. 
Since  A  does  whole  work  in  10  days,  in   1  day  he  would  do 
r'o-ofit. 

Since  B  does  whole  work  in  i  days,  in  1  day  he  would  do 
;ofit. 

♦^\0TE.  —If  we  take  any  number,  as  6542,  and  representits  digits rcspec- 
f.vcly  by  the  letters  d,  c,  b,  and  a,  then  d  -\- c  ■\-  b  -\- a  will  express,  not 
r'-.c  number,  but  merely  the  sum  of  its  digits.  In  order  to  express  the 
number  wo  must  take  into  account  the  local  as  well  as  the  absolute  values 
of  the  digits,  i.e.,  we  must  remember  that  thetirst  digit  being  so  many  unita, 
the  second  is  so  many  tens,  the  Uiird  so  many  hundreds,  &c. 

Hence  d  +  c+b+a=zG-{-5  +  i+2=zll  =  sum  of  digits, 

A nd  lOOOrf  +  100c  + 106  +  a  =  6000  +  500  +  40  +  2  =  6542  =  the  number. 

And  of  course  1000a  +  1006  +  10c  +  d  =  2000  +  400  +  50  +  6  =  2456  = 
number  with  its  digits  inverted. 
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Since  A  and  B  do  the  work  in  6  days,  in  1  day  they  would  do 
\  of  it. 

Then  .4's  work  for  1  day  +  £'s  work  for  1  day  =  work  of  both 
A  and  J5  for  1  day. 

That  is,  -,V  +  i  =  ^         (0- 

3x  +  30  =  5x        (ii)    =  (i)  X  30x  to  clear  of  fractions. 
3x  -  5x  =  -  30     (in)  =  (ii)  transposed. 
-  2x  =  -  30     (iv)  =  (ill)  collected. 
X  =  15  =  days  B  would  require. 

Ex.  7.  A  person  being  asked  bow  many  ducks  and  geese  he 
iiad,  replied  that  if  he  had  8  more  of  each  he  would  have  7  geese 
for  8  ducks,  But  that  if  he  had  8  less  of  each  he  would  only  have 
6  geese  for  7  ducks.     How  many  had  he  of  each  ? 


Let  X  =  the  number  of  ducks  he  had. 

Then  x  +  8  =  number  of  ducks  increased  by  8. 

x+  8 

— J, —  =  number  of  times  he  had  7  geese. 

X  +  8 
•—^  X  7  =  number  of  geese  he  had  when  increased  by  8. 

X  +  8 
fiance  number  of  geese  =  8  less  than  — ^  x7  =  J(x  +  8)-8. 

Also  X  -  8  =  number  of  ducks  dimiuished  by  8. 

\  (X  +  8)  -  16  =  number  of  geese  dimiuished  by  8  ;  and  by 

x-8       Ha; +  8)- 16 
the  question,  —„ —  =  ^ 

6(x-8)  =  7{I(x  +  8)- 16} 

6X-48  =\£'(x  +  8)  -  112 

49x  +  392 
6x4-64= ^ 

48x  +  512  =  49X  +  392. 

X  =  120  =  number  of  ducks. 
f(120  +  8)  -  8  =  (j-  of  128)  -  8  =  (7  X  16)  -  8  =  112  -  8 
=  104  =  number  of  geese. 
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Ex.  8.  A  merchant  has  tea  worth  4s.  3d.  and  5s.  9d.  per  lb. 
How  many  lbs.  of  each  must  there  be  in  a  chest  of  126  lbs., 
which  shall  be  worth  jC30  ? 


Letx  =  number  of  lbs.  at  4s.  3d.  or  17  threepences  per  lb. 

Then  120  -a;  =  number  of  lbs.  at  5s.  9d.  or  23  threepences  per  lb. 
iTa;  =  worth  in  threepences  of  x  lbs  at  4s.  3d.  per  lb. 
23(120  -  x)  -  worth  in  threepences  of  120  -  x  lbs.  at  Ss.  9d. 
per  lb. 

2400  =  number  of  threepences  in  jC30. 
Then  1 1x  +  23( 120  -  x) =  2400. 
I7x+  2760  -  23x  =  2400. 

I7x  -  23x  =  2400  -2760. 
-•  6x  =  -  3G0. 

X  =  60  =  lbs.  at  4s.  3d.  per  lb. 
120  -  60  =  60  =  lbs.  at  53.  9d.  per  lb. 

Ex.  9.  Divide  the  number  90  into  four  parts  such  that  the 
first  increased  by  2,  the  second  diminished  by  2,  the  third 
divided  by  2,  and  the  fourth  multiplied  by  2,  shall  all  be  equal  to 
the  same  quanlity. 

SOLL'TION. 

Let  X  =  the  quantity  to  which  the  1st  part  is  equal  ^hen 
increased  by  2. 

Then  x  -  2  =  1st  part ;  x  +  2  =  2nd  part ; 
X  X  2  =  3rd  part ;  x  -r  2  =  4th  part. 
Then  (x  -  2)  +  (x  +  2)  +  2r  +  |  =  90. 
X  -  2  +x  +  2  +  2x  +  5  =  90. 
4x  +  f  =  90. 
8x  +  x  =  180. 
9x  =  180. 
X  =  20. 
r  -  2  =  20  -  2  =  18  =  1st  part  ;  x  +  2  =  20  +  2  =  22  =  2nd  part 
2x  =  20  X  2  =  40  =  3rd  part ;  f  =  ^^  =  10  ■-  4th  part. 
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Ex.  10.  A  workman  is  engaged  forndays,  &tp  cents  per  day, 
npon  condition  that  for  every  day  that  he  is  idle  instead  of 
receiving  anything  he  shall  forfeit  5  cents.  At  the  end  of  the 
time  agreed  upon  he  received  c  cents.  Required  the  number  of 
days  he  worked,  and  the  number  of  days  he  was  idle. 

SOLUTION. 

Let  X  =  the  number  of  days  he  worked. 

Then  n  -  x  =  the  number  of  days  on  which  he  was  idle. 

px  =  number  of  cents  he  received  for  x  days  work. 

q(n  -  x)  =  number  of  cents  he  forfeited  for  (ra  -x)  days 

idleness. 

Then  px  -  q(n  -  x)  =  c. 

px  -  qn  +  qx  =  c. 

px  +  qx  =  c  +  (fU 

(p  +  q)x  =  c  +  7  . 

c  +  qn 
X  =  — 7 —  =  number  of  working  days. 

c  +  ^n     n-p  ^nq-  c  -nq     np  -  c 

1  -  — \ = ; = ; —  =  number  of  idle  days. 

P  +  5  /'  +  ?  p  +  q  •' 


Exercise  XXXIII. 

1.  Required  two  numbers  whose  sum  is  47  and  difference  13. 

2.  There  are  two  numbers,  one  of  which  is  greater  than  the 
other  by  21,  and  the  quotient  of  their  sum  by  the  less  is  3  ;  what 
are  the  numbers  ? 

3.  After  paying  away  |  and  |  of  my  money,  I  had  $2*50 
remaining  ;  how  much  had  I  at  first? 

4.  Find  a  number  such  that  if  21  be  taken  from  it,  and  the 
remainder  divided  by  8|,  the  quotient  will  be  5. 

5.  Divide  54  into  three  such  parts  that  the  first  divided  by  2, 
the  second  by  3,  and  the  third  by  4,  shall  all  give  the  same 
quotient. 

6.  Paid  I  of  my  debts,  and  then  paid  }  of  the  remainder,  and 
afterwards  owe  $192  ;  how  much  did  I  owe  at  first  ? 

1.  A  drove  of  cattle  is  disposed  of  as  follows  :  ^  to  A,  ^  to 
B,  I  to  C,  and  the  remainder,  which  was  9,  to  D  ;  how  many 
cattle  was  there  in  the  drove? 
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8.  A  farmer  has  two  flocks  of  sheep,  each  containing  the 
faame  number;  but  when  he  had  sold  19  sheep  from  one  flock 
and  91  from  the  other,  the  former  contained  twice  as  many  as 
the  latter      Required  the  number  originally  in  each  flock. 

9.  Find  a  number  whose  fourth  part  exceeds  its  seventh  part 
by  6. 

10.  What  number  is  that  the  double  of  which  exceeds  ^  of  its 
half  by  25? 

11.  Find  anumler  such  that  increased  by  one-half  of  itself 
the  sum  shall  be  39. 

19.  What  number  is  that  which  exceeds  the  sum  of  its  half 
and  its  third  parts  by  17  ? 

13.  Find  a  number  such  that  when  15  is  taken  from  its  double, 
and  to  half  the  remainder  7  is  added,  the  sum  is  greater  by  3 
than  4  of  the  original  number. 

14.  What  number  is  that  to  which  if  11  be  added,  two  and 
a-half  times  the  sum  shall  be  85  ? 

15.  Find  a  number  such  that  one-half,  two-thirds,  and  ihree- 
fourths  of  it  added  together,  shall  exceed  1^  times  the  original 
number  by  21. 

16.  A  farmer  sold  a  loftd  containing  a  certain  number  of 
barrels  of  apples  for  $3G,  and  he  afterwards  sold  a  second  load 
at  the  same  rate,  but  as  it  contained  5  barrels  less  than  the 
former,  he  only  received  $21.  What  was  the  price  per  barrel, 
and  what  was  the  number  of  barrels  in  each  load  ? 

17.  A  person  starts  to  walk  from  Toronto  to  Brampton  at  the 
rate  of  3^  miles  per  hour ;  precisely  28^  minutes  afterwards 
another  person  starts  from  Brampton  to  walk  to  Toronto  at  the 
rate  of  4  miles  per  hour,  and  they  meet  one  another  exactly  half- 
way between  the  two  places.  Required  the  distance  from  Toronto 
to  Brampton. 

i8  In  a  certain  grist-mill  there  are  three  runs  of  stones  :  the 
first  of  which  can  empty  the  granary  in  72  hours,  the  second  in 
84  hours,  and  the  third  in  90  hours.  Two  teams  are  engaged 
drawing  wheat  and  storing  it  in  the  granary,  and  of  these  the 
first  can  fill  it  in  60  hours,  and  the  second  in  78  hours.  Now  if 
the  granary  be  full,  and  both  teams  and  all  three  runs  of  stones 
be  set  in  operation,  ua  what  time  will  it  be  emptied  ? 
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19.  If  from  the  number  of  thb  year  in  which  all  the  slaves  in 
Canada  received  their  freedom,  the  number  1780  be  taken,  three 
times  the  remainder  increased  by  1620,  will  give  the  year  of  the 
celebrated  Indian  massacre  of  Lachine,  and  if  the  two  dates  be 
added  together,  one- half  their  sum  increased  by  116  will  give  the 
year  1862.  Required  the  date  of  the  abolition  of  slavery  in 
Canada,  and  also  that  of  the  massacre  of  Lachine? 

20.  Divide  §7400  among  A,  B,  and  C,  so  that  A  shall  have 
$120  more  than  B;  and  C  §106  less  than  A. 

21.  A  pupil  receives  24  music  lessons  and  32  drawing  lessons 
iu  the  quarter,  and  the  former  cost  her  $3  more  than  the  latter; 
if,  however,  she  had  received  32  music  lessons  and  only  24 
drawing  lessons,  the  latter  would  have  cost  her,  at  the  same 
rate,  §10  less  than  the  former.  Required  the  price  per  lesson 
for  music  and  drawing. 

22.  A  library  containing  1435  volumes  contains  twice  as  many 
volumes  on  general  literature  as  on  history,  Ij  times  as  many 
volumes  on  history  as  on  biography,  as  many  volumes  on 
biography  as  on  travels,  and  three  times  as  mauy  volumes  on 
travels  as  on  the  sciences.  Required  the  number  of  volumes  on 
each  subject  in  the  library. 

23.  The  Rideau  Canal  is  six  miles  less  than  four  times  as  long 
us  the  Niagara  River,  and  their  combined  length  doubled  and 
decreased  by  100  miles,  exceeds  the  length  of  the  Great  Western 
Railway  by  one  mile.  The  G.  W.  R.  being  229  miles  long, 
required  the  length  of  the  Rideau  Canal,  and  also  that  of  the 
Niagara  River. 

24.  A  can  do  a  piece  of  work  iu  12  days,  which  B  can  finish 
in  15  days,  and  C  in  18  days.  Now  A  and  B  work  together  at 
it  for  1  day  ;  B  and  C  work  together  at  it  for  two  days  ;  iu  what 
time  will  all  three  finish  the  work  remaining  to  be  done  ? 

25.  Divide  a  number  n  into  two  parts,  such  that  one  may 
exceed  the  other  by  (a  -  c). 

26.  What  is  the  first  hour  after  12  o'clock  at  which  the  two 
hands  of  a  watch  are  (I)  together,  (II)  directly  opposite,  and 
(III)  at  right  angles  to  one  another  ? 

27.  A  man  owns  two  fields  and  a  horse,  the  latter  being  worth 
J90.    He  offers  to  sell  the  first  field  with  the  horse  in  it  for  §25 
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more  than  he  asks  for  the  second  field  alone,  but  for  the  second 
field  with  the  horse  in  it  he  asks  double  as  much  as  for  the  first 
field  alone.    Required  the  price  of  each  field. 

28.  A,  B,  and  C  can  do  a  piece  of  work  in  20  days,  which  A 
can  do  alone  in  50,  and  B  alone  in  65  days.  C  works  at  it  for 
11  days,  then  B  and  C  together  for  5  days.  In  what  time  can 
A  and  C  finish  the  remainder  ? 

29.  Divide  $7189  among  A,  B,  C,  and  D,  so  as  to  give  to  A  as 
much  as  the  other  three,  to  B  $40  more  than  two-fifths  of  the 
shares  of  C  and  D  ;  and  to  D  $25-40  less  than  three  sevenths  of 
C's  share. 

30.  A  piece  of  work  can  be  finished  by  4  men  in  9  days,  or  by 
10  women  in  1  days,  or  by  15  children  in  8  days.  In  what  time 
can  1  man,  3  women,  and  4  children  finish  the  work  ? 

31.  There  is  a  number  consisting  of  two  digits,  whose  sum  is  14 
(the  right  hand  digit  being  the  greater),  and  three-seventeenths 
of  the  number  is  equal  to  three  halves  of  the  right  hand  digit. 
Required  the  number. 

32.  A  farmer  sold  his  farm  for  $8600,  and  considered  that  he 
had  cleared  a  certain  amount  by  the  transaction.  A  note,  how- 
ever, for  $640,  which  he  had  accepted  in  part  payment,  turned 
out  to  be  worthless,  and  he  found  that,  in  consequence,  he  lost 
upon  the  whole  transaction  two-fifths  as  much  as  he  would  have 
gained  had  the  note  been  good.  What  was  the  value  of  the 
property  ? 

33.  There  is  a  fish  whose  tail  weighs  9  lbs.,  his  Lead  weighs 
as  much  as  his  tail  and  half  his  body,  and  his  body  weighs  as 
much  as  his  head  and  tail  together.  What  is  the  weight  of  the 
fish? 

34.  A  merchant  yearly  increases  his  capital  by  one-third  of 
itself,  but  takes  away  $1000  for  current  expenses.  At  the  end  of 
the  third  year  after  taking  away  the  $1000,  he  finds  that  the 
original  capital  was  doubled.  What  was  his  capital  at  starting? 

35.  The  fore-wheel  of  a  waggon  is  a  feet,  and  the  hind-wheel 
b  feet  in  circumference  ;  through  what  distance  must  the  waggon 
pass  in  order  that  the  fore-wheel  shall  have  made  n  revolutions 
more  than  the  hind-wheel  ? 

36.  The  hour  and   minute  hands  of  a  watch  are  together  at 
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noon.     When  and  how  often  will  they  be  together  during  the 
next  twelve  hours  ? 

37  Divide  the  number  96  into  two  such  parts  that  when  the 
greater  is  divided  by  7  and  the  less  multiplied  by  3,  the  sum  of 
the  quotient  and  product  shall  be  30. 

38.  Divide  $2560  among  A,  B,  and  C,  so  that  A  shall  hare 
half  as  much  again  as  B  ;  and  that  C  shall  have  half  as  much 
again  as  A. 

39.  A  steamer  makes  the  down  trip  from  the  head  of  Lake 
Ontario  to  Montreal  in  28  hours,  the  current  being  in  its  favor. 
When  returning  it  is  found  that  in  ascending  the  St.  Lawrence 
(three-sevenths  of  the  entire  trip)  the  rate  of  sailing  is  5  miles 
per  hour  less  than  the  average  rate  in  its  downward  journey, 
but  upon  entering  the  lake  it  is  enabled  to  increase  its  speed  2 
miles  per  hour,  and  again  reaches  Hamilton,  at  the  head  of  the 
Lake,  in  l\  of  the  time  it  would  have  required  had  the  rate  been 
uniformly  the  same  as  when  ascending  the  river.  Required  the 
distance  between  Montreal  and  Hamilton,  and  the  rates  of 
sailing. 

40.  A  gentleman  bequeaths  his  property  as  follows  : — To  bis 
eldest  child  he  leaves  $1800  and  I  of  the  rest  of  his  property  ; 
to  the  second  twice  $1800  and  g-  of  the  part  now  remaining;  to 
the  third  three  times  $1800  and  ^  of  the  part  now  remaining, 
and  so  on.  By  this  arrangement,  his  property  is  divided  equally 
among  his  children.  How  many  children  were  there,  and  what 
was  the  fortune  of  each  ? 

41.  A  certain  number  consists  of  two  digits,  whose  difiference 
is  7  —  the  right  hand  one  being  the  greater.  When  the  number 
is  divided  by  the  sum  of  its  digits  it  gives  a  quotient  2,  with  a 
remainder  7.     Find  the  number. 

42.  Divide  $2100  among  A,  B,  and  C,  so  that  A  shall  have  $80 
more  than  |  of  B  and  C's  shares  together,  aad  that  C  shall  have 
$20  less  than  B. 

43.  A  nurseryman  has  an  orchard  to  plant  with  a  given 
number  of  trees,  and  he  finds  that  when  he  has  as  many  rows 
as  trees  in  a  row  there  are  75  trees  remaining,  but  if  he  puts  5 
trees  less  in  a  row,  and  increases  the  number  of  rows  by  6,  he 
*lieu  has  only  5  trees  remaining.  What  was  the  number  of  trees  ? 
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44.  Divide  the  number  a  into  two  such  parts  ^tbat  the  cue 

n 
shall  be  —  tbs  of  the  other. 
m 

45.  "What  are  the  two  parts  of  60  such  that  their  product  is 
equal  to  three  times  the  square  of  the  less  ? 

46.  Twelve  oxen  are  turned  into  a  field  of  grass  containing 
'6\  acres,  and  by  the  end  of  4  weeks  have  not  only  eatcH  all  the 
grass  on  it  when  they  were  turned  in,  but  also  all  that  grew 
during  the  4  weeks.  Similarly  in  9  weeks  21  oxen  eat  all  the 
grass  that  grows  on  10  acres  during  that  time,  together  with 
what  was  on  the  field  when  they  were  turned  in.  Now  assuming 
in  all  cases  that  the  original  quantity  and  quality  per  acre,  and 
the  growth  per  acre,  is  the  same,  how  many  oxen  can  in  this 
way  graze  for  18  weeks  on  24  acres  ? 

47.  Divide  the  number  a  into  three  parts  such  that  the  second 
may  be  n  times  and  the  third  m  times  as  great  as  the  first. 

48.  Divide  the  number  a  into  three  parts  such  that  the  second 
shall  be  m  times  the  nth  part  of  the  first,  and  that  the  third  shall 
be  the  yth  part  of  p  times  the  first. 

49.  From  the  -first  of  two  mortars  in  a  battery  36  shells  are 
thrown  before  the  second  is  ready  for  firing.  Shells  are  then 
thrown  from  both  in  the  proportion  of  8  from  the  first  to  7  from 
the  second  ;  the  second  mortar  requiring  as  much  powder  for  3 
charges  as  the  first  does  for  4.  Dow  many  balls  must  the  second 
mortar  throw  in  order  that  both  m.ay  have  consumed  the  same 
quantity  of  powder  ? 


SIMULTANEOUS  EQUATIONS   OF   THE   FIRST   DEGREE, 
INVOLVING  ONLY  TWO  UNKNOWN  QUANTITIES. 

122.  For  the  solution  of  equations  iuvolving  two  or 
more  unkno\ra  quantitios,  as  many  independent  oquatious 
are  required  as  there  are  unknown  quantities  involved. 

Thus,  the  equation  n;  + j/— S  is  called  an  in(fcierminate  equation,  because 
an  unlimited  number  of  values  may  be  assigned  tox  andy,  so  as  to  satislV 
thociiuation.  For  example,  we  may  takex=i,  ^,1,2, 3, 4,  5,  6, 7,  8,0,  ic. 
aud  y—'\,  7i,  7,  C,  5,  4,  3,  2, 1,  0,  S,  SiO.,  and  the  equations  will  be  satis Ce  J 
by  auy  pair  of  these  values. 

But  if  wc  take  the  equation  a:  -|-  y  =  8,  and  limit  it  by  another  corres- 
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ponding  but  independGnt  equation,  as  for  example  2x  —  3i/  =  1,  we  shall 
Und  tbat  the  two  equations  are  only  satisfied  by  the  value  x  —  5  and  2/  =  3. 
An  equation  of  tliis  kind  is  called  a  determinate  equation. 

123.  A  set  of  two  or  more  equations  thus  mutually 
limiting  the  values  of  the  unknown  quantities  involved, 
form  what  is  called  a  simultaneous  equation. 

124.  As  stated  in  Art.  122,  in  order  that  the  equation 
may  be  determinate,  there  must  be  as  many  independent 
equations  as  there  are  unknown  quantities  involved.  Now 
equations  are  said  to  he  indejJendent  vjJien  tJiei/  express 
different  relations  between  the  unknown  quantities. 

Note.— That  is,  the  two  or  three  equations  given  must  not  be  derived 
from  one  another  by  mere  multiplication,  or  division,  or  subtraction,  or, 
addition.  Thus,  ii'a;  +  i/  =  8  be  one  of  the  equations,  it  would  bo  useless 
to  associate  with  it  2a;  +  2;/  —  16,  or  ix  +  i?/  =  1  j,  or  x  +  2ij  =  8  +  2/i 
y  —  3x  =  8  —  iz  &c.,  because  these  equations,  though  true  in  themselves, 
express  no  new  relation  between  the  unknown  quautities,  and  are  all 
reducible  to  the  form  of  a;  +  2/  =•  §>  having  obviously  been  derived  from  it 
by  mere  addition,  subtraction,  multiplication,  or  division. 

125.  Simultaneous  eqiiations  are  solved  by  elimination, 
as  it  is  termed,  i.  e.,  by  so  combining  the  given  equations 
as  to  get  rid  of  one  of  the  unknown  quantities,  and  thus 
to  obtain  from  them  a  new  equation  involving  only  one 
vmunown. 

126.  There  are  three  methods  of  eliminating  one  of  the 
unknown  quantities,  and  thus  of  solving  simultaneous 
equations. 

ELIMINATION  BY  ADDITION  OR  SUBTRACTION. 
Rdle. 
J  27.  ^-   Ift^s  coefficients  of  the  quantity  we  desire  to  eliminate 
are  not  already  the  same  in  both  equations,  multiply 
one  or  both  equations  by  such  multipliers  as   shall 
make  the  coefficients  of  that  quantity  similar. 
II.   Having  thus  prepared   the  two   equations,  add   them, 
member  to  member,  if  the  signs  of  the  quantity  to  be 
eliminated  are  unlike ;  subtract  one  equation  from 
the  other  if  the  signs  in  question  are  like. 
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Ex.   1.  Givea  4x  -  3y  =    6 


4a;  +  7!/  =  26 

SOLUTION. 


to  find  the  values  of  x  and  y. 


4x-3y  =    6 
4x  +  1y  =  26 


lOy  =  20 
y=    2 


(I) 


Here  as  the  coef.  of  x  is  the  same 
in  both  equations  there  is  no 
necessity  of  multiplying,  aud  we 
accordingly  subtract  at  once. 

=  (II)  -  (I).' 


(Ill) 

(iv)  j  =  (III)  ^  10. 

(v)  1  =  (i)  by  substituting  2  for  y 


Then  4.r  -  3j/  =  4x  -  6  =  6 
4x  =  12 
X  =    3 
Therefore  values  arc  x  =  3  and  y  =  2. 

Ex.  2.  Given  4x  +  3y  =  43  i  .     c    ■,  .,  i   „,  „p  ^  „„^  „ 

^  (to  find  the  values  of  i  and  y. 

3x-  2y  =  11  S 


4x  +  3y  = 

43 

3x 

-2y  = 

11 

8x  +  6y  = 

86 

9x 

-6y  = 

33 

I7x 

= 

119 

X  = 

7 

=  28 

+  3y  = 

43 

3y  = 

15 

y  = 

5 

(I) 

(n) 

(in) 
(iv; 

(V) 

(VI) 
(VII) 


=  (I)  X  2. 
=  (Ii)  X  3. 

=  (ill)  +  (iv).     "We  add  because  the 

signs  are  unlike. 
=  (V)  -  17. 
=  (i)  with  7  substituted  for  x. 


Therefore  values  are  x  =  7  and  y  =  5. 

Note. — We  can  always  prepare  the  equations  for  addition  or  subtraction 

by  multiplying  each  by  that  coef.  of  the  unknown  to  be  eliminated,  which 

is  given  in  the  other  equation.    Sometimes,  however,  it  is  not  necessary 

to  multiply  both  equations,  as  we  can  find  by  inspection  a  multiplier  for 

one  only,  which  will  at  once  prepare  the  equations  for  elimination. 

Thus,  if4x  — 3i/  =  8   »  ,     „  ,.  .  ,  •  u  »      ,•    • 

„    o.  Q    _4(?  [  be  the  equations  as  given  and  we  wish  to  elimu 

nate  x,  we  may  multiply  the  lower  equation  by  4  and  the  upper  by  2,  and 
tiien  subtract,  but  we  may  obviously  attain  the  same  end,  the  elimina- 
tion of  X,  by  simply  multiplying;  the  lower  equation  by  2,  and  then  sub- 
tracting. Similarly  if  we  wish  to  eliminate  the  y,  instead  of  multiplying 
tho  upper  equation  by  9,  and  tho  lower  by  8,  we  may  prepare  the  two 
equations  for  addition  by  simply  multiplying  the  upper  by  3. 
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Ex.  3.   Given  nx  +  y  =  m  f 

■  Mo  find  the  values  of  x  and  v. 

ox  -  ay  =  n  ^  " 

SOLUTION. 


ax  +  y  =  m 
bx  —  ay  =  n 


a^x  +  ay  =  am 
(^x  +  6x  =  am  +  n 
(a^+  6)x  =  am.  +  71 
am  +  n 


ax  +  y 


•^~  a^  +  b 

am  +71  » 

-2  ,  .    X  a  +  y  =  m 


(I) 
(") 
(III) 

(IV) 
(V) 

(VI) 
(VII) 


=  (0  X  (I  . 

=  (II)  +  (III). 

=  (iv)  factored. 
=  (v)  ^  a^  +  &, 


=  (i)  with  value  of  x  substi- 
tuted for  X. 


Ill'  ~  9,1  • 

a^  -^  b 

d?m  +  bm  -  a^m  -  an 


bm  -  an 


y  = 


a^  +  b  d^  +  b  • 

ELIMINATION  BY  SUBSTITUTION. 

RULB. 
128.  I.  Find  from  one  of  the  given  equations  the  value  of  the 
unknown   to  be  eliminated,  in  terms  of  the    other 
unknown  quantity. 
II.  Substitute  this  value  in  the  remaining  equation  for  the 
same  unknown  quantity,  and   there    will  result  an 
equation  containing  only  one  unknown  quantity. 
Ex.  4.  Given  2x  -  y  =    li 

7a;  +  9?/  =  16  S  ^°  find  the  values  of  x  and  y. 


SOLUTIOH. 

2x-y=    1 

(0 

Yx  +  92/=  16 

00 

(III) 

y  =  2x  -    1 

=  (i)  transposed. 

7i+9(2x-l)=  16 

(IV) 

=  (ii)  with  2x-  1  substituted  f(?r  y 

7x  +  18x  -  9  =  16 

(V) 

=  (iv)  expanded. 

25x  =  25 

(VI) 

=  (v)  transposed  and  collected. 

x=    1 

(VII) 

=  (VI)  V  25. 

y  =  2x  -  1  =  2  -  1  =    1 

(Tin) 

=  (m)  with  value  of  x  substituted 
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Ex.  5.  Given  5x- -^—=  8                      ^ 

7x_2y                    ^*°  ^°^  the  values 
7x_-i+ — ^  =  3y_8    )         ofxandy. 
11           6 

SOLUTION. 

■ry    +    "TX 
5x-         ^         =8 

(I) 

Ay     nx-2y 

(") 
(III) 

23x  -  4y  =  48 

=  (i)  reduced. 

539x  -  244y  =  -  528 

(IV) 

=  (ii)  reduced. 

48  +  4y 
^=       23 

(V) 

=  (hi)  transp.  and  i-  23. 

/48  +  Ay\ 

(..) 

48  +  4y 
=  (iv)  with     ^g     sub.  for  x 

25872  +  2156y 

/-244y  =  -52S 

(VII) 

=  (vi)  expanded. 

3456)/  =  38016 

(vin) 

=  (vii)  reduced. 

k         y=ll 

(IX) 

=  (vin)  V  3456. 

48-+ 4t/     48  +  44 
'^~       23       ~      23           * 

(X) 

=  (v)  with  11  substitut.  for  y. 

Therefore  the  required  values  are  x  =  4  and  y  =  11. 

ELIMINATION  BY  COMPARISON. 

Rule. 

129.  I.  Find  from  the  first  equation  the  value  of  the  quantity 
to  be  eliminated,  in  terms  of  the  other  unknown  quan- 
tity ;  and  similarly  find  another  value  for  the  same 
quantity  from  the  second  equation. 
II.  Place  these  values  equal  to  one  another,  i.  e.,  form  an 
equation  by  placing  the  sign  of  equality  between  them. 

Ex.  6.  Given  X  +  64y  =  1552  )  ,     ^  j  «»         i  r         j 

64x  +  y  =  1048  J  ^°  ^°^  ^^^  ^^^"^^  °f  ^  """^  y* 
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«  +  641/  =  1552 

€4i+      y  =  1048 

*  =  1552  -  64!/ 

1048  -y 


1048  -V 


64 


64 


=  1552  -  Uy 


1048  -w  =  99328 -4096J/ 
4095J/  =  98280 


y  =  24 
1552  -642/=  1552-  1536 


16 


(I) 
(») 
(III) 

(IV) 

(V) 


(VI) 

(VII) 

(VIII) 
(IX) 


=  (i)  transposed. 

=  (ii)  transp.  and  v  64. 


'.•  first  members  of  (in) 
and  (iv)  are  =  .•.  also 
the  second  members 
are  =  (Ax.  xi). 

=  (v)  X  04  10  clear  of 
fraciions. 

-  (vi)  transposed  and 
collected. 

=  (vn)  ^  4095. 

=  (III)  with  24  substit- 
uted for  y. 

Note. — Although  either  of  these  three  methods  may  be  employcdf 
the  student  is  recommended,  as  a  rule,  to  use  the  first,  that  being 
071  the  whole  the  most  convenient. 

Exercise  XXXIV. 

Find  the  values  of  z  and  y  in  the  following  equations:— 

1.  Ix  -By  =  5;  and  4x  +  y  =  11. 

2.  X  +  3y  =  23;  and  6x  -  y  =  24. 

3.  3x  -  lit/  =  1  ;  and  5x  -  1y  =  64. 

4.  5x  +  6y  =  80  ;  and  9.r  -  5y  =  -  li. 

5.  jx  +  1/  =  4  ;  and  4x  -  ^y  =  27, 

6.  ix  -  iy  =  -  11  ;  and  ^x  +  ^^^y  =-37. 


3x 


and  11  — 


7x+  13y 


2(/+9x 
7.  llx  +  y  +  11  =  59 —  +  2 

8x-3y 
y-x (a:  +  y  +  i). 


8.  Ux  +  3y)  -  ^(x  -  2y)  *  2  ;  and  l(x  -  y)  +  '(x  +  By)  =  10, 

9.  19x  +  18y  =  147  ;  and  17(x  +  y)  -  16(x  -  y)  -  168. 

10.  2x  +  3y  =  a ;  and  5x  -  2y  =  b. 

11.  32  +  ay  B  m ;  and  4x  +  6y  s  a. 
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12.  ax  -  2ay  =  6  ;  and  2bx  -by  =  c. 

13.  X  -y  =  a;  and  x'^  -y^  =  h. 

X       y  X  +  y     X  -  y 

14. -^  =  7W ;  and =  a. 

a       c  '  cm 

m      n  ^       ? 

15.  —  +  — •  =  a  ;  and =  b. 

X       y         '  X      y 

16.  X  +  y  =  11  ;  and  x^  -  y^  =  55. 

A(45x  +  4y)  ,  3x  +  2y 

17.  -  — 3^-^  +  2  =  y  +  1  -  \{3y  +  x-3)  ;   and  — ^ 

y-5  _  l]x+  152       3y  +  1 

"  4  12  2~' 

X       y  c  a 

18. ^  =  p:  and + =  0. 

a       c      ^  '  a~  X     c  +  y 

x-6         4x  +  7        \(lx-y)        19  +  7/        J(llx+ 18) 

19.  -- —   + _ =  -  ■ ;  and 

ly  24  6  44  5Gy 

12x-  ISy +^4'_    _    93 -9x 
Y0y~8x  ■T'^.f   ~    6x  -  V-" 

(8a  -  2b)ab  ab-c 

20.  3x  +  5?/  = ^ — p ;  and  a^x  -  ——7  +  (a  +  6  +  c)hy 

=  i^x  +  (a  +  2b)ab. 


SIMULTANEOUS  EQUATIONS  OF   THE   FIRST  DEGREE, 
Involving  more  thax  Two  Unknown  Quantities. 

130.  If  we  liavc  three  equations  involving  tliree  un- 
known quantities,  we  may  obtain  their  values  by  tlie 
following : — 

Rdle. — Combine  by  Arts.  127,  128,  129,  the  first  and  second  of 
the  given  equation!',  so  as  to  eliminate  one  of  the  unknown  quanti- 
ties. Jllso  combine  the  first  and  third,  or  the  second  and  third,  so 
as  td  eliminate  the  same  unknown  quantity.  There  will  result  from 
this  process  two  equations  involving  but  two  unknown  quantities, 
the  values  of  which  may  be  obtained  by  the  previous  rules. 

Ex.  Given  2x  +  4y  -  3z  =  22  ;  and  4x  -  2i/  +  5=  =  18,  and 

Cix  +  ly  -    z  =  G3,  io  find  the  values  of  x,  y,  and  2. 
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SOLUTION. 

2x  +  Ay  -  3z  =  22  ) 

(0 

, 

4x-  2(/  +  52  =   18  V 

(") 

6x  +  ly  -    2  =  63  1 

(111) 

(IV) 

4x  +  8ij  -  6z  =  44 

=  (I)  X  2. 

lOy-  ll2  =  26 

(V) 

=   (IV)   -  (Tl). 

6x+  12(/-  i)z  =  6(> 

(VI) 

=  (i)  X  3. 

51/  -  82  =     3 

(VII) 
(V) 

=  (VI)  -  (III). 

lOy-  11=  =  26  ,; 
by-    82  =     3  > 

(VII) 

10!/-162=     6 

(nil) 

=  (vii)  X  2. 

52=  20 

(IX) 

=   (V)-(VIII). 

2=4 

(X) 

=  (IX)  ^  5. 

^y  -  8z  =  5y  -  32  =    3 

(XI) 

=  (VII )  with  4  for  z. 

5?/ =  35 

(XII) 

=  (xi)  transposed. 

y=    7 

(XIIl) 

=  (XII)  ^  5. 

3x  +  42/  -  32  =  2x  +  28  -  12  =  22 

(XIV) 

=  (I)  with  4  substituted 
for  2  and  7  for  y. 

2x=    6 

(XV) 

=  (XIV )  trausposed. 

X  =    3 

(XVI) 

= (XV)  T  2. 

131.  When  there  are  more  than  three  unknown  quanti- 
ties, and  consequently  more  than  three  equations,  we  pro- 
ceed in  a  similar  manner,  so  that  for  solving  a  set  of  n 
equations  involving  n  unknown  quantities,  we  use  the. 
following  : — 

Rule. 
I.   Combine  one  of  the  given  n  equations  with,  each  of  the  others 
separately,  eliminating  the  same  unknown  quantity  ;  there 
will  result  n  —  1  equations,  involving  n  —  1  unknown  quan- 
tities. 
II.  Combine  one  of  these  equations  with  each  of  the  others  sepa- 
rately, eliminating  a  second  unknown  quantify  ;  there  will 
remit  n  -  2  equations  involving  only  n  -  2  unknown  quanti- 
ties. 
III.  Continue  thus  combining  and  eiiminaling  until  an  equation  is 
obtained  involving  only  one  unknown  quantity. 
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IV.  Having  solved  this  equation  and  thus  found  the  value  of  one 
unknown  quantity^  substitute  this  vutue  in  one  of  two  pre- 
ceding equations,  and  thus  obtain  the  value  of  a  second 
unknown  quantity  ;  then  substitute  the  values  of  these  two 
unknown  quantities  in  one  of  the  three  equations  which 
imiohe  only  three  unknowns,  and  thus  determine  the  value 
of  another,  and  so  on,  until  alt  ttie  values  are  found. 
Ex.  Given  t>+    x+    y+    s=14 

3y  -  2x  +  4y-3s=    5 

2«  -  5x  +  2y  +  4z  =  24 

4r  +  3x  -  3y  -  2z  =    3 


to  firf  the  values  of  v,  x, 
y,  and  z. 


SOLUTION. 

v+   1+    y  +   s  = 

14 

(I) 

3v  -  2x  +  4y  -  3z  = 

5 

(n) 

2y  -  5x  +  2!/  +  4r  = 

24 

(111) 

4v  +  3x  -3y  -2z  = 

3 

(IV) 

3v  +  3x  +  3y  +  3z  = 

42 

=  (i)x3. 

2v  +  2x  +  2y  ■¥  2z  = 

28 

(VI) 

=  (I)  X  2. 

4v  +  4x  +  Ay  +  4z  = 

56 

(VII) 
(VIII) 

=  (I)  X  4. 

5x  -    y  +  6z  - 

37 

=  (V)  -  (n). 

tx           -2z  = 

4 

(IX) 

=  (VI)  -  (III). 

X  +  7y  +  6:  = 

53 

(XI) 
(XII) 
(XIII) 

=  (VII)  -  (IV.) 

35x  -Ty  +  42s  = 

259 

=  (VIII)  X  7. 

3Gx  +  4Ss  = 

312 

=  (X)  +  (XI). 

3x  +  43  = 

26 

=  (XII)  f  12. 

14x  -  42  = 

8 

(XIV) 
(XV) 

=  (IX)  X  2. 

I7x  = 

34 

=  (XIII)  +  (xiv). 

x  = 

2 

(XVI) 

=  (xv)f  17. 

3x  +  4z  =  6  +  42  = 

26 

(XVII) 

=  (xiii)  with  2  for  x. 

2  = 

5 

(XVIII) 

=  (xvii)  transp.  and  -r  4 

6z  -  y  +  G2  =  10  -y +  30  = 

37 

(XIX) 

=  (viii)     with    2    snh^ti- 
tuied  for  X  and  5  fur  s. 

y  = 

3 

(XX) 

= (xix)  trunsposed. 

v  +  x  +  y  +  2  =  t;  +  2+3  +  5  = 
v=       4 

14 

(XXI) 

=  (I)  with  values  of  x,  y, 
and  2  substimted. 

Therefore  the  required  values  are  t>  =  4,  x  =  2  y  =  3,  and  2  =  5. 
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Exercise  XXXV. 

Find  the  values  of  the  unknown  quantities  in  the  following 
equations  : — 

1.  2x  -  3;/  + 4:  =  28")  2.     x  +    y  +    c  =      5 

3x  + 4(/- 5=  =   26  >•  2x-    y-32  =  -5 


4x  -  5j/  -  6s  =   16  J  x  +  2y-z  =  -\ 

X  +    y  ■\-    z  =     O")  4.  3x-2//-2=12 


2x  +  3(/  +  42  =  -  4  >-  4x  -  3y  -  2r  =  1  7 

3x  +  6y  +  1z  =  -  6  J  5x  -  5y  -  3z  =  21 

5.     x+    y+    z+        -       0|  ^-    i  +  ^  =  \ 

2x-3y-    z-2v=      11    (  i+i~ 

x  +  27/-32  +  5y  =  -17r  -L  +  -L  =  - 

3x  +  2y  -  iz  -    V  =  -    5  ]  ^*      '' 

1.     x  +  y=    xy'\  8.     X  +  3y  +  2z  =  b 

X  +  2  =  2x2  V  3x  +  5y  -  2z  =  m 

2(y  +  z)  =  3yz  )  4x  -    y  +    z  =  n 

9.  ax+by=c^  10.     v  +  x  +  y  =  13 


bx  +  cz  =  a 


»  +  X  +  2  =  17 


cy  +  az=b\  v  +  y  +  z  =  \8 

X  +  y  +  z  =21 

11.  X  +  y  +  z  =  a  +  b  +  e  ) 
bx  +  cy  +  az  =  ex  +  ay  +  bz  =  d^  +  b^  +  c^  ^ 

12.  X  +  a(7/  +  2)  =  m  ^ 

7/  +  U(X  +  2)   =  71    V 

2  +  a(x  +  J/)  =  ja  J 


PROBLEMS 

Producing  Simultaneous    Equations    op   the    First    Degree. 

Ex.  1.  What  fraction  is  that  whose  numerator  being  doubled 
and  denominator  decreased  by  unity,  the  value  becomes  ^,  but 
the  denomiuRior  being  doubled,  and  numerator  increased  by  5 
tlie  value  becomes  ^  ? 
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Let  —  =  the  fraction  ;  thcnx  =  nu:nerator  and  y  =  denominator 
V 


2x         2\ 
7-^  ~  3  / 

(0 

r+  5      \) 
'~2f  ~  2j 

(") 

Gx-2y  =  -    2") 

(III) 

*=  (i)  reduced. 

2j_2y  =  -10j 

(IV) 

=  (11)  reduced. 

4x=  8 

x-2 

12-2y  =  -  2 

-  2!/  =  -  14 

y=7 

Therefore  the  fraction  is  f . 

Ex.  2.  A  certain  field  is  rectangular  in  forra,  and  its  dimen- 
sions are  such  that  if  it  were  4  chains  longer  and  3  chains  wider 
its  area  would  be  103  chains  greater  than  at  present,  but  if  it 
were  2  chains  shorter  and  7  chains  wider,  its  area  would  be  119 
chiuns  greater  than  at  present.     Required  its  area. 


Let  X  =  its  length  and  y  --  its  breadth  ;  hence  xy  =  its  present 
^area. 

Then  x  +  4  =  its  length  when  increased  by  4  chains. 
1/  +  3  =  its  breadth  when  increased  bj  3  chains. 

(.E  +  4)(!/  +  3)  =  its  area,   which  is   greater  than  xy  by 
103  chains. 

Also  X  —  2  =  length  when  decreased  by  2  chains. 

1/  +  7  =  breadth  when  increased  by  7  chains. 

Then  (x  -  2)(J/  +  7)  =  its  area,  which  is  greater  than  ly  by  119 
caaius.     Hence  the  two  required  equations  are 
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(.r 

+  4)  (2/  + 

3)- 

X//4-103  I 

(.r 

-2)(!/.4 

7>  = 

XI/+II9S 

xy  + 

3x'+4y+12  = 

xy+103 

X'l  + 

Vr-2!/- 

-14  = 

xy+119 

.3a- 

+4y  = 

=  91 

7x- 

-2Z/ 

::  133 

14x 

_4y 

=  236 

I7x 

=  357 

X 

=  21 

3x-  +  4j 

=  G3 

->r4y=dl 
47/=  28 

y=7  ^ 

CO 
(n) 

(III) 

(IV) 

(^) 

(VI) 

(VII) 

(VIII) 
(IX) 


=  (i)  expanded. 
=  (n)  expanded. 

=  (III)  transposed  and  col- 
lected. 

=  (iv)  transposed  and  col- 
lected. 

=  (vi)  X  2. 

=  (v)  +  (vii). 
=  (vin)  ^  17. 

=  (v)  with  21  substituted 
for  X. 


Hence  the  area  =  X!/=  21  x  7  =147  chains. 
Ex.  3.  Two  plugT  are  opened  in  the  bottom  of  a  cistern  con- 
taining 6'J4  gallons  of  water;  after  6  hours  one  of  them  becomes 
stopped,  and  the  cistern  is  emptied  by  the  other  in  20  hours ; 
bill  had  8  hours  elapsed  before  the  stoppage  occurred,  it  would 
only  have  required  loh.  3i3m.  more  to  empty  it.  Assuming  the 
discharge  to  be  uniform,  how  many  gallons  did  each  plug  hole 
discharge  per  hour? 

SOLUTION. 

Letx  and  y  =  rates  of  discharge  per  hour  of  the  two  plug  holes 

Then  0x4-6^  =  ^0.  of  gals,  discharged  in  6  hours. 

And  20y-  N^o.  of  gals,  discharged  by  second  in  20  hours. 

Then  6x  +  26!/  =  6G4  (i). 

Also  8x  +  By  =  No.  of  gals,  discharged  in  8  hours  by  both. 

ISy 
And  153^  =    p-  =  No.  of  gals,  discharged  by  2nd  in  15h.  3Cm. 

ISy 
Then  8/  +  8y  +  -^    =  *^64 

40x+118y=  33  JO 
120X-I- 520!/ =13280 
n0x  +  Zo4y=    9960 


(") 

(III) 

=  (11)  reduced 

(IV) 

=  (I)  X  20. 

(V) 

=  (111)  X  3. 
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166y=   3320 

(VI) 

=  (iv)-(v). 

y=       20 

(VII) 

=  (VI)  T  166. 

6x+ 26?/ =61  +  520  =  6^4 

(VIII) 

=  (I)  with  20  substituted 

6x=  144 

for  y. 

x=    24 

Therefore  rates  of  dischargo  are  24  and  20  gals,  per  hour. 


ExEUCisB  XXXVI. 

1.  Find  two  unmbers  such  that  seven  times  their  gum  in- 
creaseil  hy  four  times  the  less  is  equal  to  50,  and  twice  their 
diff-reuce  increased  by  three  times  the  greater  is  equal  to  IC. 

2.  Find  two  numbers  whose  sum  is  equal  to  a,  aud  such  that 
b  tim'^s  the  greater  is  equal  to  c  times  the  smaller. 

3.  Two  tons  of  hay  and  35  bushels  of  oats  cost  $44,  but  if 
oats  were  to  fill  in  price  20  per  cent,  and  hay  were  to  rise  in 
price  335  per  cent.,  they  would  cost  $j1'20.  Required  the 
price  of  hay  and  oats. 

4.  A  rectangular  garden  is  of  such  dimensions  that  were  it 
20  j:\r6s  longer  and  24  yards  wider  it  would  contain  4180  square 
yardi  more  than  its  present  area  ;  but  if  it  were  24  yards  longer 
aud  20  yards  wider,  its  present  area  would  be  increased  by  only 
38o0  square  yards.     Required  its  present  area. 

5.  Find  two  numbers  such  thit  the  sum  of  one-half  of  the 
first  and  one-third  of  the  second  shall  be  1 1  ;  and  one-third  of 
the  first  shall  be  greater  by  unity  than  one-fifth  of  the  second. 

6.  Divide  the  number  144  into  two  pans  such  that  ^  of  the 
greater  shall  e.Kceed  5  of  the  less  by  IJ. 

7.  Divide  the  number  43  into  two  parts  such  that  the  greater 
shall  contain  4  as  divisor  four  times  as  often  as  it  coutaias  the 
liss  as  divisor. 

8.  Find  three  numbers  such  that  the  first  is  equal  to  *  of  the 
other  two,  the  second  exceeds  half  the  sum  of  the  other  two  by 
6,  while  the  third  is  less  by  3  than  J  of  the  sum  of  the  first  and 
Bccuiid. 

0.  lu  4000  lbs.  of  gunpowder  there  are  3240  lbs.  less  of  sul- 
pta(  than  uf  charcoal  aud  saltpetre,  aud  2  700  lbs.  less  of  char90%} 
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than  of  sulphur  and  saltpetre.    How  many  lbs.  are   there  of 
eaeu? 

10.  Divide  the  nnmber  72  into  three  such  parts  that  I  of  the 
first,  J  of  the  second,  and  i  of  the  third  shall  all  be  equal  to 
each  other. 

11.  A  purne  hoias  16  shillings  and  27  ten-cent  pieces.  Now 
11  shillings  and  13  ten-ceni  pieces  only  fill  -f-^  of  it.  llow  mauy 
will  it  hold  of  eacb? 

12.  A  work  is  printed  so  that  each  page  contains  a  certain 
number  of  lines,  and  each  line  a  certain  number  of  letters.  If 
the  page  had  contained  3  lines  more,  and  each  line  4  letters 
more,  then  the  pagT  would  have  contained  224  letters  more  than 
it  now  contains  ;  but  if  there  had  been  2  lines  less  on  a  page  and 
3  letters  less  in  each  Hup,  the  page  would  have  contained  fewer 
letters  by  145.  How  many  lines  are  there  in  a  page,  and  how 
many  letters  in  a  line? 

13.  A  certain  number  of  two  digits  is  such  that  when  divided 
by  4  less  than  twice  the  sum  of  its  digits  the  quotient  is  3,  but 
when  divided  by  5  more  than  the  difference  of  its  digiis,  the 
quotient  is  13.  Required  the  number,  the  right  hand  digit  being 
the  greater. 

14.  A  sum  of  $81-C0  is  to  be  paid  in  ten-cent  and  twenty-five 
cent  i)ieces,  and  2V  times  the  nuraber  of  tweuty-tive  cent  [lieces 
exceeds  6  limes  the  number  of  len-cent  pieces  by  4.  Required 
the  number  of  each  coin. 

15.  A  railway  traiu  running  from  Toronto  to  Kingston  meets 
wiih  an  accident  which  diminishes  its  speed  by  j  lb  of  what  it 
was  before,  and  in  consequence  of  this  the  train  is  6  hours  behind 
time.  If,  howevor,  the  accident  had  happened  c  miles  nearer  to 
Kingston,  the  train  would  only  have  been  d  hours  behind  lime. 
Required  tbe  r.'ite  of  the  train  before  the  accident. 

10.  A  stage  sat  out  from  Collmgwood  to  Goderich  wiiti  a 
certain  number  of  passengers,  4  more  beijig  outside  than  inside- 
The  fire  of  seven  outside  passengers  is  half-a-dollar  less  than 
that  of  4  ii.side  |ia9sengers,  and  the  whole  fare  received  amouuied 
to  $45.  At  tbe  end  of  h.ilf  the  jouruey  il  look  up  three  more 
outside  and  one  more  inside  passenger,  in  consequence  of  Vfhig^ 
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the  whole  fare  received  was  1-,^^  times  what  it  was  before.  What 
was  the  number  of  passengers  and  the  fare  of  each  ? 

17.  What  number  of  two  digits  is  thai  which  is  equal  to  twice 
the  product  of  its  digits,  or  to  four  times  their  sum? 

18.  There  is  a  number  of  three  digiis  such  that  thp  middle 
dig'it  is  the  arithmetical  mean  between  the  others.  If  the  num- 
ber be  divided  by  the  sum  of  its  digfits,  the  quotient  is  4?,  and  if 
l;i3  be  takeu  from  the  number,  its  digiis  are  inverted.  Required 
the  number. 

19.  A  given  piece  of  metal  which  weighs  p  oz.,  lose.'*  a  oz  in 
water.  It  is,  however,  composed  of  two  other  metals,  ^  and  B, 
and  we  know  that  p  oz.  of  j?  lose  b  oz.  in  water,  and  p  oz.  of  B 
lose  c  oz.  in  water.  How  many  oz.  of  each  metal  are  there  in 
the  piece  ? 

20.  Five  gamblers,  ^,  B,  C,  D,  E,  throw  dice  upon  condition 
that  he  wlio  h.is  the  lowest  throw  shall  give  all  the  othprs  the 
sum  v^hich  they  already  have.  Each  loses  iu  turn,  commencing 
with  .^,  «nd  at  the  end  of  the  fifth  game  each  has  the  same  sumi 
?3i.  How  much  had  each  at  first? 


SECTION    VII. 
INVOLUTION  AND  EVOLUTION. 

132.  Involutioa  is  the  process  of  finding  any  proposed 
power  of  a  quantity. 

133.  If  the  quantity  to  be  involved  have  a  negative 
sign,  then  the  signs  of  all  the  oven  powers  'will  be  positive, 
and  the  signs  of  all  the  odd  powers,  negative. 

Thus,  (-«)»=- a  X  -  a  =  + a'. 

(-  ay  =  (-a)    X  —  a  =  +  a-x  —  a=  —  a'. 
(..  a)*  =  (-  a)«  X  (-  a)«  =  +  a«  X  +  a«  =  +  a*. 
(-  ")^  =  (-  w)^  X  -  a  =  +  a*  X  -  a  =  -  a^,  &c. 

134.  it  the  quantity  to  be  involved  have  a  positive  sign, 
then  uii  ifi  \>o^ws,  l*oth  even  and  odd,  will  have  the  positive 
sign. 
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KoTE  1.— It  follows  that  no  even  power  of  any  qrantitv  can  be  negative, 
and  that  a!l  udd  powers  will  have  theeamesigu  a;itliti  quantity  IKim  which 
tliey  arv  dtrivt-d. 

XoTE  2  — Since  (a  —  6)*  =a-  —  2a5  -I-  b-  is  a  positive  qnautity,  it  fol- 
lows  that  a-  +  6-  >  2ab.  as  otherwise  a-  -r  6-  —  2a6  won'.d  t)e  negative. 
Hence  the  sum  of  the  s»iuarvs  of  any  two  quantities  is  greater  than  twice 
their  product. 

135.  Siuce  (a"*)"  =«"  x  a"  x   «™ to  t?  factors, 

it  follows  (Art.  53)  tliat  (a"')'*  =  a™,  and  lieuce  we  find  a 
required  power  of  the  triveu  power  of  a  quantity  by  luulti- 
plying  the  exponeut  of  the  giveu  power  by  that  of  the 
required  power. 

136.  The  involutiou  of  algebraic  quantities  m■^x  be 
divided  into  three  cases— the  iuvolution  of  munomials,  of 
binomials,  and  of  polynomials. 

Cask  I. 

DsTOLUnOX  OF  MOXOillAlS. 

137.  RrLK. —  Raise  the  cocffjclenl  to  the  required  power  by  actual 
multiplication  ;  a/-^o  raise  the  dljfcrent  letters  (o  the  required poictr 
by  multiplying  the  exponents  chcy  already  have  by  the  exponent  of 
the  required  power,  and  connect  the  two  parts  thus  obtained  so  as  to 
form  one  quantity. 

ICoTE.—  A  fractiou  is  raL=ed  to  any  power  by  involving  both  numerator 
acd  deiioiniuator  separately  to  that  in;wer,—  a  mixed  number  by  iuvolviug 
ite  ■equivalent  impioper  traction. 

Er.  1.  (^2a-xv^y  =  2*  x(^a-xy^y  =  IG  xa^x*y'-^=  lGoJx*y^^. 
Ex.  2,  (-  »cx')^      (-  3)J  X  (c;x-)'  =-2"  x  a'a:«  =  -  27a'>x^. 

Exercise  XXXVII. 

"Write  (lo«fii  itie  values  of: — 

1.  (2aV'^>«;  (3' 6^)-  ;(4;nO^;  (Sai^c^)'  ;  V  ;  (Ga^y)"  ;  (Sj-rt/''). 

2.  (-  (/')*  •  ^-  2a^bc'y  ;  (-  i.abc^y  ;  (-  ixy->y  ;  (-  2mx-y^y. 

3.  (a«x)5  J  /-rx^y^z^)* ;  (3u</3)3  .  (_3aj,3)3  ;  (^3ay^y  ■  {-3ay^)*. 
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Case  II. 
nrroLUTiON  of  bixomials. 

138.  Ey  actual  multi[)lication  we  find  that: — 
(«+  0'  =a^  +  7a''c  +  21^'c^+35aV+35aV*  +  21a»c''  +  Tac«+c^. 
(a  _c)«  =  o»  -  8a'c  +  28a'^c^  -  bCa^c^  +  70a<c<  -  56a^c»  +  28o«cC 
-  8oc'  +  c*. 

We  here  observe  the  following  facts  : — 
I.   The  first  term  of  the  expansion  is  found  by  raising  the  first 

term  of  the  binomial  to  the  required  power. 
II.   The   literal  part   of  the  second  term    of  the  expansion  is 
obtained  by  prefixing  the  fir>t  term  of  the  expansion  with . 
exponent  decreased  by  unity  to  the  simple  power  of  the 
second  term  of  the  binomial. 

III.  In  the  succeeding  terms  of  the  er.pansion  the  exponent  of  the 

first  term  of  the  binomial  constantly  decreases,  while  that 
of  the  second  term  of  the  binomial  constantly  increases  by 
unity. 

IV.  Jfwe  take  the  coefficient  of  any  term  and  multiply  it  by  the 

exponent  of  the  first  letter  <f  the  same  term  and  divide  by 
the  number  of  the  term,  the  quotient  is  the  coefficient  of 
the  next  succeeding  term. 

V.  Wlien4.he  sign  of  the  binomial  is  +  all  the  sign^  of  the  expan. 

sion  are  +,  but  when  the  sign  of  the  binomial  is  —  the  signs 
of  the  expansion  are  +  and  —  alternately. 

Ex.  1.  (X  _  y)'-  =  X  «  -  5x*y  +  lOx'^y'^  -  IOj-j/''  +  5j-y«  -  y». 

1x5  5x4 

Here        -  —  5  z=  coef.  of  2nd  term;  -    —  =  10  —  cocf.  of  3rd  term: 

—    —  =  10  =  copf.  of4lh  term,  &c. 
3 

KoTE. — It  will  bt>  remar'  "^d  by  the  student  that  in  these  expansion!*^ 

I.  Tlie  uumber  of  terms  —  one  more  than  the  exponent  of  the  required 
power. 

II.  Tim  pum  of  the  exponents  of  each  term .— the  exponent  of  the 
required  power. 

III.  When  the  power  Is  even  there  is  only  ono  middle  term,  but  when 
thi."  piiwer  is  odd  there  are  two  term:>  in  the  middle  of  the  expansion  haviii{f 
the  fame  coellieient. 

IV.  The  term.''  following  the  middle  term  have  the  same  coefEcients  u 
tbose  preceding  it,  but  we  reversed  iu  order. 
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Ex.  2.  (2a  -  3b)^  =  (2ay  -  6(2ay(3b)  +  15f2a)<(36  «  - 
20(2(1) '(36)^  +  \o(2ay{3b)*  -6(2ii){3by  +  (36)8 

=  64a«-G(32a")(3i)  +  1 5(16a^)(9i2)  -20(83^)  (276')  + 
15(4aO(81(^^)-6(2rt)  (2436')  +  72966 

=  G4:t«  -  576a''6  +  2160ti'6*  -  i32Qa^b^  +  486011^61  -  23lQab^ 
+  72D66. 

Trinomials  may  be  involved  by  writing  them  as  binomials  and 
proceeding  after  a  manner  similar  to  the  above, 

Ex.  3.  (fi  -  6  -  2c)''  -  \(a  -  b)  -  2c\*  =  (a  -  by  -  4(a  -  6)  '(2c) 
+  6(a-6)'(2c)'^  -  4(cx  -6)(2c)5  +  (2c)* 

=  ((z*  -  40^6  +  6(1^62  -  4u63  +  fti  _  4(2c)(a3  -  3a^b  +  3a62  -  6^ )  + 
6(4c2)(a«  -  2a6  +  6')  -  4C8c'')(a  -  6)  +  16c* 

=  a*  -4a^6  +  Sa^i^  _  4^6^  +  ft*  -  (8a'c  -  24a«6c  +  2406^0  -  86V) 
+  (24a2c2-48a6c2  +  246-^c'')-(32ac3  -326c-^)+  16c* 

=  a-'-4a'6+6a26--4a6'  +  6*-8ix*c+24a"^6c-24a62c+86'c+24a«c« 
-  48a6c^  +  2ib^c^  -  32ac^  +  326c3  +  16c*. 


ExERCis"?  XXXVIII. 

Write  down  the  expansions  of 

1.  (a-6)9.         2.  (c  +  x)*.       3.  (x-yy^.  4.  (a  +m)'^ 

5.   (2-a)*.         6.  (x-3)\       7.  (2a  +  3)6.  8.  (3  -2m)». 

9.  (3ii-2(/)'.  10.  (26-5c)Ml.  (3x-4i/)*.  12.  (a6  +  3c)'. 

13.  (2ac-X!/c)3.  14.  (a  +  6-c)'.  15.  (2a-6-c)*- 

16.  (2a +  26 -3c)'.  17.  (l+x-x^)*.  18.  (a  -6  +  2c)6 

Case  III. 
INVOLUTION   OF   POLYNOMIALS. 

139.  No  general  method  can  be  given  for  involving 
polynomials  to  a  given  power  except  by  actual  multiplica- 
tion. The  second  power  of  polynomials,  however,  may  be 
expeditiously  obtained  by  the  following: — 


118  DTVOLUnOJf. 


[Sect.  Tli 


RcLE. — Write  down  thu  sipiare  of  the  first  term  and  twice  the 
pro'liicf  of  the  first  term  by  each  succeeding  term  of  the  polynomitil. 

Under  tliis  set  down  the  square  of  the  second  term  and  twice  the 
product  of  the  second  term  by  each  succeeding  term. 

Sinilarlij  set  down  the  square  of  the  third  term  and  twice  the 
product  of  the  third  term  by  each  succeeding  term.  And  proceed 
thus  throu:;h  all  the  terms  of  the  polynomial. 

Lastly,  add  the  several  results  together  for  the  complete  square. 

Ex.  1    (a-c- J-/+s--/i)'  =a^-2ac-2id-  2iif+2ag-2ah 

+  c*  +  2cd  +  2cf  -  2c^  +  2ch 
+  d-+2df-2dg  +  2dk 

+  ?*  -  2§-A 
+  A» 

Hf  re  we  cannot  add  the  quantities  together  since  they  are  all 
unlike. 

Ex.  2.  (1  -  X  +  x-  -  Jx3  +  2x*  -  ix'f  = 

1  -  2x  +  2x''  -    x^  +  4x*  -    x« 

+    x«  -  2x»  +    x^  -  4x'  +    i8 

+    x*  -    x'  +  4x8    _    j-r 

+    ix«  -2x'  -  Jx" 

+  4X''  -    2x' 

1  -  2x  +  Sx*'  -  3x*  +  6x*  -  6x'  +  V-J^*  -  3x'  +  Jx»  -  2x^  +  Jx'  <> 
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1.  (24  5x-3x?)".  2.  (x  +  x«-x')'.    3.  (2x-3x'-Jx-")*. 

4.  (I -i-t  +  2H--a^)\     5.  (l  +  x-ix-  -ix^  +x*)'. 

0.  (2.^-«x  +  2ux«)^       7.  (l+bx~ix-f. 

8.  (a-bx-rx-  +dx^y.9.  (1 -a  +  6-x- - c'x»  +  (f«x^)*, 
10.   (a  +  b)^.  II.  (a-cy.  12.  (ax-2)«. 

13.  (2-3X  +  -U* -ix'  +  ix^)*.  14.   (1-2X-X- +  2x»-x<)*. 
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EVOLUTION 

140.  Evolutioa  is  the  process  of  finding  any  required 
root  of  a  quantity. 

141,  Since  ( +  a)^  =  +  a^  and  (-  o)^  also  =  +  a*,  the 
square  root  of  a^  may  be  either  +  a  or  -  a,  and  hence  we 
always  attach  the  double  sign  ±  to  the  even  roots  of  a 
quantity. 


Thus,  V^V  =  i^y,  ^x^y'^^  =  i ^Vi  &c- 

142.  Since  all  even  powers  are  positive,  whether  the 
root  be  negative  or  positive,  it  follows  that  a  negative 
quantity  can  have  no  even  root. 

Note. — Expressions  indicat'mg  an  even  root  of  a  negative  quantitj^such 
^^'\/  -a",  V -IGm^,  V-IS*",  V-«'^ot'^»' *>  &c.,  are  called  JOTO.^'mar?/ 
or  impossible  quantities. 

143.  The  root  of  a  complete  odd  power  has  the  same 
sign  as  the  power. 

Thus,  ^-a*  =  -a;  ^~^la^"h^=  -  2a^b^  ;  -^TfaV  =  sa-^ni. 

Case  I. 
EVOLUTION   OF   MONOMIALS. 

144.  To  extract  any  root  of  a  monomial : — 

Rule. — Extract  the  required  root  of  the  numerical  copfficient, 
and  then  extract  the  root  of  the  literal  part  by  dividing  the  exponent 
of  each  letter  by, the  index  of  the  root  to  be  extracted. 

Note  1. — We  extract  a  required  root  of  a  fraction  by  tukin;!;  tlic  roo'  of 
the  numerator  aud  deuominator  sejiarately — of  a  mixed  uuicber  liy  t:i':i:  ;: 
the  root  of  the  equivalent  improper  fraction. 


Ex.  Vl6tt^6'  ^  =  ^m  X  a'b'^  =  2a2fi3 .  ^^^^^'i  =^G4  x  ub'^  =  4r/i'. 

Note  2. — Wlien  the  exponent  of  the  literal  part  is  not  exactly  di^ijib!" 
by  the  index  of  the  root  to  be  taken,  we  caunot  obtain  the  roof,  ai.d 
soosequently  we  merely  indicate  its  extraction  by  ushig  the  radical  sign 
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and  proper  index,  or  by  using  a  fractional  exponent.  Thus,  we  cannot  find 
tlie  cube  root,  ol'a^  because  4,  the  exponent  of  a,  is  uot  exactly  dirigible  by 
3,  the  iudex  of  tlie  cube  root;  we  therefore  rcprescut  the  root  required  by 

the  exjiressiou  Va*  or  a^.  Such  quantities  are  called  surdi  or  irrational 
quantities. 

ExERClSK    XL. 

1.  Find  the  square  roots  of  «■•  ;  x*i/«  ;  Aa^m*  ;  64a*  ;  IZlo^y*. 

2.  Fiud  the  cube  roots  of-  27a*  ;  Gia^y^  ;  Uoa^x^^  ;  -  8a*y  1*2'. 

IGa*         16tt*     144x''i/'«         64a« 

3.  Fiud  the  square  roots  of  tttt;  -  -— r  !  ■  „,    .,,—  'i  77;.    '> — • 

^  2yi!»-*  4/ft'*         Sla-*/;*     '  C25nii 

C4a'2t/C     8a'^*x"yi«         343a''69 

4.  Find   the  cube  roots  of -„.—,-  ;  -„,„,rr- J  ~  /•:.  "S^Ti 

27m3     '      2166^0"     '       64m''y'' 


5     Find     ^Y^^a*      y32r/' "x^o  .    filll^tn^^x^,         7/a'*m«i 

Case  II. 

EVOLUTION  OF  POLYNOMIALS. 

SQUARE  ROOT. 

145.  Ill  order  to  investi;,'ate  a  method  for  extracting  the  sqnare  root  of 

H  polynomial,  we  take  the  quantity  a  +  6  and  t^quareit;  this  gives  us 

a2  +  2ab  -\-  bK    Next  we  seek  to  lliid  or  to  devise  some  process  by  which 

we  cau  evolve  from  this  latter  (juautity  its  sijuare  root,  a  +  b.    Arratij/ing 

the  square  according  to  the  powers  of  the 

o2  -\-2ub  ■{■  b'-{a  •}-  b     letter  of  refereuce,  we  readily  see  that  wo 

o '  can  get  a,  the  first  term  of  the  root,  by  taking 

.,      ,    ,""       „  ,    ,   ,  „  the  pquaro  root  of   the    first  term   of  the 
Sa  +  b)      2<ib  +  6*  '  c  w      .-         »        • 

'  „  I    .   .  „  arranired  square.    Subtracting  a*  we  have  a 

2ub  -\-b^  •    ,      A  ,    ,   i»      »•  , 

•  rcnianider  2ai>  +  0*.    Is ow  wt  endeavour  to 

find  some  process  by  which  we  may  use  a, 

the  first  term  of  the  root,  as  a  divisor,  for  finding  the  second  term,  and 

knowing  that  this  second  term  is  b,  we  see  at  once  that  we  must  use  2(j  for 

a  trial  divisor,  because  2ab  -f-  2(t  gives  ^,  the  second  term.    Finally,  us  th<j 

divisor  multiplied  by  the  last  term  put  iu  the  root,  must  cancel  the  renunn- 

iug  part  of  the  dividend,  i.e.,  2ai  +  b  ',  we  observe  that  we  must  add  b  to 

the  trial  divisor  iu  order  to  complete  it. 

146.  The  several  steps  of  the  above  process  give  us  tUf 
foUowiu^ : — 
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Rile. 

I.  Having  properly  arranged  the  given  square,  we  take  the  square 

root  of  its  first  term  for  the  first  term  of  the  root,  and  sub- 
tract its  square  from  the  given  square. 

II.  We  dotible  the  part  of  the  root  already  found  for  a  trial 

divisor. 

ill.  We  ask  how  often  this  trial  divisor  is  contained  in  the  fir  4 
term,  of  the  remainder.  This  gives  us  the  second  term  of  the 
root. 

[V.   We  place  the  fecond  term  both  in  the  root  and  also  in  the  trial 

divisor  to  complete  it. 
V.   We  multiply  the  complete  divisor  thus  obtained  by  the  second 
term  of  the  root,  and  subtract. 

VI.  If  there  be  a  remainder  we  again  double  the  part  of  the  root 
already  found,  for  a  new  trial  divisor  ;  again  ask  how  often 
the  first  term  of  the  trial  divisor  is  contained  in  the  first 
term  of  the  remainder ;  place  the  quantity  answering  thi't 
both  in  the  root  and  in  the  divisor ;  ynultiply  the  divisor  t/ms 
completed  by  the  last  term  put  in  the  root ;  and  so  on. 

147.  We  are  led  to  infer  that  the  above  rule  will  answer 
in  all  cases,  from  observing  carefully  the  law  by  which  any 
polynomial  is  raised  to  the  second  power,  and  that  the 
given  method  for  extracting  the  square  root  is  just  the 
rever'jal  of  this  process. 

Thus,  (a  +  by  =  a^  +  2ab  +  b\ 

(a  +  6  +  c;2  =  a^  +  2ab  +  b^  +  2(a  +  b)c  +  c\ 
{a+  b  +  c  +  dy=  a^  +  2ab  +  b^  +  2(a  +  b)c  +  c*  + 

2(a  +  b  +  c)d  +  d'\ 
(a  +  b  +  c  -h  d  +  ey  =  a'  +  2ab  +  b^  +  2(a  +  b)c  +  c'  + 

2(a  +  6  +  c)d  +  d'^+  2(a  +  b  +  c  +  d)e  +  e*. 

That  is  to  say  : — 

The  square  of  any  pohjnomial  is  equal  to  the  square  of  the  first 
term,  jdus  twice  the  product  f  the  first  term  by  the  second,  plus  the 
I 
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square  of  the  second,  plus  twice  the  sun  of  the  first  two  terms  into 
the  third,  plus  the  square  of  the  third  term;  plus  twice  the  sum  of 
the  first  three  terms  into  the  fourth,  plus  the  square  of  the  fourth 
term, — and  so  on. 

148.  Then  also,  finding  upon  trial  that  the  rule  holds 
in  every  case  in  Tcbich  it  is  tested,  we  conclude  that  it  is  a 
general  rule,  and  use  it  as  such ;  and  moreover,  we  derive 
the  arithmetical  rule  from  it.* 

Ex.  1.  What  is  the  square  root  of  25a*  -  30a6  +  96'? 

OPE&ATIOK. 

*5a'  -  30fl6  +  96-(5a—  36  =  sq.  root, 
25a» 


10a  -  36)      -  30u6  +  96" 
-  30^/6  +  96» 


Ex.  2.  What  is  the  square  root  of  i*  -  4i*  +  8*  +  4  T 


OPERATION. 


I*  -  4i'  +  8x  +  4(1*--  3x  -  2  «  iq.  root. 

X* 


2x*  -  2x)    -  4x^  +  8x  +  4 
-  4x'  +  4x' 


2x*  -  4x  -  2)    -  4x^  +  8x  +  4 
-  4x'  +  8x  +  4 


Ex.  3.  What  is  the  square  root  of  4x«  +  12x»  +  5x*  -  2x*+  7«' 
-  2x  +  1  ? 


•  Sre  Author's  National  AritlimeUo  for  .de  Inveeti^ation  of  th«  iquaw 
"^oot  ftii  appiitid  to  uiuiiU)i"«. 
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OPERATION. 

4x«  +  12x''  +  5x*-2x»+  7x2 -2x+  i(2x»+  Sx^-x+l 
4x8 


4*»+3x'«)         12x5 +  5x* 
1 2x«  +  9x* 


4i»  +-«xa  -  j:)       -  4x*  -  2x»  4-  Tx» 
-  4x*  -  6x*  +    x* 


4x»  +  Cx»  -  2x  +  1)  4x3  +  6x2  -  2r  +  1 

4x3  +  6x2  -  2x  +  1 


Note  1. — If  tbe  given  quantity  is  not  au  exact  square,  it  is  an  irrational 
quantity,  and  of  cjurse  its  exact  square  root  caunot  be  extracted. 

KoTE  2.— In  the  ubove  examples,  and  in  ail  others  where  an  eren  root 
fa  extracted,  a/l  the  teims  of  the  root  may  have  their  signs  changed,  aud 
vtie  aesultlng  txpressiou  will  stiil  be  the  root  required.    (See  Art.  141.) 

Exercise  XLI. 

Extract  the  square  roots  of: — 

1.  4 ;2  +  I2ab  4-  96* ;  a'  -  4ax  +  4x^ ;  ia^x'  -  28acx  +  49c2. 

2.  9a2//j2  +  30amxy  +  25x'^i/  ;   IGu^x*  -  8a6Vx2  +  b^c^. 

3.  5x2  +  1  _  6x  +  12x3  +  4J.4 

4.  X*  -  2x2(,2  _  2x2  +yi  +  22/2  +  1. 

5.  tt2  +  2u6  -  2ac  +  b'^  -  2l>c  +  c\ 

6.  12a3  +  9a*  +  34a2  ^  20a  +  25. 

7.  a2  +  2ab  +  b^  +  2ac  +  2bc  +  c^  +  2ad  +  2h(i  +  2cd  +  d?. 

8.  x^  -  Qx'y  +  15xV  -  20V  +  15x2!/*  -  6xy'  +  y^. 

9.  a*  -  Sa^c  +  24a2c2  -  32ac3  +  16c*. 

10.  1  -  2y  +  7!/2  -  2if  +  5y*  +  1 2y'  +  Ay^. 

11.  4a*  +  1 2a3x  +  13u2x2  +  Gflx*  +  x*. 

12.  (X  -  1/)*  -  2(x2  +  j/^)(x  -  7/)2  +  2(x*  +  y*). 

13.  «*  +  i*  T  c*  +  t'*  -  2a2(^^  +  (/2)  _  26i'(c2  -  d')  -  2c*(d^-  a^). 

14.  1  +  2^x2  _  ^x^  +  a.x6  -  |x  -  -"x*  +  Jx* 

/  X  \  2  I*        J/2 

16.   (--J_3/a:  +  ix*-2  +  -  +  ^. 


yj     ^      *  y     X* 
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149.  Theorem.  —  In  the  arithmetical  extraction  of  the  square 
root,  after  n  +  1  figures  of  the  lOot  have  been  obtained  by  the  rule, 
n  more  mny  be  obtained  by  dividing  the  last  remainder  by  the  last 
trial  divisor. 

Demonstration.— Let  JV  represent  the  number  whofe  sqnare  root  it 
to  be  extracted  ;  let  a  represent  the  part  of  the  root  already  found,  acd  let 
X  represent  the  part  of  the  root  yet  to  be  found. 

Then  V-V  =  o  +  «  .-.  JV=o2  +2oa;  +  a:2. 

A''  —  a?  =  the  remainder  after  n  +  1  figures  have  been  found,  and  2a  it 
the  trial  divisor. 

Ihen  _     —    =     —    — —   =:    a;   J.        .      if  now    we  can   Ehow 
2a  2a  2a 

x^ 
that   —  is  a  proper  fraction,  we  shall  show  that  the  integral  part  of 
2a 

the  quotient  of  the  remainder  ■—■  the  trial  divisor,  under  the  piven  con- 
ditions, constitutes  the  remaining  part  of  the  root.  By  Fupposition  x 
contains  only  7t  digits,  therefore  x-  cannot  contain  more  than  2n  digits, 
but  a  ty  hy^iothesis  consists  of  the  n  +  1  left  hand  digits  of  the  root,  and 
must  therefore,  aflSxing  then  ciphers  which  are  understood.  contaii.2n  +  1 

digits.    Hence  in  the  fraction  ^-  the  denominator  contains  2n  +  1  digits, 
2a 

while  the  numerator  cannot  consist  of  more  than  2n  digits,  and  therefore 


-—  is  a  proper  fraction,  and  rejecting  it,  we  get  =  a;  =  the  re- 

2a  2a 

maining  digits  of  the  root. 

Ex.  Fiud  the  square  root  of  12  to  11  places  of  decimals. 

Here  we  must  obtain  the  first  6  digits  by  the  ordinary  rule;  this  gives  ns 
3  40410  and  a  rem.  1119  iO,  the  last  trial  divisor  being  692S20.  Then  111900 
-f  692820  -  16151  —  the  remaiuiug  live  digits  of  the  required  root,  which 
is  therefore  =  3-4641016151. 

Note. — If  the  given  cjuantity  henot  a  complete  square,  then  the  apj)roxi- 
mate  s(juare  root  tlius  lound  may  possibly  differ  by  a  unit  of  the  lowest 
denomination,  from  the  square  root  carried  out  to  samo  number  of  placet 
by  tbo  ordinary  rule. 

CUBE       ROOT. 

150.  In  invosfitrating  a  method  for  extracting  the  cub© 
root  of  a  polynouiial,  we  proceed  as  follows: — 

Taking  a -\-  b  and  cubing  it,  we  get  a*  +  8a-6  +  3a6*  4-  ^'t  and  we 
eud«:avuur  to  devise  some  procesb  by  which  we  cau  evolvw  from  thii  latter 
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quantity  its  known  cube  root,  a  +  b.    Having  arranged  the  given  cube 

acccrding  to  the  powers  of  its 
a^^  +  Sa-2b  +  3a62  +  bi  (a  +  b      ^^^^^^  ^^^.  ^^^^^^^^^^  ^,^  ,ee  that 

** -we  can  obtain  a,  the  first  lerm  of 

8a- +3a*  +  62)3'X-6  +  3a&2+63  the  root,  by   taking   the  cube 

3a'b+3abi  +bi  root  of  a^,  the  first  term  of  the 

cube.     We  subtract  the  cube  of 

a  from  the  whole  expression,  and  bring  down  the  remainder  3a'b  +  3a6- 
+  b>.  Kext  we  observe  that  if  we  divide  the  1st  term  of  this  rem.  by  three 
times  the  square  of  a  (tlie  part  of  root  already  found),  the  quotient  is  b, 
the  required  2nd  term  of  the  root.  Finally,  as  all  the  remainder  must  be 
cancelled  by  the  product  of  the  divisor  by  6,  the  last  term  put  in  the  root, 
we  see  that  we  must  increase  3(i-,  the  trial  divisor,  by3a6  {i.  e.,  three  times 
the  product  of  what  was  in  the  root  by  the  term  last  put  in),  and  b'^  (i.  e., 
the  square  of  the  term  last  put  iu  the  root).  Upon  multiplyiug  the  com- 
plete divisor  3ai  +  Sab  +  6^  by  b,  and  subtracting,  we  find  that  there  is  no 
remainder. 

151.  The  above  process  enables  us  to  extract  the  cube 
root  in  this  particular  case,  and  as  it  holds  good  in  every 
case  in  which  it  is  tested,  we  conclude  that  it  holds  univer- 
sally.    Thus  for  the  extraction  of  the  cube  root  we  get  the 

following: — 

Rule. 
I.  Jlrrange  the  given  cube  according  to  some  letter  of  reference. 
II.   Take  the  cube  root  of  the  1st  term  of  the  arranged  cube, 
and  place  it  as  the  1st  term  of  the  root. 

III.  Subtract  the  cube  of  the  1st  term  of  the  root  from  the  given 

cube. 

IV.  Take  three  times  the  sauare  of  the  part  of  the  root  already 

found  as  a  trial  divisor. 
V.  Divide  the  1st  term  of  the  remainder  by  the  1st  term  of  the 
trial  divisor,  and  place  the  quotient  as  the  2nd  term  of  the 
root. 
VI.  Complete  the  trial  divisor  by  adding  to  it, 

1st.   Three  times  the  product  of  what  was  in  the  root  by 

the  term  last  put  in  the  root ;  and 
,2nd.   The  square  of  the  term  last  put  in  the  root. 
VII.   Multiply  the  divisor  thus  completed  by  the  last  term  put  in 
the  root,  and  subtract  the  product  from  the  part  of  the 
given  cuh*  remaining. 
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VIII.  A^ainfind  a  trial  divisor,  as  in  (iv)  ;  divide  the  \st  term  of 
last  remairfler  by  the  Is/  term  of  this  trial  divisor,  and 
place  the  quotient  as  3rd  term  of  the  root.  Again  complete 
the  trial  divisor  as  in  vi,  by  making  the  two  nddilions  there 
described;  multiply  the  complete  divisor  by  the  last  term 
put  in  the  root,  subtract, — and  so  oa. 

152.  We  may  be  led  to  infer  this  rule  for  extracting 
the  cube  root  of  a  polynomial  by  reversinfi;  the  process  by 
which  a  polynomial  is  raised  to  the  third  power,  as  may  be 
seen  by  an  attentive  examination  of  the  following : — 

(a  +  6  +  c)  '  =  n^  +  3'/  '6  +  3'/i^  +  6^  +  3(a  +  6) -c  +  3(flr  +  by"-  +  c» 
(a  +  6  +  c  +  (i)^=a'  +  3i-i  +  3o6-  +  6^  +  3(n  +  6)«c  +  3(n  +  6)c*+c» 
+  3(a  +  6  +  c) "  <^  +  3(a  +  6  +  c  )(/«  +  </=•. 

Whence  it  apppars  that : — 

The  cube  of  any  polynomial  is  equal  to  the  cube  of  the  fir^t  term, 
plus  three  timen  the  square  of  the  first  term  multiplied  by  the  second, 
plus  three  times  the  fimt  term  multiplied  by  the  square  of  the 
strond,  plus  the  cube  of  the  second  term,  plus  three  times  the  square 
of  the  sum  of  the  first  two  terms  multiplied  by  the  third,  plus  three 
times  the  sum  of  the  first  two  terms  multiplied  by  the  square  of  the 
third,  plus  the  rube  cfthe  third  term,  plus  three  times  the  square  of 
the  sum  of  the  first  three  terms  multiplied  by  the  fourth,  plm 
three  times  the  sum  of  the  first  three  terms  multiplied  by  the  square 
of  the  fourth,  plus  the  cube  of  the  fourth  term  ;  and  so  on. 

Ex.  1.  Find  the  cube  root  of  8a»  -  84a«x  +  294ax«  -  343j;*. 

OPERATION. 

8a^  -84a«x  +  294ax*  -343x'(2a-  7j 
8rt^ 

-  84a«x +  294ax'*'- 343x» 


3(2a)«=  12a« 

3(2a)(-7x)=         -42ax 

(_7x)«=  +49x» 


-84a«x  +  294(7X*-343x' 


12a--42(ix  +  49x^ 
Ex.   2.    What  is  the  cube  root  of  27a« -64a» +63««  -  44a» 
+  21a*-Ca+I? 
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Explanation. — The  foregoing  is  a  Fecond  method  of  extracting  the 

cube  root,  known  as  Horner's  method.    Upon  careful  examinaticn  it  will 

be  .seen  that  the  same  trial  divisors  and  complete  divisors  are  ui*d  as  in 

the  other  method,  but  tliat  tliey  are  obtained  eumewbat  differently.    The 

several  steps  are  as  follows  :— 

1st,  Take  the  cube  root  of  the  tirst  term  and  place  it  as  firrt  term  of  the 
root,  also  place  it  to  the  left  of  the  arranged  cube,  under  the  bead 
First  Column. 

2nd,  Multiply  the  first  term  of  the  first  column  by  the  first  term  of  f..e 
root,  and  place  the  product  as  first  term  of  the  second  column; 
also  multiply  the  tirst  term  of  the  Fccond  column  by  the  first  term 
of  the  root,  and  jjlace  it  iu  the  third  column,  i.  e.,  uuder  the  given 
cube,  and  subtract. 

3rd,  To  the  first  term  of  the  first  column  add  the  first  term  of  the  root, 
multiply  the  sum  by  the  first  terra  of  the  root,  and  place  the  pro- 
duct as  the  second  term  of  the  second  column. 

4th,  Again  add  to  the  first  column  the  first  term  of  the  root. 

6th,  Add  the  first  and  second  terms  cf  the  second  column  together  for  a 
trial  divisor.  Ascertain  how  often  this  goes  in  the  first  term  of  the 
dividend,  and  place  the  quotient  (-2a)  in  the  root,  and  also  attach 
it  to  the  9a '2  in  the  first  column. 

6th,  Multiply  the  9a' -2a  in  the  tirst  column  by-2a,  the  last  term  put 
in  the  root,  and  place  the  product -18a*  +4a'-  under  tlie27<i»  in 
the  second  column,  and  add :  this  gives  27ai  -  18a '  +  4«*  fur  com- 
plete divisor. 

7th,  Multiply  the  complete  divisor  by-2a,  the  term  last  jjut  in  the  root, 
and  place  the  product  in  tl.e  third  column. 

8th,  Subtract  and  go  again  tLrough  the  whole  process  as  before. 

Exercise  XLII. 
Extract  the  cube  root  of  each  of  the  following  quantities  :— 

1.  8a:'  +  36x«  +  54z  +  27. 

2.  a^  -  40a^  +  ea'  +  9Ca  -  C4. 

3.  l-Ca+12a«-8a'. 

4.  a*  -  Ga"  +  15a<  -  200^  +  15a*  -  6(i  +  1. 

5.  8a 'x^  -  SAa^bx*  +  294a6-x»  -  3436^x9. 

6.  8xS-3Gax^  +  102u*r-'-  17lo'x' +  204a*x'  -  144a^x  +  64a«. 
7    x«-3x'^ +6x< -7x^  +  ex«-3x+ I. 

8.  a^+3a^b  +  3ab^+b^  +  3{a  +  b)-c  +  3(a  +  b)c-  +  c^+3(a  +  b  +  cyd 
+  3{a  +  b  +  c)d^  +  (i '  +  3(a  +  6  +  c  +  rf)-e  +  3f<j  +  6  +  c  +  c/)e-  +  c'. 

KoTK. — I u  Ex.  8  endeavor  to  keep  the  quantities  iu  brackets,  and  tha 
laLor  of  fcxtraetiug  the  cube  root  will  be  materially  lighifiBed. 
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153.  Theorem. — fn  the  extraction  of  the  cube  root  of  a  number 
when  u  4"  2  figures  have  been  found  by  the  ordinary  rule,  n  figures 
more  may  be  found  by  dividing  the  remainder  by  the  last  trial 
divisor. 

Demoustratiox. — Let  2f  represent  tlie  number  whose  cube  root  is 
required ;  let  a  represent  the  w  +  2  figured  already  found,  and  let  x  repre- 
sent the  n  remaining  figures. 

Then  v'.V=:a+a;,  .•.  JV  =  e/3 -)- 3a2a;  +  3ax2  +  xs. 

K  —  a-  =  the  remainder  alter  n  +  2  figures  of  the  root  have  been  found, 
and  3a ^  —  the  trial  divisor. 

8a*  3ai  "  *  "^     a   "^  Sa'^' 

Now  if  we  can  show  that r„— ;r  i*  a  proper  fraction,  we    shall 

have  proved  that,  neglecting  the  remainder  arising  from  the  division,  we 
may  obtain  the  next  n  figures  of  the  root  by  dividing  by  the  trial  divisor. 
By  hypothesis  x  contains  only  ?!  digits,  while  itis  manifest  that  10 "  contains 
n  +  1  digits;  hence  a;  <  10' and  .-.  a;«  C  10^".  And  since  a  contains  the 
left  hand  n  -\-2  digits  of  the  roit,  taking  into  account  the  position  of  these 
with  reierence  to  the  decimal  point,  a  must  contain  2n  +  2  figures.    And 

xi         10="       ,  xi 

Hence        -  <r that  is,     -   - 

a  ^10^1+1  « 

a;3                10^"                                      1 
<"  ~,K.     Similarly  ~ —  <  ~ — ,   .„  ^  ,  >  that  is  <  . 

Hence    ^   +  ^^  <  V^  +  3— jq^^,,  and  .-.  <  unity. 
Ex.  Required  the  cube  root  of  10973936866911015122085043. 

Here,  since  there  are  26  figures  in  the  cube,  there  are  9  in  the  root,  and 
we  proceed  to  obtain  tlie  firsts  of  these  by  the  ordinary  rule.  Tlie  five 
digits  thus  obtained  are  2'2222,  with  a  remainder  329181893015122085048, 
and  a  trial  divisor  148145185200.  Then  329181S930151220S5048  -^  14S1451S5200 
=  2222  +  =  remaining  four  digits  of  the  root,  which  is  therelore  — 


EXTRACTIO>f  OF  ROOTS  IN  GENERAL. 

154.  By  observing  the  mode  of  writing  the  square,  cube 
&c.,  of  polynomials,  wc  can  deducs  tho  following  general 
r««le  iur  the  extraction  of  any  root  of  a  po-VnomiuJ : 
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Rule. 
I.  Arrange  the  given  polynomial  according  to  a  letter  of  reference. 
II.  Extract  the  required  root  of  the  first  term,  this  will  be  the 
first  term  of  the  root. 

III.  Subtract   the  power  of  this  first  term  of  the  root  from   the 

given  polynomial. 

IV.  Divide  the  first  term  of  the  remainder  by  twice  the  first  term 

of  the  root  for  the  square  root,  three  times  its  square  for  the 
cube  root,  four  times  its  cube  for  the  fourth  root,  five  times 
its  fourth  power  for  the  fifth  root,  and  so  on  ;  the  quotient 
will  be  the  second  term  of  the  root, 
V.  Involve  the  whole  of  the  root  now  found  to  the  specified  power, 

and  subtract  it  from  the  given  polynomial. 
VI.  Divide  the  1st  term  of  the  remainder  by  the  same  divisor  at 
before,  and  the  quotient  will  be  the  third  term  of  the  root. 
Jgain  involve  the  whole  of  the  root  now  found  to  the  speci- 
fied power ;  subtract,  aad  so  on. 
KOTE.  -It  is  manifest  that  the  rule  verifies  itself. 

Ex.  "What  is  the  fourth  root  of  16^:'  -  32j:'  +  88x«  -  104r* 
+  145x*  -  104x3  +  88x*  -  32x  +  16  ' 

OPERATION. 

(root  =  2x»  -  X  +  2) 
16x»-32x'+88x«-104xN  U5x*-104x'+88x^-32a H6 
(2x=')*  =  16x« 

32x'')     -32x'  =  1st  term,  of  rem. 
(2x^-x)*  =  16x»-32x'  +24x6-8x«  +x*. 

32x6)        (;4j;6  =  igi  term,  of  rem. 
(2x*-x  +  2)*  =  16x'<-32x'+88x8-l04x«fl45x*-104x»+88r*-32i+16 
Rem.  =  0.     Hence  2x^-x  + 2  is  the  fourth  root  required. 


SECTION    VIII. 

THEORY  OF  INDICES, 
155.  It  has  been  stated  (Art,  17)  that  when  a  frao- 
tioual  index  is  employed,  the  numerator  of  the  fractioD 
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denotes  the  power  to  be  taken,  and  the  denominator  indi- 
cates the  root  to  be  extracted.  We  have  now  to  add  that 
a  negative  exponent  is  sometimes  employed  for  the  purpose 
of  denoting  the  nciprocal  of  a  quantity  with  the  same 
exponent  taken  positively. 

Thus,  a    '"is  used  to  denote  ~m  whether  m  be  fractional  or  integral. 
a 

156.  Theorem  I.  1/ m  and  n  be  any  positive  integral  quantities, 
then  a™  X  a°  =  a"*". 

Demonstration.  a^  =  axaxa....tom  factors,  and  a^  =  a 
X  u  X  a  ....  to  7i  fiictora. 

Therefore  a™  x  a"  =  a  x  a  x  a  ....  to  m  factors  x  axaxa.. .. 
to  n  factors  =  a  x  a  ....  to  in  +  n  factors  =  a""",  which  was  to 
be  proved. 

157.  Theorem  II.  Ifm  and  n  be  any  positive  integral  quantities, 
then  (a™)°  =  a™"  =  (a")™. 

DEMONtfRATloN.  (u'")"  =  a™  X  u"*  x  a"* to  n  factors  = 

Qtn  +T71+-WI   .....   ton  tenus  =  n"*^ 


(a")"*  =  .^xa^  X  a^ to  m  factors  =.  a'»  +  "  +  '* 


But  nin  -  nm  .•.  a""*  =  c*"",  and  since  (a")™  and  (a™)"  are  each 
=  a™"  .-.  (./")"  =  c"*"  =  (a")'"  which  was  to  be  proved. 

158.  Thrdekm  III.  Ifm  and  n  be  any  positive  integers,  then  the 
mth  root  of  :he  nth  power  of  &  is  equal  to  the  nth  power  of  the  mtk 
root  of  a.     That  is,  )^(a'*)  =  (J^a)". 

DemonstbjiTion.  Let  ^(a")  =  x"  ;  raising  both  to  the  mlh  power 
we  get  a"  =  (.*")"'  =  (x™)"  by  the  preceding  theorem. 

Extracting  the  nth  root  of  each  of  these  we  get  a  =  x'"  ;  and 
extracting  \,h<j  wtb  root  of  each  of  these  we  get  ^a  -  x  •  and 
finally  raising  -iach  of  these  to  the  nth  power  wc  have  (V")"  =  *"• 
But  ^Ca")  .    f"  .-.  VC^")  =  (7'')".  which  was  to  be  proved. 
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159.  THEonEM  IV.  Both  numerator  aiid  denominator  of  a  frac 
tioiial  exponent  may  be  multiplied  by  the  same  quantity  without 
altering  the  value  of  the  whole  expression,  of  which  it  forms  ^art. 

m  mr 

That  is,  a°    =  a". 

Demonstration.  Let  a"  =  x.     Then  a™  =  x"  ;  also  a""  =  x". 

mr  m 

Therefore  extracting  the  nrth  root  of  each,  a"^  =  x  ;  but  a" 

e  X. 

m  mr 

Therefore  a"  =  a'"",  which  was  to  be  proved. 

160.  Theorem  V.  If—  and  —  are  any  positive  fractional  quan- 

ta r  m      r 

tities,then  a°xa^=a°     '. 

m  ma  r  nr 

Demonstartion.  By   last   theorem  a  "  =  o*"  and  a  *    ?.  o"* 

m  r  ms  nr 

Therefore  c^  y.  a  '  =  a^  yi  a'^ 

ma  _\^  nr  I 

m  r  ma  nr  1  \_  1 

Therefore  a**   x  ^  =  a"'  x  a"*  =  (a"')'"  x  (a"'")'"  =  (a"" j^a"')'" 

1  ms  *nr  ma        vr         "*    t    "' 

_  /j^ms  +  nQfi.  _  (^""iw^  =  Jru     n»_  ^n      «^  which  w;is  to  be  proved. 

m  r  m        r 

Corollary.  Similarly  it  may  be  proved  that  o"  "i-  a'  ~  a'*      • 
Demonstration.  Let  [  a"j'  =    x,     then     (a**)   =  •'^'i  that  is 

mr 

(Art.  157),  J"  =  x'.     Therefore  a"^  =  x*",  and  therefore  ex»ract- 
ing  the  nsth  root  of  each,  u*"  =  x,  but  I  u"  I*  =  x  .*.  (  a"  J*  = 

mr  \      '  \ 

a"*,  which  was  to  be  proved 

162.  Theorem  VIL  a^  x  a^  -  a^  *  ^  when  m  or  n,  or  both  »i 
and  71  ai;e  negative  quantities. 
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Demonstration.  First,  let  either  one  of  the  exponents,  as  for 

nstance  ?i,  be  a  negative  quantity, 

1      a™ 
Then  a^  x  a    «  =  a™  x  -r  =  -=  =  a™"  "  =  a"*  *  ("  »). 

Next  let  both  m  and  n  be  negative  quantities. 

1         1  1 

Theno-"xa-«  =  ^x  ^  =  ^^-^1,  =  a"™-"  =  o-^T"), 

(vhich  was  to  be  proved. 

163.  Theroem  VIII.  (a™)"  =  a""*  when  m  or  n  or  both  m  and 
a  are  negative  quantities. 
Demonstration.  First,  let  n  be  negative  then  (a*")""  =  (a™)"** 

1  1 

,,  -  mn  _  ,,m  «  ( -  n ) 


Second,  let  m  be  negative. 
Then(a-'»)»  =  (^^^  =-^L  =  a-mn,  „- 
Third,  let  both  m  and  n  be  negative. 


1  1 

Tien  (a-™)-"=  ^^-„t^„  =  -.^n  (V  second  part  of  demon- 

jtration)  =  a"*"  =  a"''"'*"''\  which  was  to  be  proved. 

164.  TnEOEM  IX.  a»  X  6"  =  (aJ)". 

Demonstration.  Let  a"  x  6"  =  x,  then  (a"  x  6")"  =  x". 

that  is,  a  X  6  =  x"  or  flo  =  i"  .•.  (ai)"  =  x. 

But  a"  X  6"  -  X.     Therefore  also  o"  x  6™  =  (ai)". 

CorJlary.  (ab)^  =  u"  x  6".     Similarlj  J^a  x  !^b  =  !!f(ab),  and 

jonversely  (06)"=  a"x  6". 

165.  Theorem  X.  J  ny  factor  may  he  transferred  from  one  term 
\if  a  fraction  to  the  other  by  changing  the  sign  of  its  exponent. 

u^         c™  6  -  "  a™  X  i  - "  a^b  '* 

Demonstration.  ^„-    =    ^if    x    ^^    =    i^TF»    "^    i^i'^ 

'  '  b"  '  '  ~T~- 

gm      Q«      Q-m      a^xa'^      gm-m  gO  j 

•Again,  ^  =  ^  ><  u~m  =  t™x  a-"*  ~  6"a^  ~  t'a'^  "^  t^jT^, 
which  was  to  be  proved. 
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160.  By  thpse  Theorems  it  has  been  proved  that  wheiher  m 
and  n  are  positive  or  negative,  integral  or  fractional, 

a™  1 

a^  X  a^  =  a^*^ ;  a"  4-  a"  =  -„  =  a™  x  -^  =  u™  x  a'"  =  a  ^    " 
'  a  a" 

"        ~  ill 

(a'*)"  =  a*""  =  Ca";"* ;  a"  =  a«» ;  a»  x  6"  =  (a6)»  ;  t/»  x  t«  =  (ab)* 

I       1        1    a"»  1  ft-" 

(a6)»  =  a"  X  6»  ;  (at)"  =  a"  x  t"  ;  ^,-  =  ^-r^j^  =  -,  =  a-i"" 

That  is  : — 

(1)  Powers  of  the  same  quantity  are  multiplied  together  by  adding 

their  indices.  » 

(II)   One  power  of  a  quantity  is  divided  by  another  power  of  the 

same  by  subtracting  the  index  of  the  divisor  from,  that  oj 

the  dividend. 
(Ift)  Jt  power  of  (I  given  power,  or  a  root  of  a  root,  is  obtained  65 

multiplying  together  the  two  indices.  ■ 

(IV)  Powers  having  unlike  fractional  indices  may  be  reduced  to 

equivalent  expressions  having  fractional  indices  with  a 

ccmmon  dcmoninalor, 
(T)  ^  facior  may  be  removed  from  one  term  of  a  fraction  to  th$ 

other  by  changing  the  sign  of  its  exponent. 
(VI)   The  product  of  the  same  root  or  power  of  two  or  more  Jis~ 

similar  quantities  is  equivalent  to  the  tame  root  or  power 

of  their  product,  and  vice  versd. 


Illttstrativk  Examples. 

4m        im        4          ,  4w              4 

b-Ja       5aJ       5            '  5va       5//»    '  ^a 

Tiy^nbh*)       3((/!>V*)^  Zn^fK^        3 

^  3 
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Ex.  4.  a"^xa~''  =  fl  "' ;  a  "' xa*  =  a;  a"  '  xa^  =  <z"*  ;  a' xa"* 
Ex.    5.    a'  X  o^  =  a^  *  *  =  d^^  *  '^^  =  0"^^  ;  a^>ia~^  =  a^*  ^~ *^ 

Ex.  C.  a*fa-='=a*-(-=»)=u*  +  !'^a6  ;  a   '^a"  '  =  a    '-<-7) 

i        1       A—l       f  ^  S         4       2  _a         3_^_*^ 

Ex.  7.  a' -rfl's  a^     *=a"*       *  =  a'' ;  a'^  •=■  o     *  =  o^      ^    '^ 

Ex.  8.  (a')'^a''"  =  a^  ;  (a-*)2=  a-^-'^a"*;  (a-»)-»  =  a-'"'-=' 

Ex.  2.{{ah-'\    '={0}""^     '  =  (a-b''  =  a-i^-6=o' 
=  a« 

Ex.  10.  ^y{a?¥lj\ahc*ij(ir^^)\f^  =  '^^{a%''{abc^{a-'^b''^c-^y^)a 

t  (a' ^A'^C'^^)'1^=  (039^26^1  3)A  =  "^^^<^- 

Ex.  11.  Divide  cP -a^ +  2a^  -2-a~^ +a-^  by  a^^a^  —a~^ 

OPKBATION. 

a^  4-a^  -  o~^-  o~  -^ )  a»-  o*  +  2u*  -  2  -  a~^  +  a   «(a2-a?+a~J_a~a 

O'  +  fl  ^  -  flS  -  1 

-a  »  -o* +a6 +  2a' -  1 -o    '  +  a-» 
¥       4       1         -f 

X         I~i         I  Z~' 

u^-a     '>  +  a'-l-«     '  +  a    ' 

J        1         _  2         _  i  L 
a^  +  o^-a     ^-a      6 

-a     «  -  1  +a      t-  +o-' 
•.l-a~^  +  a~'^«^+o-» 
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Exercise  XLIII. 

1.  Express  V";    \^«^    V*^'  ;    V(«^'c^  5   V(a6c)*  J   ^{a^bc^oy 
nnd  ^{a^L'^c'y  with  fractional  iudices. 

„  12.313  1.3a  a 

2.  Express    a';  6';  c'  ;     a^i^   .    (^abcy  ;    a'6' ;   (a'i»c)*  ; 

(a'*6*cSOT')5,  and    v^a't^c"  ;  "  -n-ith  the  radical  sign. 

3.  Express  ^^;     1  ;    L^    ^  ;     3..-,    ?^  •. 

3ah<J(cTn»)  1  ah^c^ 

""7,2/. 3/,;; —  ;    r,  an<l   -  i   i   -,  ■witb   negative    indices, 

80  as  to  remove  all  the  literal  factors  into  the  numerators. 

b^      3(7771        2a  1  Snry^         Aae 

4.  Express  2cr  :  —  :  —r-  ;  r-j- ;  ai^c'  ;     „  .   , — ;  r —    and 

5  J^(mn'x*) 
;,    ,.  T  37-,  with  negative  indices  so  as  to  remove  all  the  literal 

factors  into  the  denominators. 

3n^b-'  b-'        2 

3-^c-^m' 
i    /a-i\-»     /        1        N-i 


0-16 


5.  Express  c"^;   2a^6"'; ;   ;    — rj   ; T. 

77i~'c"*       ^  3-ic-«m'* 

1    /  -  ^  )      r       with  positive  indices. 

6.  Simplifj  (a~°  x  a  "')     and  (a*  x  a  "'  x  a*)~  *  and 

1.  Simplify  (V{V(a  »x^pac|)"   and  {V(V|V«!)  x  "V"- 
8.  Simplify  the  following  expressfon  : 

-^     ^     /        ,   X  x{a-iV(ft)    •V(<^-^)]r 
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10.  Multiply  J  -  3ab^  +  sJ  b  -  b^  by  J  -b^. 

11.  Multiply  J  -  a^x^  +  z'  by  a'  +  a'x*  +  x^. 

12.  Multiply  4x-2a;^l/~^+2a;'c^-y-i+l/~*2ny2x'+y"^-s  ' 

13.  Divide  9x- "I/- 4x    'y^  by  -  Sx"  *]/ -  2x-2. 

14.  Divide  a +  a'6~'  -  ah~^  ~  b''^  hj  J  +  ah  ~  '^  +a  «  6'"* 

.'.    _  a       i    _  1        _  5. 

fa^i     8  +  a?i     2  +  6     8^ 

15.  Divide  x-i  +  x~'-l  +x^+xbyx~^+x'4-l. 

3  I  _ 1  _3 

16.  Square  a'^  -  a  +  a^  +  1  -  a     ^-o    i+a     ^^ 

S  i  _  1  _3 

17.  Extractthe  square  rootofa'+2a'-l- 2a     ^+a     *. 

4  Si 

18.  Extract  the  square  root  of  x-^  -  4x  +  lOx'  -  16x*   +  19  - 

_1  _2  ,  _< 

16x    '  +  lOx     '-4x-^  +  x    ». 

19.  Extract  the  cube  root  of  X"  ^  7/^ -3x  ~ 'i/  +  3x*y  "  ^-xy    *. 

ii     i.  i     1  I 

2C.  Extract  the  cube  root  of  x-  -  6x^  y*'  +  2lx^  y^  -  Aix^  + 

5      2  16 

ioBx^y'^  -  54x^2/8  +  27;/. 


SURDS. 

167.  A  snrd  or  an  irrational  quantity,  is  a  quantity 
ivhich  cannot  be  represented  ■without  the  aid  of  a  fractional 
exponent  or  the  radical  sign. 

Thus,  VS,  \!a,  ^2,  V"^  or  a',  ^{a  +  Zi)  or  (a  +  i)*,  &c.,  are 
surds  or  irrational  quantities. 

168.  A  rational  quantity  is  one  ■whicli  does  not  neces- 
sarily involve  the  use  of  a  radical  sign  or  a  fractional 
exponent. 

Thus,  a,  a^b,  Sam,  (a^)'^,  (8c^y,  (32;ft=xiO)%  &c.,  are  rational 
quantities. 

XoTE  1. — ^The  last  three  of  the  quantities  given  above  are  written  in  the 
form  of  surds,  but,  the  power  being  such  that  the  root  indicated  in  each 
case  can  be  extracted,  the  quantities  are  rcaUy  rational.  Thus,  (a2)2  =  a; 
(8o3)3"  =  2o;  {32ot5x1  0)5  =  2/71X2. 

E 
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KoTE  2.— The  terms  r  oual  aud  irrational  are  u«9d  rimply  to  exprets 
the  fact  that  the  quantity\  as  or  has  cot  Foine  determinable  ra/to  to  unity. 
Tlir.s  W2  is  irrational  becai'o,  since  it  is  equal  to  uvity  phis  a  f^ecimal 
Khirh  ntither  repeats  nor  ten  xinatts,  we  cannot  compare  it  with  unity  so 
as  to  say  that  itcontains  unity  "u  that  unity  contains  it  any  definite  num- 
ber of  times. 

169.  Surds  are  either  I  litre  OT  mixed.  An  entire  surd 
is  one  in  whfch  tlie  whole  ?spres.sion  is  affected  by  the 
radical  sign  or  fractional  index  A  mixed  surd  is  one 
composed  of  two  or  more  factors,  one  of  whicli  is  not 
affected  by  the  radical  sign  or  fractional  index. 

—  13 

Thus,  ^/ab  ;  •^T  ;  (a  +  6  -  7c)*  ;    (ab^c^^  are  entire  surds. 

26'  ;  4V5  ;    3(a6)^  ;  4^27  ;  ab(ac^x^)^  are  mixed  surds. 

170.  In  mixed  surds  the  part  not  affected  by  the 
radlc:il  sign  or  fractional  index  is  called  the  coefficient  oj 
the  surd,  and  the  part  affected  by  the  radical  sign  or 
fractional  index  is  called  the  surd  factor. 

171.  Surds  are  either  similar  or  dissimilar.  Similar 
Burds  are  such  as  have,  or  may  be  made  to  have,  the  same 
burd  factor :  all  others  are  dis.<;imilar  surds. 

Thus,  V2,  7V2,  (a  +  *)\/2,  V^,  which  is  equal  to  2^2,  &c.,  ar« 
Birailar  surds.  SoalsoV"*;  m^ab  ;  (a  +  7n)(aby,  Ilx(aby, 
and  pa'6*  are  similar  surds. 

172.  A  surd  is  said  to  be  reduced  to  its  simplest  form 
when  the  surd  factor  is  made  as  small  as  possible  without 
putting  it  in  the  form  of  a  fraction. 

KOTB.— A  quadratic  surd  is  onoiii  which  the  fVactional  index  *  is   em- 


ployed; a  cubic  surd  is  one  in  which  the  index  *  is  employed,  &o. 

173.  To  express  a  rational  quantity  in  the  form  of  a 
Burd  : — 

Rule. — Raise  it  to  the  power  vshose  root  the  wri  exprettes,  cnyii 
place  tt  beneath  the  radical  sign. 


1 
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Ex.  1.  2a  =  (2a)'  =  {(2a)2l  ^  =  (4a^^  =  ^(43*)- 

Ex.  2.  ahn  =  (a^;/i)'  =  (a^in^y  =  ^(a^m*). 

174.  To  reduce  a  mixed  surd  to  an  entire  surd : — 

Rule. — Raise  the  coefficient  to  the  power  indicated  by  the  denom- 
tnatur  of  the  surd-index,  and  place  beneath  the  radical  sign  thl 
product  of  this  power  and  the  i^iren  surd  factor. 


Ex.  3.  4V2  =  Viti^V'-  =  Vl*i^  ^2  =  ^/32;  a^j^l  =  ^a^-^m  =  •Ja^m. 

Ex.  4.  2^7  =  -^8  X  ^7  ^  ^(8  x  7)  =  {'56  ;  c^ahn^  =  ^c^  x  ^(ain) 

=  ^{ac^m). 

/7n\  ^  rn\  f  m\ 

Ex.  5.  6a  ^(^— J  =  V(216a^)  ^  ^(^3-J  =  "t'f  216a'  x  -j  = 

^(■2a2,«). 

175.  To  reduce  an  entire  surd  to  a  mixed  surd  : — 

RcxE. — Reiolve  the  quantity  under  the  radical  sign  into  two 
factors,  one  of  which  is  the  greatest  possible  perfect  power  of  the 
root  indicated.  Extract  the  root  of  this  factor,  and  place  it  as 
coefficient  of  the  remaining  surd  factor. 


Ex.  6.  -^12  =  V3o  ><  ^  =  VSu  X  V2  =  6V2  ;  V20a*=  V^""  x  5a  = 

Ex.   7.  ^135  =  ^-ifVb  =  yJi  X  ^5  =  3-^5  ;   ^a^x^    -   a-x^    = 
^a^x^(x'=  -  a^)  =  ax{'x°  -  a^. 

176.  To  reduce  surds  to  their  simplest  form  : — 
Rule.  —  Re  luce  the  entire  surd  to  a  mixed  surd  by  last  rule,  and 
if  the  remaining  surd  factor  be  fractional,  multiply  both  its  nume- 
rator <iwl  denominator  by  such,   a  quantny  as   will   enable   us  to 
r-emove  the  latter  from  under  the  radical  sign. 

Ex.  8.  ^'4'32  =  V216xY=  ^216  x  ^2  =  6-^2. 
Ex.  9.  V?  =  V  5  '^-5  =  Vif  =  ViVxl5  =  Vi'o-  xVi5  =  .' Vi5. 
..,-^     .,, —      5^/48x25       5^/8x150     ,  „— 

«=  I  ^"^s  ><  -v"^^  =  i  X  I  X  ^'150  »  ^T3o. 
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177.  To  compare  dissimilar  surds  so  as  to  determine 
which  is  the  greater  : — 

'RvL^.-^If  mixed  surds,  reduce  them  to  entire  surds,  then  reduce 
their  indices  to  a  common  denominator,  and  raise  each  surd  to  the 
power  indicated  by  the  numerator  of  its  surd-index  when  thut 
reduced. 

Ex.  11.  Compare  3^3,  4^5,  and  ^325  with  one  another, 

that  is,  ^ST  ;   V^  «^nd  ^325;  that  is,  (81)5,  ,^80)^and  (325)6. 

that    is,    (81)6,  (80)6  and  (325)6  ;  that  is  (Sl^^   (SO^)^'  and 

(325)6, 

that  is,  (6561)6,  (512000)''  and  (325)6  whence  it   is   evident 
that  4-^5  is  the  greatest  and  ^325  is  the  least. 

178.  To  add  or  subtract  surds  : — 

Rule. — Reduce  them  to  the  same  surd  factor,  when  similar,  and 
then  add.  or  subtract  their  coefficients.  Dissimilar  surds  are  unlike 
quant itie-t,  and  we  can  only  indicate  their  addition  or  subtraction 
by  connecting  them  by  their  proper  signs. 

Ex.  12.  4V24  +  2V54  -  V6  +  3V96  -  5V150 
=  8V6  +  6V6  -  V6  +  12VtJ  -  25V6 
=  (8  4-  6  +  12)V6  -  (1  +  25)V6  =  26V6  -  26V6  =  0^6  =0. 

Ex.  13.  3Vi  -  2VtV  +  Vf^  3V^?j-  2V,Voj|;V^4^ 

179.  To  multiply  two  or  more  simple  surds  : 

EulE. — Reduce  them  to  the  same  surd  index,  then  multiply  tht' 
cocfficimts  together  for  a  new  coefficient  ami  the  surd  factors  together 
for  a  new  surd  factor. 


Ex.  14.  4V7  X  3V14  =  3x4xV7  x  14=  12V49  x  2  =  84^2. 

Ex.  15.  2^5  X  3^2  =  2(5)^  x  3(2)*  =  2(5)6  ^  3(2)^  =  2^125 
X  3^4  =  6^5U0. 
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180.  To  divide  one  simple  surd  by  another  : — 

Rule. —  Reduce  both  to  the  same  surd  index.  Then  divide  coeffi- 
cient by  coefficient  and  surd  factor  by  surd  factor. 

Ex.  16.  4Vll  r  2V5  =  tVV"  =  2VlI  =  fV55. 

2^2    3V3    7V5 
Ex.  17.  (2^2  -  3V3  +  7V5)  ^  ^2  =  ^  -  5];^  +  5^^ 

=  m  -  m  +  IV5  =  IV3I  -  fvii  +  iv^^  =  ci  x  ^V32)  - 

(i  >'  ^,  V12)  +  (o^  X  i^iO)  =  ,yz2  -  foVl2  +  VoV-iO- 

161.  To  find  a  multiplier  which  shall  rationalize  a 
biK^nnal  quadratic  surd,  and  hence  to  rationalize  the 
deiominator  of  a  fraction  when  it  consists  of  a  binomial 
qu..dratic  surd. 

I'ULE. —  Change  the  connecting  sign  of  the  given  binomial  quad- 
ratic surd,  and  the  resulting  expression  will  be  the  multiplier  re- 
q-^ired. 

Ex.  18.  What  multiplier  will  rationalize  2V2  -  3V3? 

Jus.  2V2  4-  3V3. 

Proof.  (2V2  -  3V3)  x  (2V2  -f  3V3)  =  8  -  6V6  +  OV^  -  27  = 

8  -  27  =  -  19. 

5V2-V7 
Ex.  19.  Rationalize  the  denominator  of  the  fraction  3  /^  ,  J^- 

Here  the  multiplier  is  3-^/5  -  ^6. 

5y2  -  V7  _  (Sy-j  -V7)(3V5  -  V6) 
^^^'^  3^5TV6  ~  (3V5  +  V6)(3V5  -  'J^) 

_  15VTo  -  3V35  -  10V3  +  V42 
~  45-6  • 

182.  To  find  a  multiplier  which  shall  rationalize  a 
trinomial  quadratic  surd  : — 

Rule. — First  use  as  multiplier  the  given  trinomial  quadratic 
surd  with  one  of  its  connecting  signs  changed,  the  result  will  be  a 
binomial  surd  which  can  be  rationalized  by  the  last  rule. 

1 


Ex.  20.  Rationalize  the  denominator  of 


V5  -  V2  +  3a/3" 
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Here   the  first  multiplier  =  ^J5  -  ^2  ~  3^3  or  V5  +  V2  +  3V3 

tJse  either,  say  the  former. 

T,,  1 V5  -  V2  -  3V3 

^"^°  V5-V^+3V3  "  1(V5  -  V2)  +  3V3}  {(Vo  -  V2)  -  3V3} 
V5  -  V2  -  3V3  V5  -  V2  -  3V3  V5  -  V2  -  .ys 

~  (V5-V-)^-2'7  "     (5  -  2V10  +  2)  -  27     ~       -  20  -  2ViO 
V2  -  V5  +  3V3 

~        20~+~2VlO  "'• 

Next  multiply  both  terms  of  this  by  20  -  2VlO. 

V2  -  V5  +  3V3  _  (V2  -  V5  +  3V3)(20  -  2VlO) 

^"^■^        20  +  2V10       ~  ~(20~+^2VlO)(20 -~2V10) 
_3nV2  -  24V5  +  00-^3  -  6V30        5V2  -  4V5  +   10V3  -  V30 
~  4U0~-  40  ~  60 


Exercise  XLIV. 

1.  Express  2^;  V  ;  2^  (IJ)'  I  (3^"';  3^;  (V«')"^  as 
equivaleut  surds  with  indices  whose  numerator  is  in  each  case 
+  1. 

2.  Reduce  a;  3;  4^;  2a;  3a^b ;  4x-!/',  to  equivalent  surds 
having  indices  i,  -  ^,  and  J. 

3.  Reduce  a^  ;  ^3  ;  2a'^b^  ;  ac' ;  4| ;  3''  ;  (U)"*  and 
(x  "  ^  1/  "  ^  2^)-  i  to  equivalent  surds  with  indices  -  ^  and  ^. 

—  1  1  /  a*\  -  J 

4.  Reduce  4V3  ;  5V5  ;  2V31;  i^/a;  iQy  and  o  (  "T"  ]        to 

entire  surds. 

2  fah\h      a  /3\i  i.  i 

5.  Reduce  -^  (^- j^  ;  _(^- j^    i(3i)'^;  |a)^  and 

_  2 

ia{lb)     ^  to  their  s,implest  form. 

6.  Reduce  3iy4i  2^a;  3(5)^;  a(c)i  ;  2a(3u'0 ~ ^;  |(?m)'  and 

/am  +  fiq\  -  i 
(am  +  2^5)  (^,,„,  _  ^^  1         to  entire  surds. 

__        _  1  /    11a    \-t 

7.  Reduce  ^135  ;  Vl62  ;  V^O  ;  7^324 ,  W?  i   3  hm:^) 

and  (a'/ft^  -  a^m'  +  a^m^)*  to  their  simplest  form. 
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«•  I^«d-«  \/{h?^^  ;  T\/(i"-)  •'  VC--*"-)   and 

V  J  ^ ■ — -  ^  to  their  simplest  forms. 

\  I  c  +  z  J  _        _ 

9.  Compare  as  to  their  magnitude  3V2  and  3^3  ;  3^2^,  2Vll 

and  3^7.  _         _  _  _ 

10.  Simplify  4VI8  +  3V32  -  V2  -  4V8  +  5V98  ;  also  SVi  +  V^O 

-  iVl5  +  V2. 

11.  Simplify  V28  +^81   +   2V63    -  2^24;    also    3b\a'cy  + 

12.  Simplify  72"'a'"P+ "/)""**«  +  V3"*a^'"  ■""'*^Z'"'*^  -^Vb^^. 

13.  Multiply  5V6  by  3V7  ;  SVio  by  2^5  ;  7V6  by  byfli)  ;    and 
3V6  by  4^60. 

14.  Multiply  vie  by  V8  ;   4a^  by  7a^    ;     2V3  .  by  ^72;  and 
(^4  X  n^Q)  by  2^5. 

ax  by  c^d 

15.  Multiply    together    -r- 'Jax,  ~i  ^Jby  and  —  i^cz  ;    also 

>c  -  v^y  +  y  by  v^  +  Vy- 

16.  Multiply  4V3  +  3V7  by  2^2  -  -h/o  ;  and  2V3  +  5V5  by 
JV'2"i  -  4V3. 

17.  Divide  3V2  by  4V3  ;  5V7  by  3V8  ;  2Vj  by  Vi  ;  and  2V2i 
by  3V3i- 

18.  Divide  C'/VZ  by  3^7  ;  3^4  by  2V5  ;   4-/!  by  3-7]- and  i^al 
by  S-Jax. 

19.  Divide  V2  +  3Vi  by  |VJ  i  ^3  -  •^v'^  +  6^7  by  2V3 ;  and 


«  ^a6"  -  i  c-  by   V    n-i^-;.- 


20.  Rationalize  V?  +  6;  V3  -  V2  ;  4V3  -€V2i-  ;  Wi  +  ^V2-and 

2  V2  +  V3 

21    Rationalize  the  denominators  of    ,^  ^  2W5  5    2^/5  -  3V6 
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3            a*Jm  -  ir^a 
22,  Rationalize   the  denominatorg   of  -jt, t  \    — ; — \ r; 


Vx^  +  X  +  1  -  Y^'  -  -r  -  1 

23.  Rationalize  the  denominator  of  — 

Vx''  +  i  +  1  +  -Jx^  -  X  -  1 

1  1  -  3V2 

24.  Rationalize  the  denominators  of  -77. j—, — j-.  ;  ,  ,  .  ,, — r-, 

2  +  3^3  >3-V2+V5'l+3V2-V3 

^"•^    1  +  2V3  -  V2 

THEOREMS. 

183.  Theorem  I. — The  product  of  two  aissimilar  quadratic  surds 
nnot  be  a  rational  quantity. 
Demonstration. — Let  -^u  and  'Jb  be  any  two  dissimilar  surds. 

Then  V''  ^  'Jb  cannot  be  equal  to  r,  a  rational  quantity.  For  if 
it  be  possible  let  ^Ja  -x  ^b  =  r.     Then  squaring,  we  get  ab  =  r^ 

.•.  b  =  —  =  -2'  -  ~^  (''•  Her.ee  extracting  the  square  root  we  get 

r 

y5  =   -  V'^  i  that  is,  ^Jb  may  be  made  to  have  the  same  surd  factor 

as  V'^)  f^Qd  therefore  'Ja  and  V^  are  similar  surds  (Art.  171),  but 
by  hypothesis  they  are  dissimilar,  therefore  they  are  both  similar 
and  dissimilar,  which  is  impossible.  Hence  ^a  x  -Jb  cannot  be 
equal  to  a  rational  quantity. 

184.  Theorem  II. — JI  quadratic  surd  cannot  be  equal  to  the 
sum.  or  difference  of  a  rational  quantity  and  a  quadratic  surd. 

Demonstration. — For  if  it  be  possible  let  V",  a  quadratic  surd, 
be  equal  to  the  sum  or  difference  of  r,  a  rational  quantity,  and  \/b, 
another  quadratic  surd,  i.  e.,  let  V'^  =  '■  i  V*'    Theaa  =  r'i2r^    . 

a  —r'—  b 
+  6  .-.  i  2/yi  =  a  -  r^  -  6  or  i  V^  =  — S »  ^^^^  *^'  *  Q"^'^" 

ratic  surd  equals  a  rational  quantity,  which  is  impossible  from 
the  definition  of  a  sura 

185.  Theorem  Id. — .-?  quadratic  furd  cannot  be  equal  to  the 
sum  or  difference  of  two  dissimilar  quadratic  surds. 

Demonstration. — For  if  it  be  possible  let  ^a  =  ^^  +  •y^wi  whari 
•/a,  '^b  and  'Jin  are  dissiuular  quadratic  surd; 
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Then  a  =  b  ±  2(V&  x  <^m)  +  m  .*.   f  2(V^  x  ^m)  =  6  +  m  -  J  or 
6  +  m  -  a 
%lbx^m= _^2 * 

That  is,  the  product  of  two  dissimilar  surds  equals  a  rational 
quantity,  which  is  impossible  by  Theorem  I. 

186.  Theorem  IV. — In  any  equation  consisting  of  rational 
quantities  and  quadratic  surds,  the  rational  parts  on  each  side  are 
equal,  and  so  also  are  the  quadratic  surds. 

Demo.v.stratiok.     Let  a  +  i/b  =  x  +  '^y,  then  a  =  x  and  ^Jb  =  Vy. 

For  since  a  +  ^6  =  a:  +  V;/)  then  fjb  =  {x~a)-\-^y,  hence  if 
X  -  a  does  not  =  0,  that  is,  if  x  does  not  =  a,  then  we  have  V^  = 
the.  sum  of  a  rational  quantity  and  a  surd,  which  (Theor.  11)  is 
impossible.     Therefore  x  =  a  and  consequently  \^^  =  'Jy. 

Cor.  1.  Hence  if  a  +  'Jb  =  x  +  i/y  then  also  a  —  ■^/b  =  x  —  ^y. 

Cor.  2.  Hence  also  if  a  +  V^  =  0,  then  a  =  0  and  also  V^  ~  Oi 
as  otherwise  we  should  have  ^/b  =  -  a,  i.  e.,  a  surd  =  a  rational 
quantity,  which  is  impossible. 

187.  Theorem  V. — If  the  square  root  of  a  +  'Jb  =  x  +  ^Jy,  then 
the  square  root  of  a  —  '^b  =  x  -  fjy. 

Demonstuation.       Since    by  hypothesis   ^(a  +  V^)  =  ^  +  ^/y, 
squaring  these  equals  we  get  a  ■¥  ^b  -  x'^  -^  2x^y  +  ?/,  and    .•. 
(Theor.  IV)  a  =  a:^  +  y  and  ^Jb  =  2x^y.     Then,  subtracting  equals. 
fri>m  equals,  we  have  a  -  -^/b  =  x^  -  Ix^Jy  +  y-,  whence  '^{a  -  ^/b) 
-  X  -  Vy. 

Cor.  Hence  if  VCV'^  +  V^)  =  V-*^  +  Vi/j   ^^^^  also  VCV''  ~  V^) 

=  V^;  -  Vy- 


188.  Suppose  it  is  required  to  extract  the  square  root 
of  a  binomial,  one  of  wliose  terms  is  rational  and  the  other 
a  quadratic  surd,  we  may  proceed  as  follows : — 

Let  the  given  binomial  whose  square  root  is  to  be  extracted 
»e  9  +  4^5,  and  let  V-^  +  Vl/  =  the  required  square  root. 
.  Then  ^J(9  +  4^j5)  =  V^  +  VV  •'•  9  +  ^V^  =  x  +  2'^xy  +  y. 

Hence  (Theor.  iv)  x  +  y  =  9,  and  2^/xy  =  4v'5  or  4xy  =  80. 

Then  (x  +  y)^  =  t' +  2xy  +  y^=8l.      Subtracting  the  equals 
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Axy  and  80  from  these  equals,  ■we  get  i*  -  2ry  +  y*  =  1,  wtence 
X  -  y=  1,  but  X  +y=  9  .'.  2x  =  10  and  x  =  5.  Also  2y  =  8  and 
y  =  4.     Hence  V^  +  Vy  =  V^  +  V*  =  V^  +  2  -■  square  root  required. 

189.  Instead,  however,  of  working  oat  the  question 
thus  in  full,  we  can  easily  deduce  a  general  rule  for  ex- 
tracting the  ^square  root  of  certain  binomialb  of  the  kind 
alluded  to. 

Thus,  let  a  +  V^  represent  the  given  binomial,  and  let  ^Jx  +  <Jy 

-  the  required  square  root.     Then  we  have 
V(a  +  V'')  =  V^  +  Vy  ;  then  by  Cor.  Theor.  v, 
V(«  -  V^)  =  V^  ~  Vy  )  multijilying  equals  by  equals  we  get 
'^(a'^  —  b)  =  X  —  y;  but  by  squaring  the  first  equation  we  get 
a  +  V^  =  X  +  2Vx!/  +  y  \  therefore  by  Theor.  iv, 
X  +  y  =  a,  and  we  have  shown  that  x  -  y  =  V(n^  -  i), 
Hence  by  addition  2x  =  a  +  -J(a^  -b)  .-.  x  =  J{a  +  V(a^  -  i)}, 
By  subtraction  2y  =  (J  -  V(''^  -  6)  •••  V  =  J{"  -  V(«^  -  i)}, 
And  substituting  these  values  for  x  aud  y  in  the  first  equation 

we  get  the  square  root  required. 

Ex.  1.  Find  the  square  root  of  11  +  0^2. 


OPERATION. 

Let  VI 1  +  t^V2  =  V^  +  Vy 

(i; 

Then  Vll^'^V^  =  ^/x-^y 

(n) 

Theor.  v  Cur. 

Vl2l  -  ri  =  x-y 

(m) 

=  (1)  X  (11). 

V49  =  X  -y 

(IV) 

=  (III)  reduced 

.'.  X-  y  =  7 

(V) 

11  +  GV2  =  X  +  i-Jxy  +  y 

(Tl) 

=  (i)  squared. 

.-,  X  +  y  =  11 

(VII) 

from  (vi)  by  T 

Butx-2/=    7 

(V) 

.-.  2x         =  18  and  x  =  9 

(VIII) 

=  (Vll)  +  (V). 

Also  2y        =4  and  y  =  2 

(IX) 

=  (V1I)-(T). 

Hence  VH  +  6V2  =  V^  +  Vv  = 

V9  +  V 

2  =  3  + V2. 
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Exercise  XLV. 
Find  the  square  roots  of: — 
1.   6  +  V^-  2.   12  -  V140.  3.  32  4-  V63. 

4.  23  -  2V22,  5.   10  -  ^96.  6.  42  +  3Vn4-2. 

7.  2  +  V3.  8.  43  -  15V8.  9.  a  -  l-JaT-'l. 


10.  2a  +  2V"^  -  6^       11.  8  +  V39.  12. —  +  ^6^^^-^ 


190.  It  appears  from  Art  189  tliat  when  a*  -  6  is  not 
a  perfect  square,  'Jx  and  ^/^/  will  be  complex  surds,  and  the 
expression  V-c  +  Vj/  will  be  more  complex  than  the  given 
expression  V(«  +  V^)-  Sometimes,  however,  the  square 
root,  may  be  similarly  found,  of  i\  binomial  consisting  of  the 
sum  or  difference  of  two  quadratic  surds,  i.  e.,  a  binomial 
hoth  of  whose  terms  are  quadratic  surds.     This  is  evident 

from  the  fact  that  'Ja^c  ±  V&  may  be  written  Vc  (a  +  V'~)> 

and  then,  as  above,  if  a'*  -  —  be  a  perfect  square,  the 

square  root  of  a  ±  V—  may  be  represented  by  ^/x  ±  Vy. 
Ex.  Extract  the  square  root  of  V27  +  2^6. 

OPERATION. 

V27  +  2V6  =  V9V3  +  2V2V3  =  V3(V9  +  2V2)  =  V3(3  +  2V2). 
Hence  V(V27  +  2V6)  =  V{V3(3  +  2V2)}  =  ^3'JT+TJT. 
Let  V3  +~2V2  =  V^  +  Vl/)  then  ^3  -  1-^1  =  ^x  -  Vy. 
And  V9~-^8  =  X  -  y  .-.  X  -  y  =  1. 
But  3  +  2V2  =  X  +  l4T\j  +  ?/  .-.  X  +  y  =  3. 
Hence  2x  =  4  and  x  =  2  ;  2]/  =  2  and  y  -■  1. 
Therefore  'slWW-  =  V2  +  1,  and  V3(V2  +  1)  =  ^3  (V*  +  VO 
=  iJVl  +  V3. 

EXEKCISB  XL VI. 

Find  the  square  roots  of; — 

1.  V32-V24.       2.  3V5  +  V40.      3.  3V6  +  3Vl2.      4. -/IS  -  4. 
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IMAGINARY     QUANTITIES. 

191.  An  imaginary  quantity  is  an  expression  -which 
represents  an  even  root  of  a  negative  quantity.  (See  Art. 
142.)       

Thus,  ■/  -  1 ;  -^  _  (i ;  ;^  _  1  ;  Y  -  a  ;  ?/  -  a,  &c.,  are  imaginary 
quantities.  We  caa  a/iproximate  to  the  value  of  sard  quantities, 
but  we  cannot  even  indicate  an  approximation  to  the  value  of 
an  imaginary  quantity,  which  must  therefore  be  regarded  &s  a 
purely  symbolical  expression.  Such  expressions,  however,  often 
occur  in  practice,  and  so  far  from  being  useless  have  leni  their 
aid  in  the  solution  of  questions  requiring  the  most  skillful  and 
delicate  analysis. 

192.  Imaginary  quantities  may  be  added,  subtracted, 
multiplied,  divided,  &c.,  like  ordinary  surds,  attention 
being  paid  to  the  few  simple  principles  given  in  next  para- 
graph. 

193.  I.  Any  imaginary  quantity  may  be  reduced  so  as  to 
involve  only  the  imaginary  expression  V  -  1  i  because  V  —  a' 
=  Vtt^  X  -  1  =  V^V  -  1  =  +  aV  -  1  •  So  also  V  -  «  =  V'^V  - 1 ; 

II.  (V  -  (ly  =  -  a,  that  is  -J  -  a  X  'J  -  a  =  -  o.  For 
though  it  is  true  that  '^  —  ax-J  —  a  =  '\J-ax  —  a=  Vtt"  =  +  a, 
we  say  here  that  V^**  =  —  a  because  we  know  that  the  a* 
has  arisen  from  squaring  -  a.  We  only  use  the  double 
sign  +  where  we  wish  to  indicate  that  or  }night  have  arisen 
£ix»m  squaring  either  +  a  or  —  o. 

IIL_(V^iy  =  V£i ;  ( V^)^=-^(V'^)*=_(V^* 
X  v~  =  - 1  X  V^  =  -  V  -  i ;  (V  - 1  )•*  =  f(V  - 1  )T  - 

(  -  1)-  =  +  1,  and,  since  every  whole  number  may  be  ex- 
pressed by  one  of  the  four  expressions  -in,  4n  +  1,  4/i  +  2, 
471  +  3,  according  as  when  divided  by  4  it  leaves  a  remain- 
der of  0,  1,  2,  or  3,  and  (V^l)*"  ' '  =  V"^l ;  (V^)'"  *' 
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=.  _  1  ;  (vri)""*  3  =  _  V^  aud  (V£l)*"  =  +  1  >  it  fol- 
lows that  the  formulae  V-1,  -1,-V-i,  and  +  1  express 
all  the  powers  of  V  -  !• 

IV.  V  ^i  X  V"^  =  VaV^  X  VZ'V^^  =  -Jab  (V^)' 
=  V''^  X  -  1  =  —  'Jab. 

Ex  1.  The  sum  ofV^  +  V^^  =  V4 V^  +  W"-^  =  2 V^ 
4-  3V^  =  5V^.  

Ex  2.  The  sum  of  3  -  V  -  64  -  (2  +  V"^)  =  3-V64V~l  -  2 
-^TT=3-8V-  l-2-V~  =  i-9V~.  

Ex.  3.  (2V  -  :i)  (SV  -  3)  =  (2V2V-1)  (SVSV^)  =  6VG(V^^)^ 
=  (GVO)x- l=-6y6.  _ 

Ex.  4.  (1  +  V~l') -  =  1  +  2V~i  +  (^^1)2  =  !+_ 2V~1  -  1  =  2V~1. 

Ex.  5.  (5  +  V-7)(5-V-  7)  =  (5)2 -(V-  7)'  =  25- (-7)  = 
25  +  7  =  32. 

, 2V8         V^IO         2V4\/2 

Ex.  6.  2V8  -  •/  -  10  ^  -  V  -  2  =  — _^  -         =  -^ 

-V-2 -V-2_-V_2.2 

V5V  -  2    _        4^3  V5V-2    _   -V5V-2        4: -J  -  2  ^/ -  l 

V5(-V^-^)  , V"^  

=   -^^ — +  (4V-1)— ^^  =  V5+4V-1(-1)=V5-4V-1. 

—  \J  -2  -^-2 

Ex.  7.  Fiad  the  square  root  2  -^4^  -  42. 
Let  V2  +  4V  -T2  =  ^x  +  Vy. 
V2  -  4V^^2  =  Vx  -  V?/. 


.^4  _  16  X  -  42  =  V*!  +  672^Vt376  =  26  =  x  -  t/. 

Also  2  +  4V^^2  =  X  +  1/  +  2Vxy     .-.     2  =  i  +  y.__         

Hence  x  =  14  and  y  -  -  12  and  V^  +  Vl/  =  V^*  +  V  -  12  = 
v'Tl  +  2V  ^. 


Exercise  XL VII. 
Find  the  value  of  .^-— 

1.  (4V-^7)  -  (2V-  12)  and  also  of  (a +V~6)  +  (a4-V~)' 

2.  The  sum  of  V  -  5,  V  -"'  a^^^  V  -  H- 
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3.  Ths  square  root  of  7  +  6^/  -  2. 

4.  (4V~3  +  1-f^l)  X  (4V~^  -  V~)- 

5.  The  square  of  (V -~2  -  3V~^). 

1 

6. with  denominator  rationalized. 

V2  +  V-  5 

7.  (aV^T)'"  ;   (V~y^  (V^l)",  and  (V^)"- 

8.  The  square  of  (a  -  V  -  «)• 

9.  The  cube  ofV2  -  V^- 

10.  The  square  root  of-  2  -  2V  -  15. 

11.  The  square  root  of  V  -  1  and  of-  ■/-  1- 

12.  The  square  root  of  31  +  42  V^- 

13.  (4  +  V~-~2)  divided  by  (2  -  V  -  2). 

\t.  14- Vi^-  (W3  +  2V3)V~  divided  by  7-V^. 
15.  (a  +  6  V  -  -l-)  multiplied  by  (a  -  6  V  -  !)•* 


SECTION  IX. 

QUADRATIC     EQUATIONS. 

194.  A  quadratic  equation  is  one  which  involves  the 
second  power  of  the  unknown  quantity,  but  no  higher 
power  than  the  second. 

Note.— Quadratic  equations,  like  equations  of  the  first  degree,  may  in- 
volve only  one  uuknowu  quantity,  or  they  may  involve  two  or  more 
unknown  quantities.  In  the  latter  case  they  are  called  simultaneotts  qiuid- 
ratic  equations. 

195.  Quadratic  equations  are  of  two  kinds  : — 
I.  Pure  Quadratic  Equations  ;  and 

II.  Adfected  Quadratic  Equations. 

196.  A  Pure  Quadratic  Equation  is  one  which  involves, 
when  reduced,  only  the  second  power  of  the  unknown 
quantity. 

•  This  example  indicates  a  mode  of  roaolviDg  a^  -f  b'  into  £&cton. 
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Thu3,  \^  ^  a;  x^  =  9  ;  x^  =  (x^y  =  16  ;  x^=  =  x«  =  (x^y  ~  * 
ai-  +b  -  cv^-  ■•7n  &c.,  are  pure  quadratics. 

197.  An  A-7fected  Quadratic  Equation  is  one  whic^ 
involves  the  Ji.rst  power  as  well  as  the  second  power  of  the 
unknown  quantity. 

Thus,  X-  +  6x  =  27  ;  ax^  -  bx  =  c,  ix^  -  3x  =  2x  -x^  +  a,  &c., 
are  adfected  quadratic  equations. 

198.  Any  equation  may  be  solved  as  a  quadratic  if, 
when  reduced  by  transposition,  &c.,  the  unknown  quantity 
appears  in  but  two  terms  and  its  exponent  in  one,  is  double 

that  in  the  other.  Thus  a;^  +  x'^  =  3,  x  -  b^x  -  50  ; 
'Jx  +  3\/x  =  9,  x^  -  2,B^  =  8,  &o.,  may  be  solved  as  quad- 
ratics, but  they  are  not  properly  speaking  quadratic  equa- 
tions. 

199.  Equations  involving  quadratic  surds  are  generally 
capable  of  being  solved  only  by  the  methods  employed  for 
quadratic  equations,  but  they  are  frequently  reducible 
to  simple  equations  by  the  following:  — 

Rvh^.— .Arrange  the  surd  terms  on  one  or  both  sides  of  the  equa- 
tion,  as  appears  most  convenient ;  square  both  sides  of  the  equation, 
transpose  and  reduce;  a^ain  square  if  necessary,  and  so  on. 


Ex.  1.  Given  Vt  + 

Vo  +  V-^ 

=  3  to  find  the  value  of  x. 

OPERATION. 

V7  +  V6  +  V'^  =  3 

(I) 

7  +  V6  +  V^  =  9 

(n) 

=  (i)  squared. 

V6  +  V-c  =  2 

(m) 

=  (n)  transposed  and  reduced 

6  +  V-c  =  4 

(IV) 

=  (in)  squared. 

Vx  =  -2 

(V) 

=  (IV)  tracsposed  and  reduced 

.-«;  =  4 

(TI) 

=  (v)  squared. 
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Ex.  2.  Given  ^/  {x  +  2-J(ax  +  a"^)]  -  ^Jx  =  ^a  to  fiad  the  value 
of  X. 


OPERATION. 


'.l\x  +  ■I'J^ax  +  a')\  ~  ^/ii  +  V-c 
X  +  2\/(ax  +  a^  )  =  a  +  2^/ax  +  x 

2V(«x  +  a2)  =a-^2\l'ax 
4ax  +  4t'^  =  a''*  +  ia^ax  +  Aax 
As]ax  =  3a 
16ax  =  9a* 


(0 
(n) 
(III) 

(IV) 

(V) 

(VI) 
(VII) 
(VIII) 


(i)  transposed 

(ii)  squared. 

(m)  transposed. 

(iv)  squared. 

(v)  transp.  and  then  -^ 

(vi)  squared. 

(vii)  -r  a  and  then  v  16. 


Ex.  3.  Given  ^a  +  x  =  ^^x^  +  5ax  +  6'  to  find  the  value  of  x. 


OPERATION. 


ya  +  x  =  ^A^x^  +  5a.r +  6'^ 


a  +  z  =  ^x-  +  5  ix  +  6- 

«*  +  2ax  +  x^  =  x'^  +  5ax  +  6^ 

3ax  =  a*-6» 

a* -62 
X  = 


3a 


(0 

(") 
(III) 

(IV) 
(V) 


=  (i)  raised  to  the  m*^  power. 

=  (ii)  squared. 

=  (III)  transp.  and  reduced, 

=  (rv)  T  3a. 


Ex.  4,  Given 


Vox -4       15  +  V9-C 


Vx  +  2      V-^  +  -10 


TTT  to  find  the  value  of  x. 


V9X-4 
Vx+2 


15+V9X 


Vx  +  40 

3x-4a/x  +  40V9x-160  _i 

=  15Vx  +  3x  +  30  +  2V9x  \ 
-4Vx-^130Vx-15v/x-6Vx  =  30flG0 
95Vx=  190 
Vx  =  2 
«  =  4 


(I) 


(ra) 

(IV) 
(V) 
(VI) 


=  (i)  cleared  effractions 

=  (ii)  transp.  and  red. 
=  (hi)  collected. 
=  (n-)  -r  95. 
=  (v)  squared. 
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Exercise  XLVIII. 

Find  the  value  of  r  in  tLe  following  equations  : — 

X  -  2       2'^Jx 

1.  Vl2  +  x=3+Vx  2.-^=—. 


3.  *Jx  -  2A  =  's/x  -  2.  4.  ^/x  -  V"^'"^  =  -^0,  +  X. 

5.  V  V /yV-^  -^123  +  4  +  5+ '3 +7- 2. 

6.  V"  +  V-^  =  V'"-^'-  '^-  "^21  +  V-*;*  -  x^  =  X  +  1. 

Jx  +  2S      38  +  V^  , 

8.  ^,~— T^  =    7— —.  9.  V-^+V-^  +  2-4(2+x) 

4  +  \Jx     yx  +  t)  V         » 


10.  '\Ja  +  x  -^  '^a  -  X  -   '^ax.     11.    a  +  x  =  \/«^  +  J^V^^  +  ^r^ 

V-r  +  2a     4rt  +  V-'^ 
12.  6+x  +  V(/^^  +  "x  +  x'^)  =  a.    13.    ——  =  -—-. 

14.  ^/x  +  V4c  +  X  =   2a(l  +  x)  ~  ^     15.  ^IT^'si  =   16  -  V^^' 

'^-    i^^T^y      +    l^a  -  x^      -    i^a^  -  X 
3  /      X      \i 

17.  ^x  +  vx  -  v^  -  V^  =  y  (^^t:7:^j 

18.  '\/x  +  a  =  c-\/x  +  b.     19.  x-^  +  a''^  =  '\Ja'^  +  '^Ta-''x-'^U^dxr* 
^Jx  +  a  +  'Jx  —  a 


20. 


\/x  +  a  —  ^/x  —  o 


200.  To  solve  pure  quadratics  we  proceed  by  the  fol- 
lowing : — 

Rule — Having  reduced  tke  equation  to  the  form  of  x^  -  a, 
extract  the  square  root  of  each  side,  and  prefix  the  double  sign  ±  to 
tfin  right-hand  member  of  the  resulting  equation 

Ex.  1.  Given  x*  =  a  to  find  the  values  of*. 

OPERATIOX*. 


x'^a' 
«  =  ±  a 


(0 
(a) 


t^S  'f  ;rr;      :f  :^ii.ected 
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TTOTE  -The  youn?  student  in  Alpcbra  i?  somptimes  at  a  \on  to  know  why 
tlio  double  sisn  i  is  not  also  prefixed  to  tlie  Iclt-hand  rc^-raber.  since  ex- 
triciiiv  tl.o  sfiuare  root  of  each  side  tloosrpally  give  ix  =  +  a  instead  of  I 
r  4  n  "riie  form(>r  of  tlicse  expressions  is,  however,  easily  reducible  to  the 
latter.  Thus,  if  i  a-  =  i  o,  then  +  i  =  +  a.  or  +  x  =  -a.  or-a;  = 
+  a,nr  —  x  =  —  a.  but  the  last  two  of  these  expressions  are  equivalent  to 
the  first  two  transposed.  So  that  on  the  whole  a:  =rr  a  or  x=  -  a,  that  is, 
X  =ia  It  appears  from  this  that  when  we  extract  the  square  root  of 
the  two  members  of  an  equation  it  is  sufficient  to  put  the  double  sign 
before  the  root  of  one  of  the  members. 

Ex.  2.  Given  4x«  +  11  =  x-  +  14,  to  find  the  values  of  x. 

OPEUATIOS. 

=  (i)  transposed  and  collected. 

=  (11)  4  3. 

=  (in)  with  V  of  each  memter  teien. 

x'  +2 

to  find  the  values  of  x. 

5x" 

OPERATION. 


4x' 


+  11  =  x^  +  14 
3x-  =  3 

X2   =   I 

x  =  i  1 
Ex.  3.   Given  Si'^-  4  = 


x«  -4  = 


r'  +  2 

15x*  -  20  =  X*  +  2 
14X''  =  22 
x2  =  -if 


(0 

(II) 
(III) 

(IV) 


=  (i)  X  5x",  i.  e.  X 
=  (ii)  transposed. 
=  (III)  i  14 


8  since  i"  «  1. 


X  =  iVV-  =  iViJ  =  ±VVj><"  =  iW" 

Ex.  4.  Given  x+Va*"+^''  =  '  ■- ■  to  find  the  valacs  of «. 


2a* 


x^/a'  +  x«  +  a«  +  x»  =  2a«  |  (n) 
(III) 


OPERATION. 

(0 


iVft'  +  x^  =  a^  -X 

a''x*  +  X*  =  a*  -  2a'^x»  +  x*   j  (iv) 

'ta-x^^a*  I  (V) 


=  (i)  X  V^Tx^ 

=  (ii)  ti^nsposed. 
=  (III)  squared. 
=  (iv)  transposed. 


(VI)     =  (V)  +  3a'. 


I  aVi  =  1  aV2  -  +  i*/-'<. 


I 
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Ex.  5.  Given  -  -. =  -r  to  find  the  value  of  jj. 

OPERATION. 


■Jn^-x'^-'Jr-i  +  X^       b 


2V'*-  x^  _  6+i 
■  2^r^~+^  ~  b-d 
(b  +  o')2 


(6  +  df 


a'  -  X' 

=  a»----r — ~  (a^  +  c^)  = 


(0 

(") 
(III) 

(IV) 
(V) 


=  (i)  taken  as  in  Art.  106  (vii). 
=  (II)  cancelled  and  then  squared. 
=  (in)  taken  as  in  Art.  106  (viii). 

=  (IV)  X  {a?  +  c^). 

20^(6^  4-  (/^)  -  (6  +  W)'a»  -  (6  +f/)V 
2(.6^  +  dO 

a\lb'^  +  2-/2  -  6^  +  1hd-(P)-f(bJrjy  _  a^(b'^-2br/  +  d^-  r^(b+(r)' 
~  2(0^+  a')  ~  2{b^  -^d~) 

a2(6  -  dy  -  r\h+_dy 
~  2(6^  +  ^^) 

Note. — In  eo  lations  of  the  form  of  Ex.  5,  in  which  the  nnknown  quan- 
tity does  not  et)  -er  into  both  sides,  tlie  principles  deduced  in  Art.  103  may 
be  used  with  nuc.i  advantage,  as  is  here  illustrated. 


Exercise  XLIX. 
Find  the  values  of  x  in  the  following  equations  : — 


1.  2i"  -  6  =  i'  +  3. 
2x       x^  +  3 


9 


3. 


2x 


■  2  +  2x       2  -  2x 
4.  4x^-  8x0  -  1^ 


-r-  »  25. 


5.  (X  -  3)^  =  13  -  6x.  6.  3(x  +  5)'  -  7x  =  23x. 

lOx^  +  17       5x'''-4       12x^+2 
18         "  ~9~    "  nx^^^S' 


~  V9  +  2x*  =  15.  9.  a  +  V(x  -  3)(x  +  3)  =  4ti. 

r?v9v^'^—  =  y.         11,  ^/a'x-'  +  b'-^a'x-'-b'^b. 
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13.  ^/a?  -  x^  f  xVa*  -  1  =  a}-J\  -  x\ 

14.  X  +  V6^  +  x^  =    „„ i. 


15.  V3  +  {x-'Jlx  =  'Jlx  -3.         16.  v'"  +  ^  +  -^a-a:  =  6. 


201.  By  transposition  and  reduction,  and  change  of 
sicrns,  if  necessary,  every  adfected  quadratic  equation  may 
be  reduced  to  the  form 

x'  +  ;3X  +  9  =  0 
where  p  and  q  are  either  positive  cr  negative,  integral  or 
fractional. 

202,  To  inve.?tigate  a  rule  for  solving  adfected  quad- 
ratic equations,  vie  proceed  as  follows: 

If  we  take  any  binomial,  as  x  +  a,  and  sqnare  it,  we  ohtain 
a^+2«x  +  a^  Now  we  observe  that  (fl^)  tlie  last  term  of  tin's 
square  is  the  square  of  half  the  coffficient  of  x  in  tbe  second 
term,  and  we  hence  conclude  tliat  when  we  have  reduced  a 
given  quadratic  equation  to  the  form  x^  +  fx  =  -  9,  we  may 
regard  tbe  lifl-band  member  as  being  comf'oscd  of  tbe  first  two 
terms  of  the  square  of  a  binomial,  and  that  we  may  make  the 
1st  member  a  complete  square  by  adding  to  it  the  square  of  half 
the  coefficient  of  its  second  term,  and  of  course  adding  this  to 
one  side  wo  must  also  add  it  to  the  other,  iu  order  to  preserve 
the  equality  of  the  members.     Thus  we  get 

x"  +  px  +  J  =  -  g  +  — . 

The  first  member  of  this  equation  is  now  a  complete  sqtiare,  and 
we  observe  that  by  extracting  the  square  root  of  each  side  we 
shall  get  rid  of  thf  second  power  of  the  unknown  quantity,  and 
thus  reduce  the  quadratic  to  a  simple  equation.     Thus, 


^^Wt-,- 


Whence  by  transposition  ^  =  -  ^p  ±  V 
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203.  Hence  for  the  solution  of  quadratic  equations  -we 
have  the  following 

RpLE. — By  transposition  and  reduction  arrange  the  equation  in 
suck  a  manner  that  the  two  terms  involving  the  unknown  quantities 
shaH  be  alone  on  the  left-hand  side,  und  the  coefficient  of  x^  shall  be 
¥  1. 

II.  ^dd  to  each  side  of  the  equation  the  square  of  half  the  coeffi- 
tient  of  X. 

III.  Extract  the  square  root  of  both  sides  of  the  equation,  and 
thence  by  transposition  find  the  values  of  x. 

Ex.  1.  Given  x^  +  iOx  =  -  24  to  find  the  values  of  x. 


OPERATION. 

0) 

(II)     =  (I)  with  Oi^y=  5^=  25  added  to 

each  side, 
(ill)     -  (ii)  with  square  raot  taken, 
(iv)     =  (in)  transposed. 

Note  —When  we  pol  ved  the  general  equation  x'^4-px+(f=0,  we  obtained 
X  =  ^(+  V/*-  — 4<7  —  p)-  Kow  we  may  use  this  as  a  formula  for  findirg 
the  value  of  x  in  a  quadratic  equation.  Thus,  iu  the  last  example  p  =  10 
aud  q  =  2i;  then 

x=  i(+V/-49-p)  =  i(+Vl00-96-  10)  =  i  (+-/4-  10) 


x^+  lOx  =  -  24 
x'  +  lOx  +  25  =  1 


X  +  5  =  +  I 
+  1  -  5  =  -  4  or 


=  K±2-10)  = 


-  12 


2     -       2      =-4or-6. 
But  although  quadratic  equations  may  thus  be  solved  by  formula,  this 
method  should  be  resorted  to  only  by  the  advanced  student,  as  the  junior 
student  requires  all  the  practice  he  can  get  in  the  solution  of  quadratics 
ty  completing  the  square,  &c. 

X  x+  1        13 

Ex.  2.  Given  — ,-7  +  =  —  to  find  the  values  of  x. 

X  +  1  X  6 


=  (i)  cleared  of  fractions. 
=  (II)  expanded. 
=  (III)  transp.  and  red. 
=  (iv)  with  1  =  (^)=' added. 
=  Cv)  with  sq.  root  taken. 
l(vu^l  -scTiitranspose.^  and  r(*«L 


OPERATION. 

X          x  +  1        13 
x+  1  ■*■      X      "6 

(I) 

6x^  +  6(x+  1)2=  13x(x  + 

1) 

(") 

i='  +  (ix'''+12x  +  6=  13xHl3x 

(III) 

X*  +  X  =  6 

(IV) 

x»  +  X  +  i  =  6  +  1  =  2^^ 

(V) 

x+J=+| 

(vO 

*  =  i|-i  =  2or-3 

i(v";i 
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2jr  +  9       4x  -  3 
Ex.  3.  Given       g"  +  4^  +  3  "  3 

3X-16         ^   ^     ^ 
+  — ,0—  to  find   the 

values  of  J. 

OPBHATION 

2x  +  9       4x-3            3X-16 
"~9~  +  4xT3"^'*"~18~ 

(0 

Tlx  -  54 
4X  +  181--                =54+3x-16 

(») 

=  (l)xl8. 

4x  +  3 

(III) 

=  (II)    transp.  and  red. 

72x  -  54  =  SOx  +  60  -  4x^  -  3x 

(IV) 

=  (III)   x  (4x  +  3). 

4r^-5x  =  lU 

(O 

=  (IV)   iransp.  and  red 

x^-^;x  =  4* 

(VI) 

=  (V)   T  4. 

x'«-^x  +  H  =  M*+H  =  Hr 

(VU) 

(vrii) 

=  (VI)  wiih  (5)*  added. 
=  (vir)  with  square  root  of 
each  side  taken. 

X  -  i  i/  +  i  =  6  or  -  4J 

(IX) 

=  (viii)  transp.  and  red. 

a'x' 


2ax 


m' 


Ex.  4.  Given  -  , —  —   =  -  — 7  to  find  the  value  of  x. 

OPERATION. 


a-c^x^  -  2acm^x  =  —  m* 

0) 

2m^              m* 

a* I  =  _ 

ac              u^c' 

(a) 

,      2w»           m* 

x^ X  +•-.,.  =  0 

(III) 

z =  0 

ac 

(IV) 

X    =   — 

nr 

(V) 

a^c* 


-     added 
uc  J 


=  11  with 

=  III  with  sq.  root  not  taken. 

=  IV  transposed. 


Note.— In  this  example  we  may  conclude  that  the  two  roota-oi  the 

equation  are  equal. 


E.XKRCISE    L. 

Find  the  value  of  x  in  the  following  equations  : — 
1.  2x='  +  8x  -  20  =  70  2.  x^  -  19  =  8x  -  10. 

3.  x»  -  8x  =  20  4.  x"  -  29  =  16  -  12x 
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6.  2a;'+x-15=70-x-x*.     6.  x«-4x  +  15=  10x-2x«. 

7.  118x-^x3  =x2  +  23i.  8.  4x2-3x-20  =  5x  +  300. 


a      2 

+  -  =  -,  10.  x2  +  3x-72  =  201 -x-4x*. 

X      a 

3x      x-1  x2  +  12 


a 


^^-  ;^— 6~=^-2i-  12.  — 4x+Jx  =  0. 

13.  x*-x  =  |x-2.  14.  acx' +  hex  =  adx  +  bd. 

x  +  Vx       x*-x 
15    — -  -  = •  16.  x«-x-40=  170. 

X- yx  i 

X       3        X       4        11  X-2X-3      X+4X  +  2 

1'^-  3"  ^  X    ^  4"^  x"  ~  72'      1^"  x+2~x  +  3  ""  x-4~x-2" 

19.  (7x  +  3)  (3  +  7x)=  10{2(x-l)(3+x)  -  (3  +  2x)(x- 3)}. 

20.  ax* -6x  +  c-/x*  +  cx-6. 

21.  (a-H( +x)"' =a'' -m-' +x"^ 

22.  abx^ -2x{a  +  b)^d)- (a-by. 

204.  Many  of  the  foregoing  equations  when  reduced 
fc,-«ume  the  general  form  ax^  +  bx  +  c  =  0,  where  a,  h  and 
c  may  be  any  quantities  whatever ;  now  when  we  further 
r.Juce  this  to  bring  it  under  the  rule  (Art.  203}  we  get 
a;*  f  —X  -  — ,  and  consequently  we  have  the  inconvenience 
of  Jealing  with  fractions  throughout  the  entire  process. 
T  i>  obviate  this  difficulty  we  may  proceed  as  follows  : — 

•J-nKing  the  equation  ax^  +  bx  =  -  c,  let  us  multiply  every  term 

bj  4a,  and  then  add  6^  to  each  side  of  the  resulting  equation, 

avid  Tf-e  get  4a-x-  +  4a6x  +  6*  =  -  4ac  +  b^.     The  left  hand  meni- 

bfcf  is  now  a  complete  square,  and  extracting  the  square  root  of 

ejich  b.t^mber  we  get  2ax  +  6  =  ±  '^Ib'^  -  4ac 

-  b  ±'Jb'^  -  Aac. 
whence  x  =  - 


2a 

20r^    This  operation  translated  gives  us  the  followin"- : — 
RfLE.  — //aiJ/ng-  reduced  the  equation  to  the  form  ax^  +  bx  -  c 

multiply  racy  term  by  four  times  the  coefficient  ofx'-,  and  to  each, 

inember  of  me  resu'ting  equation  add  the  square  of  the  coefficient 

oj  the  seconu  lerm. 

Then,  extract  the  square  ruit  of  both  terms,  transpose  and  reduct 

and  thus  obtain  ihe  values  ofx. 
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Ez.  I.  Given  Sx^  -  2z  =  65,  to  find  the  values  of  i. 

OPERATION. 


=  (i)  X  12  i.  e.  4  times  3,  the  coef.  of  x*. 

=  (II)  with  (2)*  =  4  added  to  each  side. 

=  (ill)  with  square  root  extracted. 

=  (iv)  transposed 

=  (v)  reduced. 

=  (V)  V  6. 

4x-  10 
■   — —r-  =  3^  to  find  the  values  of  x. 


3x«  -  2x  =  65 

(0 

36x'2  -  24x  =  780 

(") 

36x2-24x  +  4=  784 

(111) 

6x  -  2  =  ±  28 

(IV) 

6x  =  2  +  28 

(V) 

6x  =  30  or  -  2G 

(VI) 

X  =  5  or  -  4^ 

(VII) 

3x-  7 
Ex.  2.  Given 

X 

Zx-1       4X-10 

H 

(0 


(m) 

(IV) 

(V) 
(VI) 
(VII) 


X  +  5 

7x2  _  39^  =  70 
19Gx*  -  1092x=  19G0 
196x2-  1092X+  (39)2=  1960+1521 
14r-39  =  -^3481=  +  59 
14x  =  39  +  59  =  98  or  -  20 
.-.  X  =  7  or  -  IJ 

Ex.3.  Given   (3a5 +62)(x' -x  + 1) 
find  the  values  of  x. 

OPEUATION. 

(Za^  +62)(x«  -X  +  1) 

=  (362  +a2)(x2  +X+  1) 
x2-x+l       362 +a« 
x^T  X  +  I  ^  3a2""-r6~ 
2x2  ^.  2       Ah"'  +  4a2 

-  2x     ~  2i/'^  -  ia* 
x*  +  1  _  262  ^  2a» 

—  X     ~     b'  —  a^ 
(62-a«)x2+62_a2=_2(62+a2)x   (v) 
(i2-a-)x«  +  2(62+a2)x  =  a2-6''  (n) 
4  (^2-  a2/x2+  8,6*-  a*)x  +  4(6^+  «-)•==  4(a^- 

i  (6^  -  tt2)2j;^  f  8  (6*  -  a*)x  +  4  (b* 


=  (i)  X  2x  (x  +  5)  and  red. 

=  (ii)x28  i.  e.  4  times  7. 

=  (III)  +  (39)2 

=  ijiv 

=  (v)  transposed. 

=  (vi)  -  14. 

(36^+a2)(j2  +  j+l)  to 


(0 
(") 

(III) 

(IV) 


(i)  +  (3a2+62)(x*  +  r+l) 
(ii)  as  in  Art.  106  (vii). 

:  (in)  reduced. 

:  (iv)  cleared  of  fractions. 

; (V)  transposed. 
.62)(6--uO+4(6--ra2)2(vii) 
+  a»)^  =  \0a^o'  (viu) 
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2<6»  -  a^x  +  2<J2  +  a^)  =  i  4a6  (ix) 
(6*  -  a-Ox  +    (6*  +  a^)  =  i  2a6 
(t»  -  a^)x  =  -(b^  +  a^)±2ab  =  -a'i:2ab-b* 
(a^  -  b^  =  a'*  +  2a6  +  b' 


X  = 

(a- 

■  b^ 

(a  + 

6)» 

"^'    a^_ 

■  6=' 

/ 

.  X 

a  - 
a  + 

b        c  +  6 
b°'  a-b 

(td)  =  (vi)  X  4  times  coef.  of  x^,  i.  e.  x  4^b^  •■  a^)  and  then  each 
side  increased  by  the  sq.  of  2(6^  +  a^),  the  coef.  of  the  2Dd  term, 
(vm)  =  (to)  witJi  right-hand  member  reduced,     (lx)  =  */\ui. 


EXEECISK  LI. 
Find  the  value  of  x  in  the  following  equations  r— 
1.  3x*-9  =  76- 2x.  2.  x2-x=210. 


3.  4x2  -  3x  =  85^ 

4. 

X        5 

6.  4x*+  6x=  2x  -x2+  273, 

6, 

3r«+  8x  +  11  =  32  -  i*. 

2          7 

^•^J-x=x.r 

8. 

d^'  +  abx  =  acx  +  be. 

9.  Jx2+5  =  §i  +  5|. 

10. 

7x2  -  2  =  -  (2  -  V  3)x  +  4-r^V^3. 

11.  x2+  6ax  ^  b\ 

12. 

5  -  X       X                 7  +  4x 
S  +  x'a'S"^"       13- 

X       m       5 

14. 

mx^  4-  77171  =  27iix<Jn  f  tix^. 

(n+nri+x^+x 

15    (l  +  x+x^=            „_1 

^ 

x*+3x'+6 

^°-  x^  +  x-4--''+2^-^l^ 

THEORY  OF  QUADRATIC  EQUATIONS. 

208.     We  have  seen  (Art.  204)  that  the  roots  of  the 
general  equation  ax^  +  bx  +  c  =  0  are 
-  6  +  V  t*  -  4c/c 
2a 
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Now  from  this  it  appears  that 

I.  The  two  roots   are  real  and  different  in  value  if 
¥  >4ac. 

II.  The  two  roots  are  real  and  equal  in  value  if  6*  =  4<ic. 

III.  The  two  roots  are  impossible  or  imaginary  if  6*  <  4ac. 

hence  if  any  equation  be  expressed  in  the  form  of  ax'  +  bx  +  c  =  0, 
its  roots  are  real  and  differbnt,  real  and  eqdal,  or  imaginabt, 
according  av  b^  >,  -  or  <  4ac  ;  and  similarly  if  th-e  equation  b-  of 
tk-  form  X*  +  px  +  q  =  0,  its  roots  are  real  and  diffbeent,  eeaJ< 
aTid  kqoal,  or  imaginary,  according  as  p^  >,  =  ,  or  <  4q. 

207.  Theorem  1. — A  quadratic  equation  cannot  have  more  than 
two  rcots. 

Demonstration. — For  if  it  be  possible  let  the  quadratic  equa- 
tion ax^  +  bx  -i-  c  have  three  roots  as  fi,  y  and  5.     Then 

(0 

(") 
(III) 

(IV) 
(V) 

(vr) 


a0^  +  6/3  4-  c  =  0 
aV  +  67  +  c  =  0 
a52  +65  +  c  =  0 

a(i3='-7^)+6(e- 
a(^»-8^)+6(/3- 

7)  =  0 
5)^0 

a(/8  +  7>  +  6  =  0 
a(i3  +  S)  +  6  =  0 

0(7  -  5)  =  C 

\ 

(0  -  00. 

(I)  -  (III) 

(tv)  -r  (3  -  7)  •which  is  not  =  0, 
•.•  by  hypothesis  ^  is  not  =  7. 

(VII)  =  (v)  ^  (B-S)  which  is  not  =  0, 
•••  by  hyp.  ji  is  not=  5. 

(VIII)  =  (VII)  -  (VI). 

Now  a  is  not  =  0,  otherwise  ax^  +  6x  +  c  =  0  would  becoma 
bx  +  c  =  a,  which  is  not  a  quadratic  equation  ;  therefore  (7  -  5) 
must  =  0,  and  therefore  7=8;  but  by  hypothesis  7  is  not  =  5, 
which  is  absurd.  Ileace  a  quadratic  eouation  cannot  have  threa 
roots. 

208.  Theorem  II. — In  any  quadratic  equation  reduced  to  tht 
form  '»/x*  +  px  +  q  =  0  the  coefficient  0/  th*  2nd  term  is  eqitalj 
when  its  sis;n  is  changed,  to  the  sum  of  tha  roots,  and  the  3rd  ttrvi 
i$  equal  io  the  product  of  the  roots. 
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Demonstration. — Let  the  two  roots  of  the  equation  x^  +  px 

•K^  =  0  be  ^  and  y.     Then  -  i  p  +  V(i/^  -  l)  -  P 

And  -i  p-'Jiip^-q)  =  y 

Bj  addition  -  p  =  fJ  +  y  =  sum  of  the  roots. 

By  multiplication  |  -  i  p  +  V(i  P*-  ?)}  i  -  i  P  -  V(i  P*  "  ?)}  ^  /^X- 

That  is,  i  p*  -  (Ipi^  -  q)  which  is  =  q  =  fiy  =  product  of  roots. 

Cor.  If  fi  and  y  are  the  roots  of  the  equation  ax'  +  6x  +  c  =  0, 

b  c 

then  0  +  y  =  -  —  Had  By  ^  — , 

209.  Theorem  III. — If  8  and  y  are  the  roots  of  the  equation  x*  + 

px  +  q  =  0,  then  (x  -  /?)(x  -  >)  =  x^  +  px  +  q. 

Demonstration,  (x  -  /7)(x  -  y)  =  x*  -  (/3  +  y)  x  +  j3y. 

But  (3+y)  =~p  and  /^y  =  q.     (By  Art.  208.) 

.-.  (X  -  /3)(x  -  y)  =  X*  -  (  -  p)x  -i-  q  =  x'  +  px  +  q. 

Cor.  If  /3  and  y  are  the  roots  of  the  equation  ax*  +  6r  +  c  =  Ij 

b  c 

that  is,  of  the  equation  a(x^  +  —  x+— )  =  0.     Then  we  have 

ax^  +  6x  +  c  =  0  =  a(x-  8)(x  -  7). 
Cor.  2.  If  ax'  +  6x'  +  cr  +  d=  0  he  a.  cubic  equation,  and  if  ita 
iroots  he  0,  7,  ^  ;  then  a  (x  -  ;S)(x  -  7)(  x  -  J)  -  ax''  +  6x*  +  ex  +  d, 

iLLtJSTRATTVB     ESAMPLKS. 

Ex,  1.  Form  the  equation  whose  roots  are  -■  3  and  4 

OPERATION. 

Since  x  =  -3,  x  +  3  =  0,  and  since  x  =  4,  x  -  4  =  0. 
Then  (x  +  3)(x  -  4)  =  0,  that  is  x^  -  x  -  12  =  0. 
Ex.  2.  Form  the  equation  whose  roots  are  2,  -  2,  3  and  0. 

OPERATION. 

x-2  =  0,  x  +  2  =  0,  x-3  =  0,  x  =  0.     Then  we  have 
(X  -  2)(x  +  2)(x  -  3)x  =  (X*-  4)(x^-  3x)  ^  x*  -  3x»  -  4x2  +  12x  =  q 
Ex.  3.  Form  the  equation  whose  roots  are  1,  -  1,  3,  -  2,  and 

2±V7. 

OPERATION. 

x-l=  0,  x+l=  0,  x-3^0,  x  +  2=<^,  x-2-V7=0,  and 
t  -  2  +  V7  =  0. 

Then  (x  -  l)(x  +  l)(x  -  3)(x  +  2)(x  -  2  -•\f1){x  -  2  +  V^)  =  », 
that  is,  (x^  -  1  Xr*  -  X  -  6)(x*  -4x  +  4-7)  =  0, 
that  is,  x"  -  5x4  -  6x*  +  ^^x*  +  23x*  -  27x  -  18  =  0. 
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Ex.  4.  Find,  trithont  soMng  the  equation,  the  sum,  difference, 
aotl  product  of  the  roots  of  x'-  -  42x  +  117  = 

OPERATION. 

Let  /3  and  y  be  the  roots,  then  Art.  208  /3  +  y  =  42  and  Qy-  117. 

Then  by  inspection  find  two  num'oers  whose  sum  -  42  and 
product  =  117,  and  thej  areeridenily  3  and  39,  and  hence  the 
difference  of  the  roots  -  36. 

Ex.  5.  For  what  value^of  c'/n  will  the  equation  3x*  +  7x  +  c^m 
=  0  have  equal  roots  ? 

OPERATION. 

From  Art.  206  it  appears  that  in  the  equation  ox*  +  6i  +  c  =  0 
the  rf>ots  will  be  real  and  equal  when  6^  =  4a<:,  that  is,  in  thia 
equation  wtcn  7^  =  4  x  3  x  c^m,  or  when  \.l(?m.  -  49,  or  c^  =  4^^. 

Ex.  6.  If  fl  and  7  be  the  roots  of  the  equation  x^  -  /)x  +  9  =  0, 

/3       y 

find  the  value  in  terms  of  »  and  0  of  —  +  —   and  of  S'  +  y*. 
^  -i         y       ^  ' 

OPERATION. 

Art,  208.  3  +  y  =  P  ana  &y  -  q. 

3         y        ^^+>f       /3'  +  >^      ,      „      /3»+2fly+y» 

Then  —  +  —  =  -— —  =  ~- +  2  -  2  = 2 

y         j8  /3/  iS-v  /By 

-  ly  q   '■"        2      • 

And  j8»  +  y»  =  j8^  +  33V  +  ^Bf  +  Z  -  (33V  +  33} V  ^  O  +  >/ 

-  3^KiS  +  >)  =  i^  -  39;-  -  Pip"  -  3q). 


1 


ExEnciss  LIT. 

1.  Form  the  equation  whose  roots  are  -  2,  and  -  7. 

2.  Form  the  equation  whose  roots  are  4,  -  2,  I,  and  0. 

3.  Form  the  equation  whose  roots  are  2,  -  2,  3,  -  3,  and  0. 

4.  Form  the  equation  whose  roots  are  5,  -  5,  2,  -  2,  and  3  +  ^-J. 
6.  Form  the  equ;aion  whose  roots  are  1,  2,  3,  4,  and  5  +  yjd, 

6.  Form  the  equation  whose  roots  are  5,  4,  1,  0,  and  2  ±-^  -  i. 

7.  Given  5  and  -  2,  two  roots  of  the  equation  x*  -  6x'*  t  5x* 
+  12x  =  60,  to  find  the  other  roots. 

8.  Given  1  1  V  -  ^^i  t^'o  roots  of  the  equation  x*  -  Ix*  +  8x* 
-  8x  =  21,  to  find  the  other  rooU. 
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9.  Given   14,  one  root  of  the  equation  x^  +  6x'  -  3920  =  0   to 
find  the  other  roots. 

10.  Given  2,  one  root  of  the  equation  x*  -  6x'  +  13x*  -  lOx  =  0 
to  find  the  other  roots. 

11.  Given  3  and  -  4,  two  roots  of  the  equation  x'^  -  2x*  -  25x' 
f  26x^  +  120x  -  0,  to  find  the  other  roots. 

12   Given  4  V  -  2)   ^'^'^  roots  of  the  equation  x'  -  x*  -  2x' 
-  4x  =  0,  to  find  the  other  roots. 
13.   For  what  value  of  c  will  the  equation  2x^  +  4x  +  c  =  0  have 
equal  roots. 

14.  If  ;8  and  y  be  the  roots  of  the  equation  ax'  +  6x  +  c  =  0, 
form  the  equation  whose  roots  are  the  reciprocals  of  these. 

15.  If  0  and  y  be  the  roots  of  the  equation  x'^  +  px  +  q  =  0,  find 


i 


] 


the  value  of  g^  +  y^,  of  (0  -  7)^ ;  of  3^  -  7^  ;  of  —  +  —  and  of 
B'  -  7"- 


EQUATIONS  WHICH  MAY  BE  SOLVED  LIKE 
QUADRATICS. 

210.  There  are  many  equations  which  though  not  quad- 
ratics in  reality  may  be  solved  by  the  rules  for  quadratics. 
Such,  among  others,  are  equations  which  come  under  one 

1  JL 

or  other  of  the  general  forms  ax-"  +  bx"  +  c  =  0  or  «x"  +  hx" 
+  c  =  0,  in  which  n  is  any  integral  number,  and  a,  b,  c, 
positive  or  negative,  integral  or  fractional. 

Ex.  1.  Given  x  +  6x^  =  -  8  to  find  the  values  of  x. 

OPERATION. 


x  +  6x 


i, 

J 


r  +  6x'  +  9  =  1 

I*  +  3  =  i  1 
T^  =  4-  1  -  a 
I*  =  -  2  or  -  4 


(I) 
(n) 

(III) 

(V) 

(vi) 


=  (i)  with  square  completed  by  adding  9 
to  each  side, 

=  (11)  wit'j  square  root  extracted. 

=  (m)  transposed. 

=  (iv)  reducea. 

=  (v)  squared. 
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Ex.  2.  Given  ^t^  +  22^Jx  =  23  to  find  the  Taluei  ot  x. 

OPERATION. 

=  (i)  with  (11)*  added  to  each  Bide. 
=  (ii)  with  square  root  extracted. 
=  (III)  transposed  and  reduced. 
=  (iv)  cubed. 
Ex.  3.  Given  V-^  +  12  +  V-^  +  12  =  6  to  find  the  values  of  at. 

OPERATION. 


a;'  +  220-*  =•  23 

(0 

x^  +  22x^  +  121  =  144 

(n) 

X*  +  11  =  i  12 

(in) 

X*  =  1  or-  23 

(IV) 

x=  1  or-  12167 

(V) 

(x+  12)^  +  (j:+12)^  =  6         I   (I) 
(x+12)^  +  (x+12)^  +  i^'/    (u) 


(x  +  12)*  +  i  =if 

(x+  12)'  =  2  or-3 
X  +  12  =  10  or  SI 
r  =  4  or  69 


(III) 

(IV) 
(V) 

(n) 


=  (i)  with  i  added  to  each  sid* 

-  (ii)  with  sq.  root  taken. 

=  (III)  transposed  and  reduced. 
=  ^iv)  raised  to  4ih  jiower. 
=  (v)  iransjiosed  aud  reduced. 


Ex.  4.  Given  x*  -  35x^  =  -  216  to  find  the  values  of  x. 


x6  -  35x»-  -  216 

4x6  _  140x3+  1-225=  361 

2x*-  35  =  i  19 

2x*=  54  or  !6 

x^s  27  or  8 

X  =  3  or  2 


OPERATION. 

(0 
(il) 
(III) 
(IV) 
(V) 
(VI) 


=  (i)  X  4  anti  (35)' added. 

=  (11)  with  sq.  root  taken. 

=  (ill)  transi>osed  and  reduced. 

=  fiv)  T  2. 

=  (V)  with  ^  taken. 


Ex.  6.  Given  5V(x^  +  5x  +  28)  =  x'  +  5x  +  4  to  find  the  value* 
of  X. 

OPERATION. 


x^+5x  + 4 -5V(x' +  5x4-28)  =0 
(x^+6x+28)-5(x^  +  5x+28)*  =  24 

(x»+5x+  28)-5(x'+  5x  +  28)*+  2/  =  ^\^ 
(x»  +  6x  +  28)*  -4  =i.^ 


(0 

(lU) 
(IV) 


=  (i)  with24nddedto 

each  side. 
-(11)  with(|)=added. 

=  (III)  with  V  talcen< 
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(x2  ■h5x  +  2S)^  =  8  or-  ?■ 
x^  +  5,r  +  28  =  C4  or  9 
x^  f  5x  -  3(j  or  -    '.9 
x^  +  bx+  "  .   ••;-"  or-iji- 
^  +  '2  =  +  ¥  or  4  ^V-5l 
X  =  4  or  -  9  ;  or  ^  (-  5  +  V-^O 


(V) 
(VI) 
(VII) 
(VIII) 
(IX) 
(X) 


=  (iv)  transp.  and  red. 
= (v) squared, 
=  (vi)  transp.  and  red. 
=  (vii)  with  (5)*  added  to 
=  (via)  with  sq.  root  taken 
=  (ix)  transp.  and  red. 


Note.— In  tnis  example  we  should  find  by  trial  that  only  the  first  two 
rootjs,  i.  e.  4  and  -9a;e  roots  of  the  proposed  equation,  the  other  two  being 
rootiS  of  the  equation  xi  +  5x  +  ^  +  b^J  (x^  +bx  +  28)  —  0. 
(Sx-i  +  10x2+  l)(5a'«  +  I0a-+  1)  _ 


Ex.  6.  Given 
values  of  x. 

(5x*+10x2+l)(5a<+10n2+l) 
(x-*+10x^+0X"'+10a-  +  5) 
bx*  +  lOx-  +  1  u'  +  10(/5  +  5a 
r^  +  10x3  +  5x  ~  50^  +  loT^Tl 
x"  +  Sx-*  +  10x3  +  ioj.2  +  5x  +  1 
x^'-^x-'  +  lOx-*  -  1 0x2  +  5j;  _  1 
l  +  5a+  10a-  +  10't3  +  5'/^  +n^ 


(x*  +  lOx^  +  5)(a^  +  loa-  +  5) 

OPERATION. 

(0 
(n) 


=  ax  to  find  the 


I-5a+  lOa'^-lOj'*  +  5a+-a 
(x+1)'        (1+fl)* 


(X  -  D* 

X  +  1 

X-  I 

2x 

y 


1  +  a 
l-a 

1 
la 

1 


[  (in) 

J 

(IV) 

(V) 

(VI) 
(VII) 


,  ,     I       a*  +  10a*  +  5 
(i)x  —X      -   -         „    - 


=  (ii)  taken  thus  : 
hen  ■>rNum.    I>e?i.  +  Nvm. 
lien.  -  Num.  ~  Den.  —  Num. 
=  (ill)  bracketed. 

=  (iv)  with  ^  taken. 

=  (v)taken  as  in(iii)above 

(vi)  cancelled. 


Ex.  T.  Given  x^  -  1  =  0  to  find  the  values  of  x. 

OPERATION. 


X6-1  =  0 

(0 

(I3  +  1)(X3-1)=0 

(H) 

~^  •,  •  _  /\ 

/"I) 

^-S^a^Civ) 


=  (i)  factored. 
Equation  (ii)  is  satisfied  by  taking 
either  x-^-l  =  0  or  x3+  i  =  o,  and  there- 
y  fore  we  consider  x'  -  1  =  one  root  and 
I  x3  +  1  =  other  root,  and  we  get  8epa« 
I  ratel^  x*  +  I  =  0  aad  x'  -  1  =  0. 
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(x+1)(x'-x  +  l)  =  0     (v)  I  =  (m)  factored. 

(i-l)(x''  +  x4- 1)  =  0     (VI)  i  =  (IV)  factored.  < 

X  +  1  =  0    (vii)  '  =  one  factor  of  (v).  ' 

x^'-x  +  1  =  0    (viii)   =  other  factor  of  (v). 

X-  1  =0  I  (ix)  I  -  one  fictor  of  (vi). 
x^  +  X  +  1  =  0  I  (x)  I  =  other  factor  of  (vi). 

.-.  X  =  l,x-  -  l,x=  i  (1  4  V  -  -i)  and  x  =  ^  (-  1  +  V-  3). 

ICoTE. — Nos;  (VTii  and  (iX/ pive  iis  by  transposition  x  = -land  x  =:  1, 
and  solving  tlieiiuuuratic  eiiuatious  (via)  and  (x)  wo  get  the  other  lour 
roots  X  =  i(  1  +  V  -  3)  and  x  =  ^  (-  l  4^.3). 

The  above  is  of  course  equivalent  to  liudiug  the  six,  sixth  roots  of  unity, 

Ex.  8.  Given  x*  +x^  -  4x^4-  x  +  1  =  0  to  fiad  the  values  of  x. 


OPERATION. 


X*  +  13  _4x2+x+  1  =  0|  (i) 
1        1 


x^  +  x-  4  +—+-,  =  0 

1  1 

x^+     ,4-x  +  —  =  4 


(^'+2  +  -V)  +  (. 


=  6 


i=i 


«  +  —  =  2or-3 


(") 
(III) 

(IV) 
(VI) 

(vn) 


-  (1)  ^  x\ 

=  (11)  transposed  and  arranged. 

=(iii)  with  2  added  to  each  side. 

=  (iv)  differently  expressed. 

=  (v)  with   sq.   completed   by 
adding  j  to  ench  side. 

=  (vi)  with  V  taken. 


(VIII)  =  (vii)  transposed  and  reduced. 


Thus  we  get  two  distinct  quadratic  equations  : — 

1  ,  ,  , 

I.  X  +  —  =  2  or  x'  -  2x  =  -  1  whence  x  =  I  : 

X 

II.  X  4-  —  =  -  3  or  x»  +  3x  =  -  1  tf    :*,!;  j.  >  -^i^^A"^ 
Ex.  9.  Given  x*  +  3x  =  14  to  find  uK>  V£3I0S  Cf C* 
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x*  +  3x=  14 1  (i) 

a:*  +  3x2=  14x1  (ii) 

r*  +  7x*  =  4x2  ^  i4_j.   (^ij) 

X*  4-  7x2  ^  A9   =  4x2  +   14X  +  i9     (ly) 


x2+i  =  ±(2x+i) 


(V) 


=  (l)  X    X. 

=  (ii),  4x2  fl(3(]g(j  to  each  side. 
=  (in)  with  sq.  completed  by 

adding  ■'^-'  to  each  side. 
=  (iv)  with  '\J  taken. 


This  gives  us  two  separate  quadratic  equations  : — 
1.  x2  +  I  =  2x  +  I  or  x2  -  2x  =  0  whence  x  =  2  or  0  ;  and 
n.  x2  +  I  =  -  2x  -  J  or  x2  +  2x  =  -  7  whence  x  =  -l±V-6. 


49x2 


43 


Ex.  10.  Given  —,-  +  -j  -  49  =  9  + —  to  find  the  values  otx. 
4         x'  X 


49x' 
"  4" 

49-:2 


-  49  =  9  + 


48        6 
-  49  +  -r  =  —  +  9 


OPERATION. 
6 


49x2  49         1  6 

--_49  +  —  =  —  +  —  +  9 


7x       _7^  /_!_ 


+  3 


V 


(0 
(■1) 
(in) 

(IV) 


=  (i)  arranged. 


=  (11)  with  -J  added. 


=  (hi)  with  V  taken. 


This  also  gives  us  two  distinct  quadratic  equations 


+  3  or  7x2  -  6x  =  16  ^jjence  x  =  2  or  -  1 }  ;  and 


7x 


.-7  1  — 

II.  — -—  =  _  —  _3or  7x2 +6x  =  12  whence  x=  i(_3iV93), 

Exercise  LIII. 
Find  the  values  of  x  in  the  following  equations: — 
1.  X  -  G'Jx  =  13.  2.  x«  _  4X-'   =  -  3. 

3.  X*  +  20  =  14x2  '.  20.        4.  x"  +  1-/^   =  1107  -  Ix^. 
5.  x-Z^Jx  +  6-2-V-1  +  6.     6.  2x4  _  ^^  =  496. 
7.  x«  -  Sx"  =  513.  8.  X  +  5  =  6  +  V-c  +  &• 
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9.  Vx^  +  V.»  =  6VX.         10.  ^4-:^^  =  -^^^. 

li.  V-r  +-21  =  12  -  Va:  +  21.     12,     V-^^  "  -^1^  -  x  =  0 
X*  +  a;*  +  2       x'  +  x^  -^ 

13. T—    =      3 T— . 

x^    -  X*  X*  -  X'^ 

54  -  Py.r  _        7j^  -  3x  +  4  23x  -  ACy^fi 

X  +  -i^x    ~  (o  +  '^x)(x  +  ^Vx)  0  +  Vx     ■ 

15.  x^  -  3x^  +  3x  =  9. 


16.  V(x  -  l)(x  -  2)  +  ^{x  -  3)''x  -  4.)  =  V2. 

17.  z^*  -  3x  +  2  =  0. 


18.  Vx^  +  ux  +  6  +  Vx''  -  i/x  +  6  =  c. 
19. 


v'x  +  V^  -  X       V-*^  ~  'Ja  —  X       V-^ 


2Vx*  +  (Jox'^  +■  9x  +  540  4-  89 


20.  Vx  +  60  +  -Jx'  +    9  

Vx  +  60  +  Vx^  +  9 

21.  xi^  =  1. 

22.  X*  -  ex'^  +   llx  =  6. 

23.  x»  -  4x2  +  X  +  6  =  6. 

24.  x'  -  8x2  +  llx  =  -  20. 
X  +  a        /2x  +  a  +  fN* 

"  ■  X  +  6  ~    i  2x  +  6  +  c  J  * 
26.  3x»  -  Hx''  +  21x  =  10. 
2"  X  +  a  +  3^a6x  =  b. 

28.  9x  -  4x2  ^.  (4_^,2  _  9x  +  11)^  =  5. 

29.  (X  +  6)=*  +  2x*(x  +  6)  =  138  +  Vx. 

30.  X*  -  4X-'  +  6x2  _  4j.  =  5_ 


31.  2xVl  -  X*  =  a(l  +  X*). 

32.  j(x  -  2)2  -  x}2  -  (X  -  2)2  =  83  -  (X  -  2), 

33.  ax*  +  ix*  +  ex*  +  ix  +  a  =  0. 

34.v(x^-,-,j   W(a2-^-, 

35.V(2x  +  4)-2V(2-x)=~^J^. 

2x«  +  1  +  xV(4x»  +  3) 
^^'  2x2  +  3  +  3:^(4x2  +  3)  =  <•" 


ABt.  211.] 


SIMULTANEOUS  QUADRATICS. 


nl 


37.  (X  -  l)(x  -  2)(3;  -  3)(x  -  4)  =  8. 

38.  (X  -  l)(x  -  2)(x  -3)(x  -  4)(x-5)(a;-6)(x-'7)(x-8) 
:  (x2-  nx)(17x2-  153X+  230)  +401. 

39.  (X  -  1 )  (X  -  2)(x  -  3)  =  (X  +  l)(x  +  2)(x  +  3). 

40.  (V-cTT  -  2)(V.r  +  1  -  3)+  5V{V^KV^+"i  -6)+V^l  - 1}  =  0. 
4 ! .  8.i*-  16x^  +  4x-'-x-  2(2x2  _  2x  +  1)^4? -  8x^-4x''  +  3x -  I  -  0. 

2Crt  +  x)(n''(?  - 1  x^  -  6)  6cx 

42.  «6x  -  ■'  +  -^ ^^:^^ =  c  -  Vx»  -  — ,-  +  a^). 

ax  ^  a^         ^ 

43.  8x=*  +  22x2  ^  24x  +  9=0. 

44.  3x*  -4x^+1 7x2  _  6x  =  -  5. 

x^+2x(V3-V5)-?V^  +  8      x2-2x(V3-V5)-V2CV30-V32) 


45. 


X-V3  + V5 
x2  +  8  -  2Vl5. 


a:+V3- V5 


SniULTANEOUS  EQUATIONS  OF  THE  SECOND  DEGREE. 

211.  No  general  rule  can  be  given  for  the  solution  of 
quadratic  equations  involving  more  than  one  unknown 
quantity.  In  dealing  •with  these,  therefore,  the  student 
must  be  left  very  much  to  his  own  ingenuity.  Very  often 
by  attentively  considering  the  question  an  artifice  will 
sugi^est  itself,  by  means  of  which  the  roots  may  be  easily 
found.  The  following  solutions  afford  illustrations  of  the 
employment  of  artifices  which  are  very  frequently  used 
with  much  advantage. 

Ex.  1.  Given  x'^  -y'^ 

X 


-2/^  =51  I 
+  y  =17  j 


to  find  the  values  of  x  and  y. 


OPERATION. 

a:2-y^=51 

(I) 

X  +  T/=  17 

(III) 

(IV) 

x-y  =    3 

=  (I)  V  (n). 

2x=  20 

=  (II)  +  (III) 

x=  10 

(T) 

=  (IV)  +  2. 

2y=14 

(VI) 

=  (n)  -  (III) 

y=    7 

(vu) 

=  (V)  f  2. 
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Ex.  2.  Given  x^  +  y^  =  lA 
X  +  y  =  12 


to  find  the  values  of  x  and  y. 


OPEKATION. 


c^  +  7/«  =     74 
X  +  y  =     12 


a-*  +  2xy  +  y'  =  144 

2xy  =  70 

X*  —  2xy  +  y'  =  4 

X  -  y  =  2 

2a.'  =   14  .-.  X  =  7 

2y  =   10   .-.  2/  =  5 


0) 
(lO 

(HI) 

(IV) 
(V) 
(VI) 
(VII) 
(VIII) 


=  (ir)  squared. 

=  (III)  -  (0- 

=  (1)  -  (IV). 

=  (v)  with  '^  taken. 

=  (!!)  +  (VI). 

=  (II)  -  (vi). 


Or  thus  ; 


r'  +   y' 

X  +  y 


=  74 
=  12 


X  =  12  -  y 

x2  =  (12  -  yY 

(12  -  yf  +  y^  =  U 

144  -  24y  +  y^  +  y'^  =  74 

■iy''  -  24.?/  :^  -  70 

y'-  -  121/  =  -  35 

y'  -  \2y  +  3r.  =   1 


(>) 
(") 

(HI) 
(IV) 

(V) 

(VI) 
(VII) 

(via) 

(IX) 


y  -  6  -  ±  1      (x) 
7/  =  7  or  5     (xi) 
Then  x  =  12  -  j/  =  12  -  7  or  12 
Ex.  3.  Given  x  +  y  =     33 
xy  =  2CG 

OPERATION 


^} 


=  (ii)  tr.<insposed. 
=  (III)  squared. 
=  (i)  with  (12-j/)'subs.  foi 
=  (v)  expanded. 
=  (vi)  transposed. 
=  (VII)  -  2. 

=  (viii)  with  sq.  completed 
adding'  3G  to  each  side. 
=  (ix)  with  V  taken. 
=  (x)  transposed. 
5  =  5  or  7. 


b7 


to  find  the  values  of  x  and  y. 


X  +  y  =  33 

xy  =  266 


+  2x1/  +  if  =   1089 
4x7/  =   10G4 


2x  =  38  or  28 
2y  =  28  or  38 


■■^  -  2xy  +  i/^  =  25 
X  -  y  =  ±  5 

=  19  or  14 


y  =  14  or  19 


(0 

(") 
(III) 

(IV) 

(V) 
(TI) 

(VII) 


=  (i)  squared. 
=  (II)  X  4. 

=  (in) -(IV). 

=  (v)  with  V  taken. 

=  (I)  +  (VI). 

=  0)  -  C"). 
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Or  thui  • 

X  +  y  =  33 

xy  =  266 

X  =  33  -  2/ 

y  (33  _2/)=  266 

tf  -33y  =  -  266 

4y^-132!/+  (33;2=  25 


2)/  -33  =  +  5 
2y  =  38  or  28 
y  =  19  or  14 
Ex    4.   Given  2x2  +  ^xy  +  y^  =  20 
5x2  +  4^ 


(I) 
00 
(in) 

(IV) 
(V) 

(VI) 


(VII) 

(VIII) 
(IX) 


=  (i)  transposed. 
=  (ii)  with  33  -y  sub.  ff^r  x. 
=  (iv)  expanded  and  x  -  1. 
=  (v)   X  4  and  with   1089 

added  to  each  side. 
=  (v;)  with  V  taken. 
=  (vii)  transposed. 
=  (VIII)  T  2. 


20  I 
41  j 


to  find  the  values  of  x. 


OPERATION. 

In  equations  like  this,  in  which  either  or  both  of  the  equations 
Ave  homogeneous  in  all  those  terms  which  involve  the  unknown 
quantities,  put  x  =  vy,  then  x-  =  v'^y'^,  and  xy  =  vy-,  and  the  so- 
lution will  be  much  facilitated. 


2.r'''  +  3x2/  +  3/2=20 

5.r^+4y^  =41 

2i;V+  3vjf  +  y^=  20 

5v~y^  +  4:1/'^  =41 

(2v'+  3v+  l)y^  =  20 

(5y2  +  4_)^2_  41 

_20 

^    ~  2i;2  +  3y+i 

41 

2/ 


5i;^  +  4 


20 


41 


2i'^+3y  +  l 


5v^  +  4 


(0 
CD 
(III) 

(IV) 
(V) 
(VI) 

(VII) 

(VIII) 

(IX) 


(X) 

(XI) 

41 


=  (i)  with  vy  written  for  x, 

-  (ii)  with  vy  subs,  for  x. 
=  (III)  factored. 

=  (iv)  factored. 

=  (v)^  (2y2  +  3y+  1). 
=  (vi)  -r  (5i;2+4). 

-  right    hand    members    of 

(vii)  and  (viii)  equated 
to  one  another  (Ax.  xi). 

-  (ix)  reduced. 
=  (xj  solved  by  ordinary  rule 


6t>^-41v  =-13 
V  =  J  or  ^.^ 

^    "  bo'  +  4  "^  5(^)^+4  "'■  60^2^)^+4 

Vi'f  =  AV2i^  -'■  a;  -  "--v  =  J  X  3  or  Y  X  ^■^~\  =  1  or  \\^ln. 


=  9  or  siV     Hence  y  =  3  or 
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Ex.  5.  Giveu  x' +  y' =  180 


to  find  the  values  of  x  and  y. 


x^y  +  xy^  =  1  i 

OPERATION. 

In  order  to  show  that  several  different  plans  nay  generally  be 
adopted  in  dealing  with  simultaneous  quadratics,  so  as  to  evolve 
the  values  of  x  and  y,  we  shall  give  two  or  three  different  solu- 
tions of  this  problem. 

1st  Method. 


x^+7/  =  189 

(0 

xhj-{-xy'^=  180 

(lO 

3x^y  +  .3x?/2  =  540 

(III) 

(IV) 

=  (II)  X  3. 

x^  ^  3x^y  +  3xy^  +  f  =  729 

=  (I)  +  (111). 

X  +  2/  -       9 

(V) 

=  (iv)  with  ^  taken 

xy(x  +  y)  =  180 

(VI) 

=  (ii)  factored. 

xy  =     20 

(VII) 

=  (VI)  ^  (V). 

Hence  x  =  9  -  y ;    xy  =  y{9  -  y)  =  20  or  y^  -  9y  =  -  20,  whence 
y  =  5  or  4  and  X  =  4  or  5. 

2xD  Method. 
(I) 
(") 
(III)     =  (n)  factored. 

(iv)      =  (III)  V  xy. 

(v)      =  (iv)  raised  to  3rd  power. 

(VI)       =  (v)  -  (I). 

(vii)  ]  =  (vi)  simplified 

(vin)  I  =  (vii)  -r  3. 


x'  +  y^  =  189 

x'^y  4-  xy'^  =  18C 

x.?/(x  +  y)  =  180 

180 
X  +  w  =  

^      xy 

ISO-' 
3xhj  +  3xy'  +  y^=  ^,^, 

-  189 


180^ 
3xhl  +  3xy^  =     .,  , 

^     xY 

5832000- ISOxy 
3xy(x  +  y)= ^,^ 


xy(x  +  I/) 


1944000-63.rV 

xY 
1 944000 -63,ry 


ISO  = 


xY 


l80xV=  1944000-63xV 
243xY  -  19440C0 
xy  =  8000 
»y  =  20 


(IX) 

(X) 
(XI) 
(XII) 

(xiu) 


=  (viii)  with  18C  substituted 

for  x!/(x  +  y). 
=  (ix)  cleared  of  fractions, 
=  (x)  transposed. 
=  (XI)  ■^  243. 
=  (xu)  with  ^  takea. 
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Then,  as  before,  since  xij{x  +  y)  =  180  and  xy  =  20  .-.x  +  y  =  9 
and  X  =  9  -  y,  ■whence  y(9  -  y)  =  20  or  "^  -  9y  =  -  20,  wherefore 
y  --  5  or  4  and  x  =  4  or  5. 

3rd    jxETHO. 


x'  +  ^'=  189 

x'-y  +  xi/2  =  180 

-f  ;)U  («-£)*=  189 


y  +  GtJ2^  =  189 
2o^-2vz^=  180 
6r^  -  Gvz^  =  540 


Hei 


(I) 
(") 
(III) 

(IV) 


(V) 

(yi) 

(VII) 

(VIIl) 
(IS) 


29  or  2y  =  9  or  w  =  I 
)orSz2x|  =  9ors=+^ 
ex  =  v  +  2  =  |  +  ^=5or4. 
y  =  i;  -  2  =  3  -  (i  i)  =  I  i  i  =  4  or  5, 

4th  Method. 


=  (i)  wim  ^t)  +  c)  written 
for  X  and  (t  -  z)  for  y. 

=  (ii)  written  thus,  x!/(x  +?/) 
and  then  (y  +  r)  and  (y  -  c) 
substituted  for  x  and  y. 

=  (hi)  expanded  and  red. 

=  (iv)  expanded. 

=  (VI)  X  3. 

=  (v) +  (vu> 

=  (V)  -  (VI) 


i3  +  2/3_  189 

Xhj  JrXX/=  180 
X!/(x  +  1/)  =  180 

180 

^         XI/ 


x^  -  x(/  +  2/" 


lSO)-y 


I    1/     -»-  ly 


189x1/ 

180 
189i>2/'' 

'UTy2/2+  180/=  189t;y2 

,!0d^-  412;+  20  =  0 

20tj2_41v  =  -  20 

180 
\80  or  2/*  =  -7— 


30 


180 


(0 

(") 
(III) 

(IV) 

(V) 

(VI) 

(VII) 
(VIII) 

which 
(is) 


=  (ii)  factored, 
=  (III)  +  1 

=  (I)  V  (IV 

=  (>  )  with  vy  sabs,  for  x. 

=  (VI)  X  180. 
=  (VII)  trans,  and  v  9!/^_ 
is  a  quadratic  equation, 
whence  ?;  =  ^  or  f . 

=  (ii)  with  vy  subs,  forx 


Hence  i/  -  r^^    r-r  or  ttt-t-t  =  64  or  123  wlience  2/  =  4  or  5 
and  r  =  5  or  >i. 
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In  order  to  save  figures,  the  second  method  is  better  applied 
by  letting  x  +  y  =  s  aud  jy  =  p,  then 

(0    1 
(II) 

(HI) 
(IT) 

(V^ 


J.3  +  y3  = 

1«9 

X 

^1/  +  3:y^  = 

180 

^  -  3sp  = 

189 

sp  = 

18(^ 
J  80 

s  = 

P 

180' 

s'  = 

7="- 

3sp 

180* 

=  y  - 

189 

540 

18')' 

189 

729  = 

180* 
180 

9  = 

P 

P 

=  20 

sp 

=  180  .-.  . 

^  9 

(VI) 
(VII) 
(VIII ) 

(IX) 

(^) 

(XI) 
(XII) 


.•  x'  +  y*-  (x  +^)'-  3x!j(x  +  y) 
•,•  x^y  ■+  xy^  =  x!/(x  +  y). 

=  (III)  ^P- 


=  (v)  cubed. 

=  (V)  -  (ui). 

=  (iv)  X  3  and  subs,  for  left-hand 

member. 
=  (viii)  transposed. 

=  (ix)  with  ^  taken. 

=  (x)  X  p  and  t  9. 

=  (iv)  with  value  ofp  substituted. 


Hence  p  =  xy  -  20,  and  s  =  x  +  y  =  9,  &c. 

Exercise  LIV. 
Find  the  values  of  x  and  y  in  the  following  equations: — 


\ 


1. 


■-  4.1 


x^-y 

X  -y    =    5 
4.  x^+r  =  113 

X  -   y  =     15 
7.  xH  31/2  =148 

2x+    y  =    24 
10.  x^- (/*-  26 

X  -y  =    2 
13.  X  +  4y  =  14 

y'''  +  4x  =  2y  +  1 1 

9x+  5y 


2.  x2-y^=  105  I 

X  +y   =     21) 

5.  x2  +  y»  =  89 

xy  =  40 

8.  3x2-2y»=  115 

2x   -  3y  =        2 

11.  X  +y  =4 

x*  +  y'=  (x+v)^ 


3.  x^  +  y^  =  41 ) 
X   +y  =    9) 

6.  x»  -  y»  =  55 ) 
Sxy  =  72  \ 

9.   4x'  +  3y»=  511) 
3z  +  2y   =    27) 

yx+  vy=.3) 

Vxy  =  2i 


12. 


;5 


4     =^y 


I 


14.  2X''  +  xy  -  5y»  =  20  ) 
2x-3y  =    l) 

16.  x'y'  +  4xy  -  96 


1 
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^^   ^  +  !f  =  5^^  18.  x^  +  xy=ii 


20. 


-2/=2 
19.  x^  +  xy  =  6G 

21.  x"  +?/*  =  3368)  22.  j:3+(/»^  133) 

x+y=8       j  x+y=7J 

23.  X*  +^*=  97)  24.  xS  +  ^3^  91  ) 


x2       2/2  s 

—  +  —  =  18  f 

y      X         \ 

X  +y  =  12  > 


X  -y  =    I)  x'^y  +  xy^  =  84 


=  2 


'} 


'^^'     xy  4  ^  "  ■  x-2/       x  +  y 

x  +  2/-  13=  13-x2-t/2)  x^  +  7/2=5 

27.  x  +  2/  =  x2      )  28.  x*  +  ?/*=  i4xY| 
7i/  -  2x  =  3G )  X  +  y  =  m  \ 

29.  x^  +  2y^  =  '14-xy   )  30.  x*  -  x^  +  7/  _  j/2  =  34 1 


2x1/  +  2/'^  =  73  -  2x2  j  x^  +  2xy  +  7/2=85 

31.  3x^  +  2ry  -  4y^  =  108  )  32.  t/^  -  x^  -  7/  -  x  =  12  ) 

x2_3x2/ -  7(/2  =  -8lJ  (y-^)\y+x)  =  AS) 

X*         2x  +  w  j/'^  +  x  1 

33.  -5  +  —1—-  =  20  - (  34.  x'  +  7/3  =  35 

y'        ^y  y    I 


X  +  8  =  4y 


x^  +  7/2  =  13 


V(i/^  +  l)  +  l       V(-  -1- 9)  +  3  1     36.  X*  +  7/  =  X  ) 
^^-  V(/M)-i   =  V(^  +  9)-3  I  x^  +  7/3  =  1 

x(y  +  l)2  =  36(;/3  +  l')      J 

37.  (X-''  +  1)7/=  (y2+  l)x3 

(]/6  +  l)x  =  9(x2+   \)y 

%'■        (/         r        27       y 

38.  -T  +  —  +   -   -  -r 
V*        X         1/         4 

t  -  y  «  2 

39.  V(5V^  ^  W^)  *  Vif  '  10  -  V^  ) 

Vx'  +Vi/»  =  270  ) 

40.  X*  +  y^  =  X  -  y 

X^  +  7/2  =  axT/ 

41.  xy  +  a(x  -  y)  =  a^ 

f +  jr'  +  a*=Q 


.  2 ) 
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42.  x'  +  y^  +  a?=0 
a;4+  2/4+  a*  +  x\3y'  +  a^  =  0 

43.  x^  +  3y+a^=0  ) 
x6  -  3i/'  +  o«  +  x^y(3x^  -y)  =  a^x^i^x'^  +  2)  J 

44.  a:  7  2/  =  a      1 
a:*' '+ 2/*  =  6*  i 

45.  x''  -  x?/  +  ?/-  =  '^^    \ 
x4-xV  +  2/*  =  64j 

46.  3x6-18x4  +  27x2=  2^6-112,4  +  52^24.27 
x*  +  2/*  -  3  +  2x^(a  -  1)  =  2a(2/^  -  1)  +  2y\x^-  1) 

47.  (y2-x2)(2/2-x'''+4)+5  =  2'jJi^g^-x^)-{bx'+\lx^y^-by-)(^y--x') 

yi-3,/-  1  =  5x2  _  8x(  1  -  V-£^  -  2x  +  5)  +  4 

48.  (x2  -  i/2)(x^  +  2/2  -  4)  =  4(x2  -  3) 

x-y^  +  7(x2  -  2/-)  =  6x!/Vv^  -  X- 


tofind  arand 
y  indepen- 
dent of  a 


PROBLEMS  PRODUCING  QUADRATIC  EQUATIONS. 

1.  What  two  numbers  are  those  whose  diflFerence  is  5  and  the 
product  of  whose  sum  by  the  greater  is  228  ? 

SOLUTION. 

Let  X  =  the  greater,  then  x  -  5  =  the  less. 
x  +  x-5  =  2x-5  =  their  sum 
Thenx(2x-5)  =  228  (i) 

2x''-5x  =  228         (11) 
16x''-40x  +  25  =  1849  (iii) 
4^-5  =  +  43  (IV) 

4x  =  48  or  -  38 
.-.  X  =  12  or  -  9J  =  the  greater. 
X  -  5  =  7  or  -  14J  =  the  less. 

2.  A  poulterer  bought  15  ducks  and  12  turkeys  for  105 
shillings,  at  the  rate  of  2  ducks  more  for  18  shillings  than  of 
turkeys  for  20  shillings.     What  was  t!:e  orice  of  each  T 


=  (II)  X  8,  then  pq.  completed, 
=  (ui)  with  V  taken. 
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Let  X  =  price  of  a  duck  in  shillings  and  y  ^  price  oi  a  lurkey 


Then  15x  +  12!/=  105 

18       20 
—  =  — +  2 
X         y 

5x  +  4y=35 

9y-l0x  =  xij 

10i  +  8y=  70 

\ly  =  a:i/+lO 

35 -4y 
x=— 5- 

,  35 -4j/" 
17y-!/ 


-     =70 


(0 

(") 
(m) 

(IV) 
(VI) 

(vn) 

(VIII) 


=.(i)  reduced. 
=  (11)  reduced 
=  (m)  X  2. 
=  (iv)  +  (v) 

=  (ni)  transposed  and  reduced. 

35 -4y 
=  (vi)  with  — r subs,  for  x. 


2j/^ +25j/=  175       (ix) 
16!/-+200!/+625  =  2025      (x) 
4y+25=i45. 

4y  =  20  or-  70  whence  1/  =  5s 
35-4y         35-20 


=  (vm)  reduced. 

=  (ix)  X  8  and  so,  complete. 


IfoTE.— The  negative  value  -  17s.  6d,  forthepriceof  a  turkeyisnottaken 
into  account  here,  since  altliough  -  17j  is  undoubtedly  a  root  of  the  equation 
iy-  +  Iby  — 175,  yet  -  17s.  6d.  as  the  price  of  a  turkey  does  not  satisfy  the 
jonditions  of  the  problem  as  given  and  must  therefore  be  neglected. 

3.  Fiud  a  number  such  that  the  sum  of  its  square  and  its  cube 
shall  be  nine  times  the  next  higher  number. 


Let  X  -  the  number,  then  x^  =  its  square,  and  x^  -  its  cube  j 
also  X  +  1  =  the  next  higher  number. 


Then  t3  +  x2  =  9  (x+1) 

(I) 

x2  (x+l)  =  9(x+l) 

(") 

-  (i)  factored. 

x2  =  9 

(III) 

=  (11)  4-  X  +  1. 

i  =  +  3 

(17) 

=  (hi)  with  V  taken 

Ferijication.     Take  +  3  ;  then  27  +  9  =  36  =  9  (3  +  1). 

Take-3jthen-27  +  9=-18  =  9(-3  +  l)  =  9x-2. 
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4.  A  person  at  play  won,  at  tlie  first  game,  as  miicb  money  as 
be  had  in  his  pocket;  at  the  second  game  he  won  5  shillings 
more  than  the  square  root  of  what  he  then  bad;  at  the  third 
game  be  won  the  square  of  all  that  he  then  had,  and  he  found 
that  he  then  possessed  X'112  16s.     What  bad  be  at  first? 

SOLCTION. 

Let  X  =  the  shillings  he  bad  at  first. 

Thnn  2x  =  the  shillings  he  had  at  the  end  of  the  1st  game. 
^Jlx  +  5  =  sum  won  at  the  2nd  game. 
2x  +  '\j2x  +  5  =  sum  at  end  of  2nd  game. 
(2x  +  '\]\Lx  +  5)''  =  sum  won  at  3rd  game, 
(2-c  +  -^Ix  +  5)-  +  (2x  +  -Jlx  +  5)  =  sum  at  the  end  of  the  3rd 
game.     Then 

(2x  +  V2x  +  5)2  +  (2x  +  V'^x  +  5)  =  225G 
(2x+V2l:+5)2  +  (2x+Vix  +  5)  +  i  =  ^^'^ 
(2x  +  V2x  +  5)+^  =  +  -/ 

2x  +  V2x  =  42  or-  53 
Rejecting  the  negative  result  we 
(2x)  +  V^  =  42 
(2x)  +  V^x  +  i  =  -^f^ 

V^  +  i  =  i  V 
V2x  =  6  or  -  7 
2x  =  36  or  49 
X  =  18s. 

Note.— The  24}  which  we  get  here  as  one  value  of  x  is  not  admissible  as 
an  answer  to  tlie  problem*,  simply  because  it  does  uot  answer  the  condition' 
of"  the  problem  as  given,  aud  it  obviously  arises  from  the  fact  tiiat  th^ 

V'2x  may  bo  either  i.  It  becomes  an  answer  of  the  problem  if  we  under" 
stand  that  at  tlie  2iid  game  he  lost  a  sum  which  was 5  shiliiugs  less  tha& 
the  square  root  of  what  he  theu  had, 

5.  What  number  is  that  which  being  divided  by  the  product 
of  its  digits,  the  quotient  is  2,  and  if  27  be  added  to  the  number, 
the  digits  will  be  inverted  ? 


(I) 

(") 

=  (i)  with  i  added. 

(III) 

=  (ii)  with*/  taken. 

(IV) 

=  (111)  transposed. 

have 

(V) 

(VI) 

=  (v)withsq.comp. 

(VII) 

=  (Ti)wiihV  taken. 

(Vlll) 

=  (vii)  transposed. 

(IX) 

=  (viii)  squared. 

(X) 

=  (IX)  V  2. 

Abt.  211.] 


PROBLEMS  IN   QUADRATICS. 


181 


iOx  +  y                            . 

(0 

lOx  +  y  +  27  =  \Oy+xJ 

(") 

x  =  y-3 

(III) 

lOx  +  y  =  2x!/ 

(IV) 

l0(y-3)  +  y=2y{y-3) 

(V) 

2y^-ny  =  -30 

(VI) 

16y2-i3Gy  +  (17)2  =  49 

(VII) 

4ty-n  =  ±1 

(VIII) 

4^=24;  i/  =  6;  x- 

y-3  = 

SOLUTION. 

Let  X-  and  y  =  the  digits,  x  being  the  left-hand  one. 

Then  lOx  +  ?/  =  the  number,  and  xy  =  the  product  of  the  digits 


=  (II)  reduced  and  transposed. 
=  (i)xxy. 

=  (IV)  with  y-3  subs,  for  x. 
=  (v)  red--:edand  transposed. 
=  (vi)  X  8  and  with  sq.  complete. 
=  (vii)  with  V  taken. 
6-3  =  3 

Hence  the  required  number  is  36. 
Note. — The  second  value  of  ^  is  obviously  not  admissible  here. 

6.  A  and  B  travelled  on  the  same  road  and  at  the  same  rate 
to  London.  At  the  50th  milestone  from  London  A  overtook  a 
flock  of  geese,  which  travelled  at  the  rate  of  3  miles  in  2  hours, 
and  2  hours  afterwards  he  met  a  waggon  which  travelled  at 
the  rate  of  9  miles  in  4  hours.  B  overtook  the  flock  of  geese  at 
the  4  Jth  milestone  from  London,  and  mut  the  waggon  40  minutes 
before  he  came  to  the  31st  milestone.  Where  was  B  when  A 
reached  London  ? 

SOLUTION. 

A  and  B  travel  in  the  same  direction,  at  the  same  rate,  and 
on  the  same  road,  and  consequently  the  distance  between  them 
is  always  the  same. 
Let  X  =  rate  per  hour  of  travelling. 

The  places  where  A  and  B  overtook  the  geese  are  5  miles 
apart,  and  as  the  geese  travel  at  the  rate  of  |  of  a  mile  per  hour, 
to  travel  over  5  miles  they  would  require  5  ■;- 1  =  -^  hours.     But  in 
lOx 
"3 


ca  only  5  mile?. 
Therefore  distance  in  miles  between  ^  and  B  ■ 


lOr 


-5. 
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2x  miles   from   London 


Again,   A   met  tlie   wajgon   50 

2x 
while  B  met  it  31  +  -^  miles  from  London,  consequently  as  tho 

waggon  was  travelling  from,  London,  the  distance  in  miles 

/         2x\ 

travelled  by  the  waggon  between  the  two  meeting  was  (  3 1  +  -„-  1 

8a; -57  \  "*  / 

-  (50  -  2x)  =  —  —  miles.     And  since  the  waggon  travelled  at 

^  8X-57      ,      32X-223 

the  rate  of  |  miles  per  hour,  — 


27 


=  time    in 


hours  which  elapsed  between  the  meeting. 
32a: -228 
But    in — —    hours    Jt    has    moved    toward    Loudon 

32x-228\ 
— -^ 1  X  miles  while  the  waggon  has  gone  in  the  opposite 


direction 


8a: -57 
3 


miles. 


Therefore  distance  iu  miles  between  -4  and  B  = 
8a: -57 


32x«-22Si 
"27 


+  -3-- 

And  since  distance  between  A  and  B  is  always  the  same, 
32x2 -228x     8X-57     lOx 
27  ■*'~3~"  V^ 

16x=-    123r=189 
1024x2- 7872x  +  (123).'^=  27225 


(0 

CO 
(III) 

(IV) 


=  (i)  reduced. 

=  (ii)  X  64  and  with  sq 

then  completed. 
=  (ill)  with  V  taken. 


32x  -    123    =  16c 

165    + 123 
X  =    -• =  9  =  rate  per  hour  of  travelling. 

lOx 
Distance  of  B  from  -^  =    o    -  5  =  ^^'^  -  5  =  25  miles  =  distance 

of  B  from  London  when  A  arrives  there. 


Exercise  LV. 

1.  Divide  the  number  19  into  two  parts  such  that  their  pro- 
duct shall  be  84. 

2.  What  two  numbers  p.re  those  whose  sum  =  17,  and  the  pro- 
duct of  whose  diflference  by  the  greater  it  30  ? 
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3.  There  is  n  rectangular  field  whose  area  is  2080  rods,  and 
its  length  exceeds  its  breadth  by  12  rods.  Required  its  dimen- 
Bions. 

4.  What  t'^o  numbers  are  those  whose  difference  is  9,  and  the 
Bum  of  whose  squares  is  353  7 

5.  Divide  the  number  16  into  two  parts  such  that  their  pro- 
duct added  to  the  sum  of  their  squares  shall  be  208. 

6.  A  commission  merchant  sold  a  quantity  of  wheat  for  Sl7l, 
and  gained  as  much  per  cent,  as  the  wheat  cost  him  What 
was  the  price  of  the  wheat? 

7.  A  person  bought  a  number  of  sheep  for  §30,  and  found  that 
if  he  had  bought  4  more  for  the  same  sum  they  would  have  each 
cost  $1  less.     How  many  did  he  buy? 

8.  A  certain  number  consisting  of  three  digits  is  such  that 
the  sum  of  the  squares  of  the  digits,  without  considering  their 
position,  is  104,  and  the  square  of  the  middle  digit  exceeds  twice 
the  product  of  the  other  two  b}'  4  ;  also  if  594  be  subtracted 
from  the  number  its  digits  will  be  inverted.  Required  the 
number. 

9.  A  farmer  paid  $240  for  a  certain  number  of  sheep,  out  of 
which  he  reserved  15,  and  sold  the  remainder  for  $216,  gaining 
40  cents  a-head  on  those  he  sold.  How  many  sheep  did  he  buy, 
and  what  was  the  price  of  each  ? 

10.  What  two  numbers  are  tho^e  whose  sum  is  10,  and  the 
sum  of  whose  cubes  is  280  ? 

11.  What  are  the  two  parts  of  24  whose  product  is  equal  to 
35  times  their  difference? 

12.  Find  two  numbers  such  that  their  sum,  their  product,  and 
the  difference  of  their  squares  are  all  equal  to  one  another. 

13.  The  fore-whoel  of  a  carriage  makes  6  revolutions  more 
than  the  hind-wheel  in  going  120  yards,  but  if  the  circumference 
of  each  had  been  increased  one  yard,  the  fore-wheel  would  have 
made  only  4  revolutions  more  than  the  hind-wheel  in  going  the 
same  distance.     What  is  the  circumference  of  each  wheel  ? 

14.  The  sum  of  two  fractions  is  1  \f  and  the  sum  of  their  reci- 
procals is  2-pj.     What  are  the  two  fractions  ? 

15.  A  person  dies  leaving  $46800  to  be  divided  equally  among 
his  children.    It  chances,  however,  that  immediately  after  the 
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death  of  the  father,  two  of  his  children  also  die,  and  in  conse- 
quence of  this,  each  remaining  child  receives  $1950  more  thau 
it  was  entitled  to  by  the  father's  will.  How  many  children  were 
there  ? 

16.  During  the  time  that  the  shadow  of  a  sun-dial  which 
shows  true  time,  moves  from  one  o'clock  to  five,  a  clock  which 
is  too  fast  by  a  certain  number  of  hours  and  minutes,  strikes  a 
number  of  strokes,  which  is  equal  to  that  number  of  hours  and 
minutes,  and  it  is  observed  that  the  number  of  minutes  is  less  bj 
41  than  the  square  of  the  number  which  the  clock  strikes  at  the 
last  time  of  striking.  The  clock  does  not  strike  12  during  the 
time.     IIow  much  is  it  too  fast? 

17.  Two  locomotives  commence  running  at  the  same  time 
from  the  two  extremities  of  a  railroad  324  miles  in  length  ;  one 
travelling  S  miles  an  hour  faster  than  the  other,  and  they  meet 
after  haviug  travelled  as  many  hours  as  the  slower  travelled 
miles  per  hour.     Required  the  distance  travelled  by  each. 

18.  A  person  ordered  $144  to  be  distributed  among  some  poor 
people;  but,  before  the  money  was  divided,  there  came  in  two 
claimants  more,  by  which  means  the  share  of  each  was  Si  below 
what  it  would  otherwise  have  been.  What  waj  the  number  at 
first? 

19.  Find  a  number  such  that,  being  divided  by  the  product  of 
its  two  digits  the  quotient  is  2  ;  and  27  being  added  to  the 
number  its  digits  are  inverted. 

20.  A  grocer  sold  GO  lbs.  of  coffee  and  80  lbs.  of  sugar  for 
$25,  but  he  sold  24  lbs.  more  of  sugar  for  $3  than  he  did  of 
coffee  for  $10.     What  was  the  price  of  a  lb.  of  each  ? 

21.  A  and  B  engage  to  cradle  a  field  of  grain  for  $36,  and  as 
A  alone  could  cradle  it  in  18  days,  they  promise  to  complete  it 
in  10  days.  They  found,  however,  that  they  were  obliged  to  call 
in  C,  an  inferior  workman,  to  assist  them  for  the  last  four  days, 
in  consequence  of  which  B  received  $1-50  less  than  he  would 
otherwise  Lave  done.  lu  wliat  time  could  B  or  C  separately 
cradle  the  field  ? 

22.  A  rectangular  vat  5  feet  deep  holds,  when  filled  to  the 
depth  of  4  feet,  less  than  when  completely  filled  by  a  number  of 
cubic  feet  equal  to  80  together  with  half  the  niuaber  of  feet  iu 
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the  perimeter  of  the  base.  It  is  also  ooservea  that  the  length  of 
a  pole,  which  reaches  from  one  of  the  corners  of  the  top  to  the 
opposite  corner  of  the  bottom  of  the  rat,  is  equal  to  -/„-  of  the 
«umber  of  feet  in  the  square  described  on  the  diagonal  of  the 
bottom.     Required  the  dimensions  of  the  vat. 

23.  Two  persons  set  out  at  the  same  time  to  travel  on  foot,  A 
from  Toronto  to  Coboarg,  and  B  from  Cobourg  to  Toronto.  When 
they  meet  it  is  found  that  A  has  travelled  15  miles  more  than  B 
and  that  A  will  reach  Cobourg  in  2  hours,  aud  B,  Toronto  ia 
4^  hours.  Find  the  distance  between  Toronto  and  Cobourg  and 
the  rate  of  tsavelling  of  each. 

24.  Find  two  numbers  such  that  their  product  shall  be  equal 
to  the  difference  of  their  squares,  and  the  sura  of  their  squares 
equal  to  the  difference  of  their  cubes. 

25.  Bacchus  caught  Silenus  asleep  by  the  side  of  a  full  casli, 
and  seized  the  opportunity  of  drinlsing,  which  he  continued  for 
I  of  the  time  that  Silenus  would  have  taken  to  empty  the 
•whole  cask.  Silenus  theu  awolie  and  drank  what  Bacchus  had 
left.  Had  they  both  drank  together,  it  would  have  been  emptied 
two  hours  sooner,  and  Bacchus  would  have  drunk  only  half 
what  he  left  Silenus.  How  long  would  it  have  taken  each  to 
emoty  the  cask  separatelv  ? 


SECTION  X. 

KATIO,  PROPORTION,  AND  VARIATION. 

KATIO. 

212.  Ratio  is  the  relation  one  quantity  bears  to  anothei 

in  regard  to  magnitude,  the  comparison  being  made  by 

considering  what  multiple  or  fraction  the  first  is  of  thft 

Bccond. 

NoTB.— It  will  be  seen  from  this  definition  that  the  termm^io  is  equlvft. 
leut  to  the  common  arittajuetical  term  quotient 
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213.  The  ratio  of  one  quantity  to  another  is  expresse 
by  placing  a  colon  between  them  or  by  writing  them  in  th 
form  of  a  fraction. 

Thus,  the  ratio  of  a  to  6  is  written  a-.bor  more  commonly  — 

214.  Ratio  can  exist,  of  course,  only  between  quantitic 
of  the  same  kind,  because  it  is  only  between  such  quant 
ties  that  any  comparison  as  to  magnitude  can  be  institutec 

215.  Quantities  are  of  the  same  kind  when  one  can  b 
multiplied  so  as  to  exceed  the  other. 

Thus,  a  ratio  can  exist  between  a  cent  and  £100,  or  between  a  squar 
inch  and  an  acre,  or  between  a  grain  troy  and  a  cwt.,  because  in  each  cas 
the  one  can  be  multiplied  so  as  to  exceed  the  other,  or,  in  other  words  th 
quantities  enteriijg  into  the  ratio  are  of  the  same  liind;  but  no  ratio  ca 
exist  between  a  linear  inch  and  an  acre  because  the  former  cannot  b 
multiplied  so  as  to  exceed  the  latter. 

216.  The  term  of  the  ratio  which  precedes  the  sign 
or  which  is  written  as  numerator  of  the  fraction  is  calle( 
the  antecedent  of  the  ratio,the  remaining  tenu,the  consequent 

217.  A  ratio  is  said  to  be  a  ratio  of  greater  inequaJitij 
a  ratio  of  equality,  or  a  ratio  of  less  inequality ,  accordinj 
as  the  antecedent  is  >,  =,  or  <  the  consequent. 

218.  If  the  antecedents  of  any  ratios  be  multiplied  to 
gcther  and  also  the  consequents,  there  is  formed  a  nev 
ratio  which  is  said  to  be  compounded  of  the  former  ratios. 

Thus,  the  ratio  ace :  bd/is  said  to  be  compounded  of  the  ratios  a:b,c:d 
and  e :/. 

219.  A  ratio  compounded  of  two  ratios  is  called  the 
sum  of  these  ratios,  thus,  when  the  ratio  a  :  6  is  com 
pounded  with  itself  the  resulting  ratio  a*  :  b*  is  called  th« 
double  of  the  ratio  a  :  i  or  more  commonly  the  diipUcatt 
ratio  of  a  :  6  j  also  the  ratio  a»  :  b^  is  called  the  triple  ol 
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the  ratio  a  :  h  or  more  commonly  the  tri))licate  ratio  of 
a '.  h. 

Note.— Similarly  the  ra.tio'^a-.'Jb  Is  called  the  subdupUcate;  the  ratio 
'/a:^Jb,  the  subtriplicate;  the  ratio  o*  :  6^,  the  sesquiplicate  of  the  ratio 
a:  b,  &c. 

220.  Problems  upon  ratios  are  solved  by  writing  the 
ratios  as  fractions,  and  treating  these  fractions  by  the  ordi- 
nary rules.  Ratios  are  compared  with  one  another  as  to 
magnitude  by  writing  them  as  fractions,  reducing  these 
fractions  to  a  common  denominator,  and  comparing  the 
numerators. 

221.  Theorem  I. — .3  ratio  of  greater  inequality  is  diminished^ 
and  a  ratio  of  less  inequality  increased,  by  adding  the  same  quantity 
(o  both  its  terms. 

Demonstration.— -Let  a:  6  be  a  ratio  of  inequality,  and  let  z  be  added 
to  each  term. 

Then*  -,-  ^  ^  T — •  ^s  ab4-ax  ^ab  +  bx,  or  as  ax  ^bxorasa^  b. 
b  <  b  +  x  <  <  < 

That  is  if  a  >  6  then  ax  >  bx  and  ab  -\-  ax  '^ab  +  bx  and  - .  -  >  ■  — —  : 

o         b  -\-  X 

but  if  a  <  6  then  ax  <  bx  and  ui/  -\-  ax  <^  ab  -\-  bx  and  -^-  <  ^--^ 

b        b  -\-  X 

•Read  -r-  is  greater  than  or  less  than    "^    according  as,  &c. 

222.  Theorem  II.— ./?  ratio  of  greater  inequality  is  increased, 
and  a  ratio  of  less  inequality  diminished,  by  subtractins;  the  same 
quantity  from  both  its  terms* 

DEMONSTRATioN.-^Let  a :  6  be  a  ratio  of  inequality,  and  let  x  be  sub- 
tracted from  each  term. 

Then  -J-  ^  - ,— — ,  as  oft  -  aa;  ^  oft  -  6aJ;  or  as  6a;  j'  ot  or  as  6  >  «. 
b  <  b-x  <  >  ,^ 


•The  quantity  subtracted  must  howerer  be  lees  than  either  of  the  terais. 
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223.  j1  ratio  is  increased  or  diminished  by  being  compounded 
with  another  ratio  according  as  the  latter  is  a  ratio  of  greater  or 
less  inequality. 

DEMONSTnATio^.— Let  the  ratio  a:  b  be  compounded  with  the  ratio 
m  :  n,  the  latter  being  a  ratio  of  inequality. 


Then  -,-  5^  ,    ■,  according  as  abn  <^  abm,  or  as  n  '<^  m,  or  as  m  :  n  is 
6  >  t;i  >  > 

ratio  of  greater  or  less  inequality. 

ExERCISB    LYI. 

1.  Fiud  the  ratio  compounded  of  a  :  6  ;  c  :  a^  \  and  uh  :  cd. 

2.  Compound  together  the  ratios  a^  -  U^  :  a*  +  6'  ;  (a-  b)^  :  a 
and  a^-ab-\-b^:  (^a-bf. 

3.  Compound  together  the  ratios  x^  -  2x  -  15  :  x^  -  3x  -  10  ; 
x^  +  X  -  2  :  x^  +  8x  +  15  and  x^  +  12r  +  35  :  x^  -  1. 

4.  Which  is  the  greater  ratio  that  of  a'  +  6'  :  a-  +  6^  or 
a^  +  6^  :  a  +  6. 

5.  Which  is  the  greater  ratio,  that  of  x*  -f  y'^  :  x^  -  y^  oi 
(x  +  J/)*  :  X*  -  x^y  +  x'-i/  -  x/  +  y*  ;  x  ^5  being  >  y  ^7. 

6.  What  quantity  must  be  subtracted  from  each  term  of  the 
ratio  a :  6  in  order  to  make  it  equal  to  the  ratio  c  :  d. 

1.  What  quantity  must  be  added  to  each  term  of  the  ratic 
m  :  n  in  order  to  convert  it  into  a  ratio  of  equality. 

8.  If  a  :  6  be  a  ratio  of  greater  inequality,  what  is  the  ratic 
compounded  of  the  ratio  of  a  +  6  :  a  -  6,  the  difference  of  the 
duplicate  ratios  of  a  :  a  and  a  ;  6,  and  the  triplicate  ratio  o 
b  :  a  +  b. 

9.  Prove  that  the  ratio  a  :  6  is  the  duplicate  of  the  ratio  o 
a  +  c  to  6  +  c,  if  c  be  a  mean  proportional  between  a  and  b. 

10.  Prove  that  a-  -  6^  :  a-  +  6^  is  greater  or  less  than  the  ratii 
of  a  -  6  :  a  +  6  according  as  a  :  6  is  a  ratio  of  greater  or  les 
inequality. 


PPvOPOR^ION. 
224.  Proportion  consists  in  an  equality  between  twi 
ratios,  tlie  two  equal  ratios  being  connected  by  the  sign  : 
or  by  the  ordinary  sign  of  equality. 
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For  example,  if «,  b,  c,  and  d  be  four  proportional  quantities,  the  pro- 
portion existing  between  them  is  expressed  by  writing  them  thus, 
a,.b::  c:d. 

Note  1— The  lirst  and  fourth  of  such  proportional  quantities  are  called 
the  extremes ;  and  the  second  and  third,  the  mcMis. 

Note  2.— When  three  quantities  a,  b  and  c,  are  proportionals,  so  that 
o  :  5  ::  6  :  c;  the  second  term,  b  is  said  to  be  a  mean  proportional 
between  the  other  two,  and  the  third  term  c  is  called  a  third  proportional 
to  the  other  two. 

225.  Theorem  I. — Iff  our  quantities  be  proportionals,  the  product 
of  the  extremes  is  equal  to  the  product  of  the  means. 

Demonstration.— Let  a:b::c:d,  then  ad  =  be. 

For  -'^  =  —  and  multiplying  each  of  these  by  bd  we  have  ad  =  be. 
b         d 

Cor.  Hence  if  three  terms  of  a  proportion  are  given,  the  fourth  may  be 

be     ^      ad  ad  be 

readily  found.    Thus,  a  =  -^;  o  =  '-'f  *'  — X'  "a" 

226.  Theorem  II. — //  the  product  of  any  two  quantities  be 
equal  to  the  product  of  any  two  others,  the  four  are  proportionals 
—the  factor:^  of  either  product  being  made  the  extremes,  and  the 
factors  of  the  other  product  the  means. 

Demonstration.— Let  ad  =  be,  then  dividing  each  of  these  by  bd  and 

we  have  --  =  -j-  that  isa:b::c:d. 
b  a 

227.  Since  the  two  ratios  composing  a  proportion  may  be 
written  as  two  equal  fractions,  it  follows  that  all  the  results  ob- 
tained in  Art.  106  may  be  applied  to  proportional  quantities,  or 
in  other  words,  we  may  combine  together  in  any  manner  what- 
ever by  addition  or  subtraction  the  first  and  second  terms  of  a 
proportion,  provided  we  similarly  combine  the  third  and  fourth 
terms.  So  also  we  may  similarly  proceed  with  any  multiples 
whatever  of  the  first  and  third,  and  any  multiples  whatever  of 
the  second  and  fourth  terms.  And  we  may  combine  any 
powers  or  roots  of  the  first  and  second  terms,  provided  we  also 
similarly  combine  the  same  powers  or  roots  of  the  third  and 
fourth.     (See  the  demonstrations  in  Art.  106  (i  -  xvi). 
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22S.  In  solving  problems  in  proportion  the  student  must 
carefully  bear  the  last  proposition  (227)  in  mind,  and  also 
that  : — 

I.  Any  proportion  may  be  converted  into  an  equation  by 
taking  the  product  of  the  extremes  equal  to  the  pro- 
duct of  the  means. 
II.  Any  proportion  may  be  converted  into  an  equation,  by 
writing  the  first  term  divided  by  the  second  =  the  third 
term  divided  by  the  fourth. 

6 
Ex.  1.  Ua:b::c  :  d  prove  that  (a  +  b)(^c  +  d)  =  -j{c  +  dy 

d 

a       c  be  aa 

be 
In  the  expression  (a  +  b)(e  +  d)  substitute  — r  for  a,   and    we 

/be       \  /be  +  bd\ 

have  (a  +  b)(c  +  d)  =    l—  +  b](c  +  d)  =   f  — -, —  j  (c  +  d)  x 

-J  (c  +  d)(c  +  d)  =  -j(c  +  dy 

ad 

Similarly  in  the  expression  (a  +  6)(c  +  d)  substitute  ~r  for  c. 

fad       \    '^ 
This    gives    us    (a  +  b)(c  +  d)   =   (a  +  6)fy  +  rfj    =  (a  +  6) 

/ad  +  bd\  d       d 

[-b—j  =  (« +  ^)(«  + '')  y  =  T  ("  ■"  ^^  • 

Ex.  2.— Given  x' +  y*  :  x' -  y'  ::  559  :  127  and  I'y  =  294  to 
find  the  values  of  x  and  y. 

OPERATION. 

127x3+  i27,y3=  550x»-  559!/"  or  686j/*=  432x»or  343y' =  2I6x» 

or  lij  =  Gx  .-.  y  =  fx.     Substitute  this  value  of  y  in  the  second 

equation  and  we  have 

6x'  x' 

x^y  =  204  or  x'^  X  f  X  =  294  or  — „—  =  294,  or  y  =  49  ;  or  *» 

=  343  ;  or  J  =  7,  whence  y  =  6. 
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Ex.  3.     l{ a  :  b  ::  e  :  d  and  also  m  :  n  :;  p  :  q. 

Prove  that  ma  +  nb  :  ma  -  nb  ::  pc  +  gd  :  pc  -  qd. 

a        c 
Since  a  :  b  ::  c  :  d  and  m  :   n  ::  p  :  q,  then  "t"  =  ~r  and 

p  am 

•  =  — .     Multiplying  these  equals  together,  we  have  -r-  x  — 

c         p         ma      pc  ma+nb      pc+qd 

-r  X  —  or  — r  =  — J.     Then,  Art.  106  (vii), r  =  , 

d         q  nb       qd  '  \     ^>  ,;ja  _  ^j^      j,c  -  qd 

■at  is  ma  +  n6  :  ma  -nb  ::  pc  +  qd  :  pc  -  qd. 
Exercise  LVII. 

1.  If  a,  b,c,d  be  any  four  quantities  whatever,  find  what 
lantity  added  to  each  will  make  them  proportionals. 

2.  If  four  numbers  be  proportionals  show  that  there  is  no 
imber  which,  being  added  to  each  will  leave  the  resulting  four 
ambers  proportionals. 

3.  l{ a  :  b  ::  c  :  d  andm,  :  n  ::  p  :  q  prove  thatma^-  2nb^  : 
r*  -  2qd^  ::  via'  +  2nb^  :  pc^  +  2qd'. 

4.  There  are  two  numbers  whose  product  is  24,  and  the  dif- 
rence  of  their  cubes  is  to  the  cube  of  their  difference  as  19  to 

What  are  the  numbers  ? 

5.  The  number  20  is  divided  into  two  parts,  which  are  to 
ich  other  in  the  duplicate  ratio  of  3  to  1.  What  is  the  mean 
roportional  between  these  parts? 

6.  If  X  :  2/  :;  a*  :  b^  and  a  :  b  ::  ^c  +  x  :  ^d+y  prove  that 
X  =  cy. 

1.  If  (a  +  i  +cJrd){a  -b  -  c+d)  =  (a -b  + c-d)(a+b  -  c-d't 
rove  that  a  :  b  ::  c  :  d. 

8.  What  two  numbers  are  those  whose  sura,  difference  and 
Toduct  are  as  the  numbers  s,  d  and  p  respectively  ? 

9.  A  person  in  a  railway  carriage  observes  that  another  train 
unning  on  a  parallel  line  in  the  opposite  direction  occupies 
wo  seconds  in  passing  him ;  but  if  the  two  trains  had  been 
)roceeding  in  the  same  direction,  it,  would  have  required  30 
;econds  to  pass  him  ;  compare  the  rates  of  the  two  trains. 

10.  A  and  B  speculate  in  trade  with  different  sums  of  money. 
A.  gains  $150  and  B  loses  $50,  and  now  A's  stock  is  to  B's  as 
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3  :  2,  but  had  A  lost  $50  and  B  gained  $100,  A's  stock  would 
have  been  to  B'3  as  5  :  9.     What  was  the  stock  of  each  ? 

11.  Ub  =  •Jac  prove  that  a  +  6  +  c  :  (a  +  6  +  c)'''  ::  a  -  b  -^^  c  : 
0?  +  /)2  +  c*. 

12.  If  6  =  V'^  prove  that  a  :  c  ::  (a +  6)  (a -6)  :  (ft+c)(i-f). 

13.  What  number  is  that  to  which  if  3,  8  and  17  be  severallr 
flildod,  the  first  sum  shall  be  to  the  second  as  the  second  sum  is 
to  the  third. 

14.  If  771.  shilling  in  a  row  reach  as  far  as  n  sovereigns,  and  a 
pile  of  p  shillings  be  as  high  as  a  j)ile  of  7  sovereigns,  compare 
the  values  01  equal  bulks  of  gold  and  silver. 

,       •4'2a+  11^6      -420+  l\\d 

15.  It  a  :  b  ::  c  :  d  prove  that  — ; r-j —  =  -  ,  — ,  ,-. 

'  4a  -  56  4c  -61/ 

16.  Iff/,  h,  c,  and  ('/are  in  continued  proportion,  express  (a  4- 6) 
^c  -  d)  in  terms  of  a  and  c,  and  prove  that  a  :  ^a  ::  b  :  yd. 


VARIATION. 

229.  Varuition  is  an  abridged  method  of  indicating 
proportion,  and  is  conveniently  used  in  investigating  the 
relation  which  varying  but  dependent  quantities  bear  to 
one  another. 

The  two  terms  of  a  variation  are  tl.e  two  antecedents  of  the  concspc-ad- 
ing  proportion — the  consequents  not  beins;  expressed.  Tlius,  when  we 
say  tl\e  interest  varies  as  the  principal,  we  mean  that  if /*  and /»  be  any 
two  principals  and  /  and  i.  the  correspouding  interests  at  a  given  rate  atd 
time,  then 

I  :  i  ::  P  :  p  or  briefly, omitting  the  consequents,  I  a:    P. 

230.  The  sign  oc  is  called  the  fijy-H  of  variation,  and  is 
read  varies  as. 

Thus,  /  oc  y  is  read.  /  varies  as  P. 

231.  One  quantity  is  said  to  van  directly  as  another 
when  the  two  quantities  depend  i^por  each  other,  so  that 
if  one  be  changed  in  any  mantis-  th»  other  must  also  b? 
changed  ia  the  same  pror  a.Vc. 
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Thus,  leaviLg  time  and  rate  per  cent,  out  of  consideration,  the  interest 
(/)  varies  directly  as  the  principal  (P),  for  if /is  changed  to  i,  P  must  also 
be  cliangod  to^>  in  such  a  manner  that  I  :  i  :  :  P  :  p. 

Note. — "When  we  simply  say  that  one  quantity  varies  as  another,  we  are 
always  understood  to  mean  that  the  one  varies  directly  as  the  other. 

202.  One  quantity  is  said  to  uan/ tnyerse?y  as  another 
when   the   first  cannot   be  changed  in  any   manner,  but 
the  redjprocal  of  the  second  is  changed  in  the  same  pro- 
portion. 
Thus,  A  oc      -  (A  varies  inversely  as  B),  if,  when  A  is  changed  to  a,  B 

uiust  be  changed  to  b,  so  that  A  :  a  :  :  --  ;  -j-  x  :  b  :  B. 

For  example,  if  the  area  of  a  triangle  be  given  the  base  varies  inversely 
as  the  altitude,  for  if  A  and  a  be  the  altitudes  and  .S  and  6  the  bases  of  two 

equal  triangles,  then  ^5  =  ab  .•.  A  :  a  :  :  b  :  B  ot  A  :  a:  :—  :  ---  or  A 
1 

233.  One  quantity  is  said  to  vary  as  two  others  jointly^ 
if  when  the  first  is  changed  in  any  manner  the  product  of 
the  other  two  is  changed  in  the  same  proportion. 

That  is  ^  a  BC(A  varies  as  B  and  C jointly)  when  if  ^  be  changed  to  a 
the  product  £C'must  be  changed  to  6c  iu  such  away  that  .4  :  a  :  :  BC  :  be. 

Thus,  the  area  of  a  triangle  varies  as  the  base  and  altitude  jointly;  for  if 
A,  B  and  P  represent  the  area,  base  and  altitude  of  any  triangle,  and 
a,  b,  p,  the  area,  base  and  altitude  of  any  other  triangle,  then  A  —  {BP 

and  a  =  -^-bp  .-.  ~  =^  ^  .-.  A  :  a  :  :  BP  :  bp  .:  A  oc  BP. 

^  °-  bp 

234.  One  quantity  is  said  to  vary  directly  as  a  aecond 
and  inversely  as  a  third,  when  the  first  cannot  be  changed 
in  any  manner,  but  the  quotient  of  the  second  by  the  third 
is  changed  in  the  same  proportion. 

That  is  .4  cc  —  A  varies  directly  as  B  and  inversely  as  C),  when,  if  A  ho 

changed  to  a,  -~  must  be  changed  to  —  so  that  A  :  a  :  :  -z^  :  — , 
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Thus,  the  base  of  a  triangle  varies  directly  as  the  area  and  Inversely  as 

BP       A 
the  altitude;  for  taking  A,  B,P ;  a,  b  and  p  as  in  last  article  —  =  — 

bp         a 

multiplying  bo.th  by  —  we  get  -  -  =  —  =  —  -  -; .'.  B  :  b 

p         ^      b        aP       -P        p 


A       a  „        A 

—  :  —  or  JB  <x  —-. 
P       P  P 


THEOEEMS. 


235.  Theorem  1. — 1/  one  quantity  vary  as  another,  it  is  equal 
to  some  constant  multiple  of  that  other.  That  is  if  A  az  B  then 
A  =  mB  where  m  is  a  constant  quantity. 

Demonsteation.— For  if  A  cc   B  then  A   :  a  :  :  B  :  b,  alternately 

A  :  B  :  :  a  :  b .'.  --■  =  -r-,  let  --  =  m,  then  --  =  m  .:  A  =  mB 
B         b  '        b  B 

where  m  is  a  constant  quantity. 

Note  1. — This  principle  enables  us  to  convert  a  variation  into  an  equa- 
tion and  is  therefore  made  use  of  in  almost  every  problem  and  theorem 
in  variation. 


Note  2. — Hence  if  m.  is  a  constant  quantity  and  A~mB  then  .4  x  B,  i.  e. 
-then^x  ~ 


A  varies  as  B ;  also  ifA=^-~  then  Ax  --  i.e.A  varies  inversely  as  B ;  also 


if  ^  =        then  Ax  . — .  1.  e.  varies  directly  as  B  and  inverselj  as  C. 
C  C 

Also,  if  ^  =  mBC,  then  A  a  BC  i.  e.  A  varies  as  B  and  C jointly. 

236.  Theorem  11.—I/j1  cc  B  and  B  cc  C,  then  A  az  C. 

Desionstkation.— By  Theorem  I,  A  =r  mB  and  B  =  nC  vrhere  m  and 
n  are  constants,  then  A  =  mnC,  that  is  ^  oc  C,  because  both  m  and  n 
being  constant,  mn  their  product  is  also  constant. 

Note.— Also  if  .4  a  .BandjBx  --then  .4  «   —7. 

c  c 

237.  Theorem  III.— 7/^  cc  C  andBazC  thm  A±Bcc  C  and 
•JiJB)  oc  C. 

De.monstration.— By  Theorem  I,  A  =  mC and  5  =  nC  where  »»  and  w 
lire  constants.  Then  A  ±  B  —  mC  ±  nC  =  (m  ±  n)G  ,'.  A.±  B  a.  C. 
because  m  i  n  is  a  constant  quantity. 

AlTO  V(^-C)  =  V('nCxnC)  =  V('nnC'2)  =  V('nn)C  .•.  ^A£<k  C 

A  A 

238.  Theorem  lY.—l/A  oc  BC,  then  B  cc  -^  and  C  cc -g-. 
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A  1    A 

Demonstkation.— By  Theorem  1,A  =  mBC,  then  B  ^   —-  — -. 

mC       m   C 

.-.Bx.  —  and  C  =  -  5-  = .-.  Cot    -jr. 

0  niB  m  B  B 

239.  Theorem  V.—If^  oz  B  and  C  cc  D,  then  AC  cc  BD. 

Demonstration.— By  Theorem  I,  ^1  =  mB  and  G  —  niD,  then  AC  = 
«wt£Z>and  .-.AC a.  BD. 

210.  Theorem  VI.— 7/  Acx:  B  then  ^^  oc  .B". 

Demonstration.— By  Theorem  I,  ^  =  7«j5,  then  J!^  —  m'^JS",  but  ;n" 
16  a  constant  quantity  .*.  -4™  <x    ^". 

KoTE.— Soalsoif^oc  JSthen^^  a   V-fi- 

241.  Theorem  VII. — If  A  cc  B  and  P  be  any  other  quantity 

A         B 

then  AP  oc  BP  and  -p-  oc  -p. 

Demonstration.— By  Theorem  I,  A  =  mB  hence  PA  =  mPB 
.-.  PA  oc  PB. 

.,       ^  „         A         mB  BAB 

AlsoA  =  mB  .-.  -p.  =  -^  =  m—  .-.  -^  «   — . 

Note.— Hence  —  is  constant,  for  if  ^  ot  B  dividing  both  by  B,  we  have 
A         B        ,       ^ 

.^_  cc    _  CO    1. 

242.  Theorem  VIII. — When  three  quantities  ore  so  related  that 
the  increase  or  decrease  of  one  depends  upon  the  increase  or  decrease 
of  the  other  two,  in  such  a  way  that  if  either  of  these  latter  be 
invariable  the  first  varies  as  the  other,  then  when  both  vary  the  first 
varies  as  their  product.  That  is,  if  A  cc  B  when  C  is  constant, 
and  A  cc  C  when  B  is  constant,  then  A  cc  BC  when  B  and  C 
are  variable. 

Demonstration. — The  variations  of  A  depend  upon  the  variations  of 
two  otlier  quantities  B  and  C;  let  the  variations  of  these  take  place  separ- 
ately, and  when  B  is  changed  to  b  let  A  be  changed  to  a,  and  when  C  is 
changed  to  c  let  a  be  changed  to  a'.    Then 

A  :  a  :  :  B  :  b  ;  and 

a  :  a'  :  :  C:  c  and  by  compounding  these  we  have 

A  :  a'  :  :  BC  :  be  .\  (Art.  229)  A  a.  BC. 

Note.— In  a  similar  way  it  may  be  shown  that  when  there  is  any  num- 
ber of  quantities,  A,  B,  C,  £>,  ^c,  such  that  A  varies  as  each  of  tlie  others 
when  the  rest  are  constant— then,  when  they  are  all  changed,  A  varies  as 
tUeir  pro^upt. 
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Ex  1.  If  X  cc  yz''  and  2,  3  and  5  be  contemporaneous  values 
of  a;,  y  and  z,  express  x  in  terms  of  yz. 

OPERATION. 

Since  X  cc  yz^  .■.  x  =  myz^  and  when  a;  =  2,  y  =  3  and  2  =  5,  then 
substituting  these  values  we  have  2  =  m  x3x5^=  75m  .*.  m  = 
jV     '  beQ  ^  =  myz^  or  x  =  -fy-yz'^. 

Ex.  2.  Given  that  a  cc  b  and  that  when  a  =  2,  b  =  1  find  the 
value  of  a  when  6  =  5. 

OPERATION. 

Since  a  ex:  b  .•.  a  =  7nb  or  2  =  m,  because  a=  2  and  6  =  1. 
Then  when  6  =  5  we  have  a  =  mb  =  2  x  5  =  10. 
Ex.  3.  Given  that  x  cc  yz,  and  that  x  =  2  when  7/  =  s  =  2,  End 
the  value  of  x  when  y  =  c  =  3. 

OPEBATION. 

Since  x  oz  yz  .• .  x  -  myz,  that  is  2  =  m  x  2  x  2  =  47n.  .*.  /n  «  J. 
Then  x  -  inyz  =  ^x3x3  =  '2=4J  when  y  =  z=  3. 
Ex.  4.  If  4j/  +  3=  oc  5y  +  4r,  shew  that  y  cc  z. 

OPERATION. 

4?/  +  3:  oc  ^y  +  4z  or  4]/  +  3c  =  m(5y  +  4=)  =  5my  4-  4ms 


/4m-3X 
\^4  -  bin  J  ' 


.-.  Ay  -  bmy  -  Amz  -  3z  or  (4  -  5ot)!/  =  (4m  -  3)i  or  y  ■■ 

4/ft  -  3 
ov  y  =  z  multiplied  by  the  constant  quantity  .  _  ,—  .*.  y  ex:  z. 

Ex.  5.  If  7/  =  the  sum  of  three  quantities  of  which  the  first 
oc  X-,  the  second  oc  x,  and  the  third  is  constant,  and  when 
X  =  1,  2,  3,  2/  =  6,  11,  ISrespectively,  express  y  in  terms  of  x. 

OPERATION. 

The  first  quantity  oc  x^  and  is  .-.  =  7nx^,  similarly  the  second 
quantity  oc  x  and  is  therefore  =  nx,  and  the  third  quantity  is 
constant,  and  is  .-.  =  p,  say.  Then  y  being  =  the  sum  of  these 
we  have  y  =  mx-  +  nx  +  p,  and  taking  x  =  1,  2,  3  and  y  =  6,  11, 
lb,  V.  3  get  the  three  equations  : — 
6  =  m  +  M  +  p 

1 1  =  4m  +  271  +  p 

18=  9m  +  3/i+p 
which  when  solved  give  m  =  1 ;  n  =2,  andp  =  3,  and  substituting 
these  in  the  equation  y  =  irvs*  +  n*  +p  wo  have  y  =  x'  +  2x  +  3. 
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Exercise  LVIII. 


1.  If  mx^  4-  y  cc  ex''-  -  dy  shew  that  x  oc  Vl/- 

2.  Given  that  x  oc  y  and  that  when  x  =  7,  j/  =  3  End  the 
equation  between  x  and  y. 

3.  Given  that  x  =  the  sum  of  two  quantities  whereof  one  is 
constant  and  the  other  varies  inversely  as  y,  and  when  y  =  3, 
X  =  1  when  y-  1,  x  =  2,  find  the  value  of  x  when  y  -  15. 

4.  Given  that  x'^  oc  J/^  and  x  =  2  when  y  =  4  find  the  equa- 
tion between  x  and  y. 

5.  If  X  =  the  sum  of  two  quantities  whereof  one  is  constant 
and  the  other  ex:  xy,  and  when  x  =  2,  y  =  3,  when  x  =  3,  y  =  -  3, 
express  x  in  terms  of  y. 

6.  If  y=^  the  sum  of  three  quantities,  of  which  the  first  is 
constant,  the  second  oc  x,  and  the  third  oc  x^  ;  and  when  x  =  3, 
5,  7,  y=  0,-12 -32  respectively;  find  the  equation  between 
X  and  y. 

7.  Given  that  y  =  the  sum  of  two  quantities  one  of  which 
varies  as  the  square  of  x,  while  the  other  varies  as  x  inversely, 
and  that  when  x  =  5,  y  -  7  and  when  x  =  9,  y  =  5  find  the  equa- 
tion between  x  and  y. 

8.  Given  that  y  oc  (6^  +  x^),  and  when  x  =  V  (a*  -  i^), 

y  =  —  find  the  equation  between  x  and  y. 

9.  Ifx,  y,  s  be  all  variable  quantities  such  that  s  -  x  -  y  is 
constant,  and  (x  +  y  +  £)  (x  -  y  -  =)  oc  ys,  prove  that  x  -  y  +  2 
cc  yz. 

10.  A  locomotive  engine  without  a  train,  can  go  24  miles  per 
hour,  and  with  a  train  its  speed  is  diminished  by  a  quantity 
■which  varies  as  the  square  root  of  the  number  of  cars  attached. 
With  4  cars  its  speed  is  20  miles  per  hour.  Find  the  greatest 
number  of  cars  the  engine  can  move. 
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SECTION    XI. 

PROGRESSIONS,  PERMUTATIONS,  AND  COMBINATIONS. 


ARITHMETICAL  PROGRESSION. 

243.  Quantities  are  said  to  be  in  Aritlimetical  Progres- 
sion when  they  increase  or  decrease  by  a  common  difference. 

Thus,  4,  6,  8,  10, 12,  &c.,  are  in  arithmetical  progression,  the  common 
difference  being  2. 

21a,  18a,  15a,  12a,  9a,  6a,  &c.,  are  in  arithmetical  progression,  the  com. 
mou  difference  being  -  3a. 

3a  +  5a  +  Ta  +  9a,  &c.,  are  in  arithaietical  progression,  the  common 
difference  being  2a. 

244.  In  every  progression  the  first  and  last  terms  are 
called  the  extremes,  and  the  intermediate  terms  the  means. 

245.  In  arithmetical  progression,  there  are  five  things 
tu  be  considered : 

1.  Tlie  first  term. 

2.  Tlie  last  term. 

3.  The  common  difference. 

4.  The  number  of  terms. 

5.  The  sum  of  the  series. 

These  quantities  nte  so  related  to  one  another  that  any  three  of  iluiti 
being  given,  the  othor  two  can  be  found,  and  hence  there  are  20  distinct 
cases  arising  from  these  combinations. 

246.  If  vrc  represent  those  five  quantities  by  letters,  thus, 
a  =  the  first  term,  I  =  the  lust  term,  d  =  the  common  difference, 
n  =  the  number  oj  terms,  s  =  the  sum  of  the  serietf 
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the  general  expression  for  an  arithmetical  series  "will 
become 

a+  (a  +d)  +  (a  +  2d)  +  (a  +  Zd)  +  (a  +  4(f)  +  (o  +  Zd)  +  &c., 

where  the  coefficient  of  d  is  always  one  less  than  the  number  of  the 
term.  Thus,  in  the  third  term  the  coefficient  of  d  is  2,  which  is 
one  less  than  the  number  of  the  term  ;  in  the  ffth  term  the  coeffi- 
cient of  d  is  4,  which  is  one  less  than  the  number  of  the  term,  &c. 

Ilence  I  =  a  ■¥  (n-  \)d :  that  is,  the  last  term  of  an  arithmetical 
series  is  equal  to  the^rsi  term  added  to  the  product  of  the  com' 
mon  di^zrer.ce  by  one  less  than  the  number  of  terms. 

247.  Since  the  sum  of  the  series  is  equal  to  the  sum  of 
all  the  terms  taken  in  any  order  whatever,  we  have 

s  ^  a+^a-\-d+^a  +  2d+'a  +  3d+\...l-3d+]  l-2d+\l-d+\l 
Also     s=  l+\l-d+\  l-2d+\l-3d+\.  ..a+3d+\a+2d+\a+d+\a 

Hence  2s  =  (a  +  ?)  +  (a  +  Z)  +  (a  +  /)  +  («  +  Z)  +  . . . .  to  n  terms. 
But  (a  +  Z)  +  (a  +  /) . . . .  to  7i  terms  =  (a  +  l)n. 

Therefore  2s  =  (a  +  Z) /I,  and  dividing  these  equals  by  2,  wo 
n 
have  s  =  (a  +  Ot*     That  is,  the  sum  of  the  series  is  found  by 

adding  together  the  first  and  last  terms,  and  multiplying  their 
sum  by  half  the  number  of  terms. 

248.  From  the  formula  obtained  in  Art.  246,  we  find 
by  transposing  the  terms 

l-a 

I  =  a -V  (n  -  \)d  d= r 

^         '  n- 1 

a  =  l^  (n-\)d  ^'~d~'^  * 

and  substituting  these  values  of  Z,  a,  i/,  and  n  in  the  formula 
obtained  in  Art.  247,  we  find 
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•  s=  {2a  +  (n-l)c/}" 


'2 


s  =  {2l  -{n-  l)d\- 
(/-u)(/  +  a)      l  +  a 

^'^       2d        ■'■"T" 


We  thu3  obt)  in  the  five  fundamental  formulas  from  which  the 
other  fifteen  are  derived,  by  transposing  the  terms,  &c.     Thus, 
I  =  a  +  {n  -  l)d  gives  formulas  for  /,  a,  n,  d  =  i 

n 
s  =  (a+Z)-  "  '  s,  a,  l,n=  4 


s  =  {2a  +  (7j-  1)/}-  "  s,  a,  n,  d 


4 


s  =  {2l  -(n-  l)d]-  "  s,  l,n,d  =  4: 

(I  +  a)(l  -a)       l  +  a  ,    ,      . 

Total  20 
249.  By  means  of  these  equations  when  any  three  of 
the  quantities  a,  d,  I,  n,  s,  are  given,  we  may  find  a  fourth, 
and  may  moreover  proceed  to  the  solution  of  many  prob- 
lems which  without  their  aid  would  be  difficult  or  even  im- 
possible. The  student  is  recommended  to  carefully  study 
the  following  examples:  — 

Ex.  ] .  Find  the  sum  of  the  first  50  terms  of  the  series  4iT  +  6a 
+  8a+  10a  +  &c. 

OPERATION. 

s  ^  {2a  +  (n  -  \)d\-  =  {3a  +  (50  -  l)2a\^^'  =  (3a  +  49  x  2a)  25 

=  (8a  +  98«)25  =  lOGa  x  25  =  2650a. 
Ex.  2.  Given  3,  the  first  term,  and  55,  the  last  icrni,  of  a  scrica 
consisting  of  27  terms,  to  find  the  common  diCTercncc. 

OPEnATION. 

l-a 
Z  =  a  +  (n  -  1)(Z  or  (_n-l)d  =  l  -a  .-.  d=. 


n-l 


55  -  3      52 
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Ex.  3.  Insert  5  arithmetical  means  between  1  and  23.     _ 

OPERATION. 

Since  there  are  five  means  aiid  two  extremes,  there  are  in  all 
1  terras,  and  we  must  find  the  common  difference  of  an  arith- 
metical series  of-  7  terms  whose  first  term  is  1  and  last  term  23. 
I  -  a       23-1       22 
'^=  „-_!=     7-1  =  T  =  ^- 
Eeuce  the  series  is  1,  4S,  8^,  12,  151,  19J,  23. 

Ex.  4.  How  many  terms  of  the  series  6  +  8J  +  10 1  +  &c.,  make 
np  3795? 

UfERATlUS. 

s  =  {  2a  +  («-  l)(i}  y;    3795  =  }  12  +  (n  -  l)2i  }y 
?590  =  12«  +  («2-n)2i  ;  22110=  3Gn  +  1n^- In;  7/12  +  29/1=22770 

^^±12^9  =  2,7a  =  55. 

If  GTE. — The  negative  value  -  575  does  not  satisfy  the  conditions  of  the 
question,  aud  is  therefore  inadmissible. 

Ex.  5.  The  sum  of  four  numbers  in  arithmetical  progression 
is  32,  and  the  sum  of  their  squares  is  276.  Required  tae  numbers. 

OPERATION. 

Let  jr  =  the  second  number  and  y  =  the  com.  diff. 

Then  x  -  y,  x,  x  +  y,  and  x  +  2y  is  the  series. 

. '.  a;  -  y  +  X  +  a;  +  J/  +  X  +  2y  =  4x  +  2!/  =  32  or  2x  +  y  =  16. 

/Ian  (X  -  yy  +  x^  +  (X  +  y)'^  +  (X  +  iy)'  =  ixy  +  4x^  +  6?/' 
=  27g  ut  23f'+  ?^v  +  3y^  =  138. 

And  !/=  16-  ^  2x^+  2x(16  -  2x)  +  3(16-  2x)2  =  138. 

That  is,  2x2  +  32x  -  v.     '   768  -  192x  +  12x=«  =  13?. 

That  is,  10x2-  i60x  =  -6i>v-,    "'-  16x  =-63  ;  x^- 16x4- 64=  1. 

a;  -  8  =  +  1  or  X  =  9  or  7. 

y  =  16  -  2x  =  16  -  18  =  -  2,  or  16  -  1^  -  ", 

Hence  taking  x  =  9  and  y  =  -2  we  have  the  seri^"'  11,  9,  7,  b  { 
taking  x  =  7  aud  y  =  2  we  have  5,  7,  9,  II. 


202  ARITErJIETIOAL  PROGRESSION.  [Sect.  XJ. 

Otherwise,  let  x  -  3y,  x  -  y,  r  +  y,  and  x  +  Zy  represent  the 
nnmhcrs,  where  2y  =  the  common  difference. 

Tlien  X  -  3j/  +  X  -  y  +  X  +  !/  +  j:  +  3y  =  4x  =  32  .♦.  x  =  8. 

{X  -  3'jy^  +  (X  -  yf  +  (X  +  yy  +  (x  +  3y)»  =  ^x-  +  20y»  =276 
or  20^2=  276  -  256  =  20. 

y^-  I,  y  =  i  1.     Hence  x  -  3y  =  8  :;:  3  =  5  or  11,  <fec. 


E.xanciSB  LIX. 
Sum  the  following  series  : 

1.  63,  65,  67,  (fee,  to  31  terms  and  also  to  n  terras. 

2.  -  200,  -  1 88,  -  1  76,  -  1 64,  -  &c.,  to  22  terms  and  to  n  termi. 

3.  2,  3^,  5,  &c.,  to  17  terms  and  also  to  2//i  +  p  terms. 

4.  §,  0,  -  ?,  -  U,  .fee,  to  11  terms. 

Find  the  1 7th  and  28th  and  nth  terms  of  the  series  : 

5.  2,  5,  8,  &c. 

6.  3,  -  2,  -  7,  &c. 
1.  2i,  3,*,,  3,3,  &c. 

8.  Insert  3  arithmetical  means  between  3  and  33. 

9.  Insert  4  arithmetical  means  betwi-en  9  and  -  66. 

10.  Insert  7  arillimetical   means  between  -  1  and  100. 

11.  Find  the  s;un  of  73  lerm^  of  the  series,  I,  2,  3,  4,  Ac. 

12.  What  is  the  «th  term  of  the  series  1,  3,  5,  7,  &c.  ? 

13.  Prove  that  the  sum  of  n  terms  of  the  series  1,  3,  5,  7,  kc,  iB 
equal  to  «*. 

14  If  H  body  fallingr  to  the  earth  descends  a  feet  the  lirst 
second,  3  J  feet  the  second,  5a  feet  the  third,  and  so  on  ;  how 
far  will  it  fall  in  t  seconds  ? 

15  How  t'lr  will  the  body  (Question  14)  fall  during  the  20th 
second  and  during  the  /th  second? 

16  Tiiere  are  four  numbers  in  arithmetical  progression,  of 
which  the  sum  of  the  sqiares  of  the  extremes  is  200,  and  ib« 
B'lm  of  the  ^qiiiires  of  the  means  is  136.     Find  the  nombers. 

17.  Tiiere  are  four  numbers  in  arithmetical  jirogression  whose 
continued  produci  is  1680  and  common  did'erence  4.  Whst  are 
the  numbers  ? 

18.  Tnere  are  fiv«  numbers  In  arithmetical  progression  whoM 
gVliQ  is  25  and  continued  product  945.     What  are  the  numberi^ 
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19.  A  man  borrowed  $30  at  6  per  cent,  simple  interest,  per 
year  of  3  iO  Mays.  How  much  must  he  pay  daily  to  cancel  the 
debt,  principal  and  interest,  in  6)  days? 

20.  Prove  that  the  sum  of  «  terms  of  the  natural  numbers  1,  2, 

7i(n  +  1) 
3,  &c.,  is      -g —  • 

21.  Prove  that  the  sura  of  the  squares  of  the  first  n  natura. 

n{n  +  n(2n  +  1) 

numbers    is . 

o 

22.  Flow  many  terms  of  the  series  2,  II,  20,  &c;,  are  required 
to  make  up  517? 

23  Find  the  arithmetical  series  the  last  three  terms  of  which 
amount  to  9i5,  and  the  preceding  four  terms  of  which  added 
togpther  make"up  86. 

24.  Find  the  arithm'Hical  series  of  which  the  5th  and  7th  terms 
are  restjpctively  7  an^i  5. 

25.  Given  s  the  sum  of  an  arithmetical  series  =  bn  +  cn^  for  all 
values  ofn,  find  the  tih  terra  of  the  series. 

2*7.  Prove  that  the  sum  of  the  (m  -  n)rh  and  (m  +  n)th  terms 
of  an  arithmetical  series  is  double  the  /nth  terra. 

27.  In  an  arithmetical  progression  if  the  {p  +  q)\.h  terra  =  m, 
and   the   (p  -  q)\.h   term  =   n,  prove  that  the  qlh  term  of  the 

series  is  =  m—  (m  -  n)--. 

^  iq 

28.  Sum   to  n  terms  the  arithmetical  progression  whose  pth 

p 
term  is  7  -  — -. 

29.  There  are  three  numbers  in  arithmetical  progression,  such 
that  the  square  of  the  first  added  to  the  product  of  the  other  two 
is  Itf;  the  iqiare  of  the  second  adiled  to  the  product  of  the  other 
two  is  14.     What  are  the  numbers? 

30.  The  sura  of  four  whole  numbers  in  arithmetical  progression 
is  20,  and  the  sum  of  their  reciprocals  is  ||.  Hequired  the 
numbers. 
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GEOMETPwICAL     PROGRESSION. 

250.  Quantities  are  said  to  be  in  geometrical  prop;res- 
sion  when  they  increase  or  decrease  by  a  commoo  multiplier. 

Thus,  2,  4,  8,  16,  32.  &c.,  are  in  geometrical  progression,  the  commoD 
multiplier  being  2. 

5i,  -  lot'-  ioi''  -  133  J  ,  &c.,  are  in  geometrical  progression,  the  common 
multiplier  being  -  3i. 

231.  In  geometrical  progression  there  are  five  things  to 
b    coasidered : 

1.  The  first  term. 

2.  The  last  term. 

3.  The  common  ratio. 

4.  The  number  of  terms. 

5.  The  sum  of  the  series. 

As  in  arithmetical  proj;ression,  these  fire  quantities  are  so  related  that 
any  throooftlicm  being  given  the  other  two  can  be  found,  and  hence  there 
are  20  distinct  cases  arising  Irom  their  combination. 

252.  Representing  these  five  quantities  by  letters,  thus, 

a  -  the  first  term,  I  =  the  list  term,  r  =  the  common  ratio. 
n  -  the  number  of  terms,  s  =  the  sum  of  the  series. 
the  general  expression  for  a  geometrical  series  becomes 
a  +  ar  +  ar^  +  ar'  +  ar*  +  ar^  +  &c., 

where  the  index  of  r  is  always  one  less  than  the  number  of  the 
term. 

Thus,  in  the  third  term  the  indeT  of  r  is  2,  which  is  one  less 
than  tlie  number  of  the  terra  ;  in  tlie  fiftli  term  the  index  of  r  is 
4,  wliich  is  one  lesi  than  the  niirab<r  uf  the  teiui,  Ac. 

Ilence  /  =  a/-""^  ;  that  is,  tho  last  term  is  equal  to  the  first 
term  multiplied  by  the  common  ratio  raised  to  that  power  which 
is  iudiotited  by  ono  less  than  the  number  of  terms. 

253.  Since  the  sum  of  the  series  is  equal  to  the  sum  of 
all  the  terms, 
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s  ^  a  ■{■  ar  +  ar'^  +  . . . .  +  ar*'''  4-  «r""i,  mnlllpljing  hj  r,  we  get 
sr  --  ar  +  af^  +  . .  . .  +  ar"  "  ^  +  ar"  "  '  +  «r". 

Hence  .t  -  s  =  or"  -  a  ;  or  s(r  -  1)  =  t((r"  -  1),  and  therefore 
o(/"  -  ] ) 

254.  From  the  formula  obtained  in  Art.  252  we  get  by 
transposing  the  terms,  <fcc., 


•^  log.  I  —  lo^.  a 

r"    ^  tog-,  r 

And  substituting  these  values  of  I,  a,  r,  n,  in  the  formula 

obtained  in  Art.  254,  we  find 

rl  -  a 

S  =  r  _n_  n_ 

^  -  ^  /n  -  1  _  qU  -  i 

/(/•"-I)  *~~n      TI 

and  these  together  with  the  two  formulas  obtained  in  Arts.  252 
and  253, 

ff(7-"-l) 

are  the  fnndament.al  formulas  of  geometrical  progression  from 

which  the  other  fifteen  are  derived  by  reduction.     Thus, 

rl  —  a 
s  = 7-  gives  formulas  for  s,  r,  I,  and  a,  =  4 

/(/•'^-  1) 

s,  r,  I,  and  n,  =  4 

s,  I,  n,  and  a,  =  4 

--     j._  Y  s,r,a,  and  n,  =  4 

i  s  ar^  '  '  "  Z,  a,  r,  and  n,  =  4 

Total  20 


('- 

i;/-"-i 

n 

n 

i  _  a" ; 

1 

I 

Z"- 

1 

1  _  a"- 

1 

flCr" 

-1) 
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255.  "Wlcn  the  common  ratio  of  a  frcometrical  scric«  is 
a  proper  fr;iction,  the  series  is  a  descending  one,  and  if  the 
number  of  terms  is  infinitely  great,  r"  becomes  infinitely 
sm  jU  ;  i.  e.,  r"  becomes  =  0  ;  hence  ar"  in  formula 
-; becomes  equal  to  zero,  and  the  formula  for  finding 

the  sum  becomes  - — -   = .     The   expression 

r  -  1  1  - r  ^  1  -r 

properly  spcakinpr,  however,  represents  the  limit  of  the  sum 

of  the  infinite  series  rather  than  the  sum  itself. 

256.  By  means  of  these  formulas  many  problems  in 
geometrical  progression  may  be  solved,  but  as  a  rule  ques- 
tions in  which  the  value  of  n  is  sought  are  incapable  c£ 
""lution  except  by  the  higher  analysis. 

tix.  1.  'Find  the  last  term  and  the  sum  of  the  series  3,  6,  12, 
&c  ,  to  11  terms. 

OPERATION. 

,  «a)"-i  =  3  X  2'"  =  3  X  1024  =  3072 

0(7"^  -  1)       3(2'  '  -  1) 

!= =  -^ 7—  =  3(2048  -  1)  =  3  X  2047  =  6141. 

r  —  1  ^  —  1  '^ 

Ex.  2.  Find  the  limit  of  the  sum  of  the  series  8  +  4  +  2  +  14 
&c.,  ad  infinitum. 

OPERATION. 

a  8  8 

Ex.  3.  Find  the  7'h  term  und  the  sum  of  8  terms  of  th.j  seKca 

h  I,   -2?,  <feC. 

OPEUATIOS. 

The  common  ratio  is  always  =  2nd  term  +  1st  term. 
Hence  in  this  question  r=f.  ■rg  =  §  =  5 
l  =  ar''--'  =  (-^X-,)**  =  -:-  X  ,t^,V  =  ^'p^f 

_  a(r«-  1)       ^sV_-_0       iUr'f  -  1)  _  £('-l!J^-L") 
'-     r-l  '  =        i-l        =         -i  i 
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Ex.  5.  Insert  three  geometrical  means  between  4  and  324. 

OPEUATIOJf. 

f-ar"-i.-.  r"-i  =  — 

a  • 

And  since  there  are  here  3  means  and  2  extremes  there  are  in 
&11  5  terms,  then  r^  ~  '  =  ^4*,  r-*  =  81,  whence  r  is  evidently  =  3, 
Hul  the  series  is  4,  12,  3G,  108,  324. 

Ex.  5.  Find  six  numbers  in  geomeirical  progression  such  that 
tbe  sum  of  the  extremes  is  99,  and  the  sun*  ox"  the  other  four 
terms,  90.  operation. 

Th«  sum  of  the  six  terms  is  evid'-utly  99  +  90  =  189. 

Let  a  -  the  first  term  and  y  -  the  common  ratio. 

Then  x,  x;/,  xi/^,  x(/*,  x^*,  xy',  represent  the  terms 

Ir-a        xy'-.r        x(ij''  -  1  ) 
s  =  189  =      --    ^  -^  =  -   --,— 

189{y-l)  99 

.\x=      y6S\~-     Butx!/5 +x  =x(2/'+ 1)=  99  .'.x  =  j^^rfTi 

189(i/-l)  99  21(7/-  -1)  11 


i^"-l  y+i   !        y'^-l      ~     y^'-y^  ■^y'^-y  +  i 

21  11 


••y*  +  y-  +  l    =    y^-y^+y-^-y+l 

..  21(/*-21v'*  +  21j/*-21y  +  21  ^-  11?/*+  11;/='+  II 
10;/*  +  10i/2+  10  =  21!/=*+  21]/ 
lG(;/*  +  y^+  1)  =  21yfi/^+  1) 

10(/  +  2/+   1    -7/2)  =  2l!/(l/2  +  l) 

10(1/ +  1)2-  10/=  21i/(i/^+  1) 
10(2/2+  1)2  _  21i/(2/'+  1)  =  lOi/2 

(1/2+ 1)^ ^^-(!/2+l)+(  — -       =   — ^+-     —  =    -       - 

u         ^        10  ^'   ^  '■^^  [^  .^0  y  4U0     ^    400  400 

21y  29y 

*  20-20 

.        _  ^2/+29y  _   50y        5y 

^  ~  20         ~    20    "    2 

2y2_5y  =  _2;  lG;/'-40y  +  25=-16  +  25  =  9 

4!/- 5  =  ±3;  4J/  =  5+3  =  8.-.  2/=2 

99 
^  =  IFTT  =  f  S  =  3. 
Therefore  the  series  is  3,  6,  12,  24,  48,  96. 
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Ex.  6.  The  sum  of  four  numbers  in  geometrical  progression  ii 
equal  to  the  conimon  ratio  +  1,  and  the  first  term  is  ,'7.  Required 
the  numbers 

OPERATION. 

Let  r=  the  common  ratio. 

\       r       1^  r* 

Then  the  numbers  are  pj,    J^,    fli  ^^^"^  Tt- 

l  +  r  +  r^  +  r*       H-r  +  r2(l+r)       (l+r)(l+r») 
Then  l+r=  ^^ = ^ =  ^ 

.*.  1=  —^  orr2+l=  17;  r^  =  16,  .-.  r  =  i  4, 

and  the  numbers  are  -iVi  "iVi  if)  w? 
**f  '1 7">  ~  "1  f  >   171  ~  1  r  • 


8, 

1  + 

.*  +-/5-  +  &C. 

10. 

G4- 

-32 

+  16 -&c. 

12 

•7 

14. 

•86232. 

Exercise  LX. 

Find  the  last  term  and  the  sum  of: 

1.  3  +  9  +  27  +  &c.  to  6  terms.    2.  1  +  2  •)-  4  +  &c.,  to  9  terms. 

3.  1+4  +a  +  4;c,  to  7  terms.      4.  3-6+  12  -&c.  to  12  terms. 

4.  4-5  +  6i--&c.,  to  6  terms.  6.  30-15+  7 J  -  &c.  to  8  terms. 
Find  the  limit  to  the  sum  of  the  infinite  series  : 

7.-1J  +  I-JH&C. 

9.  7-3i  +  U-&c. 
11.  -623. 
13.  -976 
Sum  the  following  series  . 

15.  1  +  3  +  9  +  &c.  to  n  terms. 

16.  2  -  J  +  2*5  -  &c.  to  n  terms. 

17.  2  +  V8  +  4  +  &c.  to  10  terms. 

18.  «P+ aP*« +  aP*2« 4. 4(5,  to  „  t^jrms. 

19.  Insert  three  geometrical  means  between  1  and  Y\. 

20.  Insert  seven  geometrical  means  between  2  and  13122. 

21.  Insert  three  geometric. il  means  between  9  and  J^. 

22.  The  sum  of  the  first  and  third  of  four  numbers  in  G.  I*,  is 
143,  and  the  sum  of  the  second  and  fourth  is  883.  What  are 
the  numbers. 
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23.  The  sum  of  the  first  and  second  of  four  nnrabers  in  Ct.  P, 
is  15,  ;ind  the  sum  of  the  third  and  fourth  is  60.  Required  the 
numbers. 

24.  The  sum  of  $315  was  divided  among  three  persons  in  such 
a  way  that  the  first  received  .$135  more  than  the  last.  The  three 
shares  being  in  G.  P.,  required  what  they  were.  luterpret  the 
negative  result  obtained  ia  t!ie  solution. 

25.  There  are  five  whole  numbers,  the  first  three  of  which  are 
in  G.  P.  ;  the  last  three  in  A.  P. ;  the  second  number  being  the 
common  difference  of  these  three  terms.  The  sum  of  the  last 
foui  is  40,  and  the  product  of  the  second  and  last  is  G4.  Required 
the  numbers. 

2i3.  Prove  that  the  sum  of  n  terms  of  the  series  a  +  (a  +b')r 
i  (a  +  2b)r'  +  (a  +  3b)r  +  &c. 

_a-{cr  +  (nt-l)i>  }/•"      6r(l-r"-i) 
=  ^1-7  ■*■  "~(ll7p~~ 

27.  If  a,  b,  c,  d,  are  four  quantities  in  G.  P.,  prove  that  a^+6' 
-f  r*  >  ((I  -  6  +  cy-,  and  that  {a -b  b  +  c  -i- d)^  =  (a  +  b)' +  (c  +  d)' 
+  2(6  +  f)2. 

23.  In  a  G.  P.  if  the  (p  +  7)th  term  =  m,  and  the  (p-q)th 
term  =  n,  show  that  the/^th  term  =  V'^'^i  ^^"^  ^^so  that  the  5th  term 


29.  The  sum  of  three  numbers  in  G.  P.  is  35,  and  the  raeaa 
term  is  to  the  difference  of  the  extremes  as  2  :  3.  Required  the 
numbers. 

30.  There  is  a  number  consisting  of  three  digits,  the  first  of 
which  is  to  the  second  as  the  second  is  to  the  third  ;  the  number 
itself  is  to  the  sum  of  its  digits  as  124  :  7,  and  if  594  be  added  to 
it,  its  dibits  will  be  inverted.     Required  the  number. 


HARMONIC AL  PROGRESSION. 
257.  Quantities  are  said  to  be  in  harmonical  progression 
•when  their  reciprocals  are  ia  arithmetical  progression,  or 
when  of  any  three  consecutive  terms  the  first  is  to  the  third 
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as  tlio   di3"erence  between  the  first  and  second  is  to  the 
difilirence  between  ihe  -ccond  and  third. 

Thus,  a,  6,  and  c  are  said  to  be  in  II.  P  when  a:  c  : :  a-b:  b  -  c.  Also 
since 3,  7, 11,  &c.,  are  A.  I'.,  their  reciprocals  :i)  tj  n;  &c.,  are  in  II.  P. 

253.  It  may  be  easily  proved  that  the  reciprocals  of  a 
series  of  quantities  in  II.  P.  are  in  A.  P.,  as  follows  : 

Let  a,  b,  c  be  in  II.  P.      Then  a  :  c  ::  a  -  b  :  b  -  c  or  a{b  -  c) 

=  c((t-6),  or  ab  —  ac-  an—  be,  and    dividing  each  of  these  bj" 

1111 
abc  we  have  —  — r=  t  -  — •  But  when  the  difference  between 
c        b       0       a 

the  first  and  the  second  h  the  same  as  the  dilTerence  between  tue 

second  and  third,  the  three  quantities  are  said  to  be  in  A.  P. 

259.  No  general  ru'e  can  be  given  for  finding  the  sum 
of  a  series  of  terms  in  II.  P.,  but,  by  inverting  the  given 
terms  so  as  to  form  a  series  in  A.  P.,  many  useful  problems 
may  be  solved. 

Ex,  1.  Continue  the  II.  series  2J,  1|,  li  three  terms  each 
way. 

OPERATIOX. 

Since  '5,  ^,  f,  are  in  A.  P.,  their  reciprocals,  |,  f,  *-,  are  in  A. 
P.,  and  their  common  difference  =  }■.  Hcnce-||,  f,  ^,  f,  I,  },  ^, 
|,  I,  is  the  continued  A.  series,  and  these  terms  inverted  give  us 
for  the  required  II.  series -5,  oc,  5,  2|,,  l},  I4,  1,  g,  f. 

Note.— The  second  term  of  the  A.  P.  is  f ,  which  inverted  gives  uii§ 
Wtichr=oc  .    (See  Art.  68.) 

Ex.  2.  Insert  four  II.  means  between  2  and  6. 

OPEKATION. 

t-k 

Insert  ''our  A.  means  between  i  and  i.     Here  d  =  - — r 

i  0-1 

~~  5  =  -  1^.     Henco  the  A  series  is  J,  J 3,  ^J,  3^,  ^0,  io» 
.-.  II.  series  is  2,  2  *,,  2,5  ,  3i,  41,  6. 

Ex.  3.  Insert  three  II.  means  between  IC  and  30. 

OPERATION. 

Insert  three  A  means  between  i\,  and  .j^,.  Here  d  =  -,—    .  ~~'T 

»-  g',„  and  the  A  series  is   j\„   ^qi  c^oi  6*i)>  6^-      Hence  the  H. 
series  =  10,  12,  15,  20,  30. 
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Ex.  4.  Find  the  nth  term  of  ihe  11.  series  l^,  1,  f,  &c. 

OPERATION. 

Tlje  nth  term  of  the  A.  scries  I,  1,  ^,  &c.,  =  a+(n-\)d  =  |  +  (n-1)^ 

2  n  1  1  72  7i  +   1 

=  --  +  —  ---  =  —-  +  —  =  —5—  .-.  the  Titli  term  of  the  given 

00000  o 

3 

H.  series  is  ■,■. 

7J  +   1 


260.  Let  a  and  h  he  ay  two  quantl'Iep,  and  'et  A  he 
theii  arithuietical  mean,  G  their  geometrical  mean,  and  U 
^heir  hanuonical  mean.     Then, 

[.  J  -  a  =  b-jJ  or  2J  =  a  +  b  .-.  A=  i'a  +  b).     Art.  243. 

II.  a  :  G  ::  G  :  b  or  G'  =  ab  .-.  G  =  V^^-      Arts.  224  and  250. 

2ub 

III.  a  :  b  ::  a-H:  II-boraH+ bH=2ab  .'.  H= -,.  Art.  257. 

a  +  b 

261.  Hence  the  A.  mean  between  two  qunntities  is  equal  to  half 
their  sum,  the  G.  mean  between  two  quantities  is  equal  to  the  square 
root  of  their  prochict,  and  the  H.  mean  between  two  quantities  is 
equal  to  twice  their  product  divided  by  their  sum. 

262.  Theorem  I. —  Taking  A,  G,  and  U,  as  in  last  article,  &  ts 
the  geometrical  mean  between  A  and  H. 

2ab 

De.'uonstkation. — Since  A  =  l{a  +  b)  and  fl= .-.Alls'. 

a+b 
a+b         2ah 
~ir  ^  u~+~b  ~  "^'  ^"*  ^^  ^  °^  •'•   ^^  ~  "^^^     Extracting  tl^. 

square  root  of  both,  we  have  G  =  V-^H,  that  is,  G  is  the  geomet- 
rical mean  between  A  and  H. 

263.  Theorem  II. —  Taking  A,  G,  and  H,  as  in  Art.  2G0,  then  of 
the  thrti  A  is  the  greatest  and  H  the  least  in  magnitude. 

Demonstration. — Because,  (Art.  134)  a'^  +  b'^>2ub,  a^+  2a6+6* 

4u6  a+b        2ab  a  +  b 

2ab  ^^"^  "  "*"  ^  >  ^T6'  ^°^  ~2~  >  r+b'  ^""^  ~2^  =  •^'  ^°^ 
~4.~^  -  If,  ■•.  A  >  U.  And  G  being  the  geometrical  mean  be- 
tween Ji  and  H  is  of  intermediate  magnitude,  i.  e,  is  greater  than 
H  e.Rd  less  than  A,  .:  A  >  G  >  H, 
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264.  TnEOREM  III. —  Three  qnantiiii'-f  a,  b,  c,  are  in  Ji.  P.  or 

a  -  b        a         a  a 

G.  P.,  or  H.  P.,  according'  .—       =  —  or  t-  or  — . 
'  '  '   b  -  c        a        b  c 

a  —  b        a 
Demonstration  I.  ,         =  — =  I  .-.  a  -  b  =  b  -  corb  =  i(a+ c). 
b  -  c       a  i\        ' 

a  -  b       a  

II.  , —     =  -r  .'.  ab  -  b^  -  ab  -  ac  or  l'  =  ac  .-.  b  =  Jac. 
b  -  c        b  " 

a-b        a 

III.  , =  —  .-.  a  \  c  ::  a  -  b  :  b  -  c. 

b  -  c        c 

Ex.  5.  Find  the  A.  G.  ar.d  H.  means  between  \\  and  10. 

OPERATION. 

A=\{a^b)  =  \(\\^\Q)  =  \x  111  =  J  x-Egt  =  ^7  =  57j. 

G  =  V"6  =  V^i  ^  10  =  Vllj  ^  3-41. 
2ab         2  X  If-  X  10       23i 

^~  a  +  b  ~      1^+10      ~  11^  ~  '''''^• 

Ex.6.  The  difference  of  the  A.  and  H.  means  between  two 
numbers  is  Ij  ;  find  the  numbers,  one  being  four  tinges  as  great 
as  the  other. 

OPERATION.  * 

2(76  a  +  b        2ab 

c?  +  lab  +  6^  _  4a6       (a  _  h^ 


=  a 


since  a  =  4i  we  have 


2(a  + t)  ~  2(u  +  b) 

(46-  fc)'        (36)2    _  962  ^  96  _    9  j 

2(46  +  6)  =  2  X  56  =  106  "  lo  =  Y  •'•  11^   =   ^  ^"^  ^  =    2    and 

o  =  46  =  8. 


EXKRCISB  LXI. 

1.  Continue  three  terms  each  way  the  H.  series,  (i)  i,  f,  \  ; 
(")iV,  -.y,  Vo- ;  ("0  \,\A\  (1^)  1-1,  If,  i^  ;  (v)A,  li,  -  1}  ; 
(vi)  -  j,cc,  i. 

2.  Insert  three  IX.  means  between  2  and  3  ;  between  5  and  7  ; 
between  11  and  3  ;  between  2]  and  St;  between  C  and  -  \. 

3.  Find  the  5ih,  11th,  and  nth  term  of  the  H.  seriis  2^,  1,  |. 
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4.  Find  the  6th,  10th,  and  last  term  of  the  H.  series  13,  6^,  4J. 

5.  Find  the  4ih  and  8th  terms  of  the  H.  series  -,-,7,  y;/,  -,^4. 

6.  Find  the  unknown  terms  of  a  H.  series  -vshose  first  term  ia 
i  and  fourth  term  I. 

7.  Find  the  8th   term  and  the  nth  terms  of  a  H.  series  whose 
first  term  is  a  and  second  term  b. 

I  1 

8.  Find  the  H.  mean  between  — ; —  and 


VI  +  11  in  —  n 

9.  Find  the  A.  G.  and  EI.  means  between  4  and  9. 

10.  Fiud  the  A.  G.  and  H.  means  between  6  and  4^. 

11.  If  a,  b,  f,  be  three  quantities  in  H.  P.,  prove  that  a^  +  c^ 
^  26-,  if  a  and  c  are  both  positive  or  both  negative. 

12.  If  (/,  b,  c,  are  in  A.  P.,  and  a,  mb,  c,  in  G.  P.,  prove  that 
u,  7n-b,  r,  are  in  II.  P. 

13.  From  each  of  three  quantities  in  H.  P.  what  quantity  must 
be  taken  away  in  order  that  the  three  resulting  quantities  may 
be  in  G.  P.? 

14.  The  sum  and  difference  of  the  A.  and  G.  means  between 
two  quantities  are  IC  and  4  respectively.  Required  the  numbers. 

15.  The  A.  mean  between  two  numbers  is  2?  of  the  H.  mean, 
and  one  of  the  numbers  is  2.     Required  the  other. 

16.  Find  two  numbers  whose  sun  is  30  and  H.  mean  13J. 

17.  Find  two  numbers  whose  differen.ce  is  I63  and  the  G.  mean 
between  the  H.  and  A.  means  of  which  is  9. 


PERMUTATIONS,  VARIATIONS,  COMBINATIONS. 

265.  The  different  orders  in  ■which  any  given  number 
of  quantities  can  be  arranged  are  called  their  permutations 
or  variations. 

Thus,  the  permutations  of  o,  6,  c,  taken  three  together,  are 
«tc,  acb^  ban,  bca,  cab,  cba;  taken  two  together,  they  are  a6,  La, 
<fc,  cu,  be,  cb.  ...  - 

KoTE.— Some  writers  make  a  distinction  between  permutations  aud 
variations— limiting  the  application  of  the  former  term  to  those  cases  in 
wUicU  wJ  tUe  quantities  are  taken  together,  aud  calling  others  variations, 
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26G.  The  comhini'tiona  of  any  given  number  of  things 
are  the  diffcrivt  colhctwvs  th;it  can  be  formed  out  of  tbitn 
withfuit  taking  into  consideration  the  order  in  which  the 
quantities  are  phieed. 

Thus,  the  combinations  that  can  be  formed  out  of  three  things, 
a,  b,  c,  are  three  in  number,  viz.,  </6,  ac,  and  be. 

267.  Theorem  I. —  Tlie  vumber  of  varintions  of  n  thingr  taken 
\>  logtilur  U  n(n  -  l)(n  -  2)    . . .  (n  -  p  +  1). 

Demoxsthation.     Let  there  be  n  different  things  fi,  h,  r,  d,  kc. 

Then  the  number  of  variations  whicli  can  be  formed  out  of 
the.se  71  different  thirgs  taken  one  at  a  time  is  manifestly  =  v. 

From  the  n  things  «,  b,  c,  il,  &c.,  let  us  remove  n,  then  there 
will  remain  n  -  1  things  b,  c,  it,  and  the  number  of  variations  of 
these  n  -  1  things  taken  singly'  will  of  course  be  =  n  -  1.  Now 
if  we  [)lace  a  before  each  of  these  7i  -  1  variations  there  will  be 
n  -  1  variations  of*/,  //,  r,  d,  kc,  taken  Iwo  and  ttt-o  together,  in 
whicii  a  stands  first.  Similarly  there  will  be  n  -  1  such  varia- 
tions in  which  b  stands  first,  and  so  of  the  rest.  Therefore  th-ie 
are  u|ion  the  whole  n(^n  -  1)  variations  of  n  things  taken  two  and 
two  together. 

Hence  of  (n  -  1)  things  b,  c,  ri,  kc,  taken  two  and  two  fo- 
gethtr,  there  are  (n  —  l)(n  -  2)  variations,  and  placing  a  bifore 
each  of  these  it  appears  there  are  (n  -  l)(n  -  2)  variations  of  ti 
things  n,  b,  c,  &c.,  taken  Ihree  and  three  together,  in  which  a 
stands  first,  and  as  the  same  may  be  said  of  6,c, '/,  &c.,  there  are 
upon  the  whole  n(«  -  l)(/i-2)  variations  of  n  things  t:iken  three 
and  three  together. 

Similarly  the  number  of  variations  of  n  things  taken  four  and 
four  together,  may  be  shown  to  be  »i(n  -  !)(«  -  2)(n  -  3),  and 
five  aud  five  together,  n{n  -  l)(n  -  2)(n  -  3)(/j  -  4),  and  so  on. 
Now  ii  has  been  shown  that  variations  of  n  things  taken 

2  together  =  n(n  -  1 )  or  n(«  -  2  +  1 ) 

3  "       =7((h- l)(7i-2)  or  »i(n -!)('« -3  +  1) 

4  "  =7i(«- l)(H-2)(7i-3)  orti(n  -  l)(n-2)(n-4  +  l) 
ctod  so  OD.  IJeucc  the  variations  of  n  things  taken  p  togetUei 
Fn(/»-l)(7i-2)....(7»-j>+l). 
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Cor.  1.  If  p  =  n,  that  is,  if  the  qnanlitjps  are  taken  all 
together,  the  varialious  or  permutations  of  «  things  is  ii(n-  "l 
(»  -  2) .  ..  .(71  -  n  +  \)  -  n(n  -  l)(n  -  2)  ...  3.2  1,  or,  reversing 
the  order  of  these  terms  we  have  permutations  of  n  things 
=  1.2.3.4....n. 

Cor.    2.    Hence   denoting   the   variations  of  n  things  taken 
1,  2,  3,  4,  &c.,p  together  by  F,,  V^,  Fj,  V^,  &c.,  F^  we  have 
F,  =n;     V^=n(n-\);     V^  =  7,(n  -  \)(n  -  2)  ;     V^  =  7i(n  -  I) 
(n-  2)(n-  3);  ice.  ;    V^  =  n(n- \)(n -2)(n-3) (n-p  +  1). 

Note. — For  the  sake  of  brevity  n{n  -  \){n  2) 3.2.1  is  frequently  indi- 
cated by  n  (read  factorial  n.)  accordingly,  \n  denotes  iLe  coutiuuud  pro 
duct  of  the  natural  numbers  from  1  to  »i  inclusive. 

263.  Theohem  II. —  The  number  of  permutations  of  n  things 
taken  all  together,  whereof  p  are  a' s,   qure  h's,  and   r  are  c's  is 


IP  13  II 

Demo.vstration. — Let  N  denote  the  number  of  permutations 
under  the  given  conditions.  Then  if  we  suppose  that  ia  any  one 
of  these  A'' permutations  we  change  the  ]>  u's  into  letters  differ- 
ing from  all  of  the  rest,  we  could  from  this  single  [)ermutaiion 
produce  |  p  different  jiermutations,  and  as  the  same  would  be 
true  for  each  of  the  A'^  permutations,  it  appears  that  if  the  p  «'s 
are  changed  to  letters  differing, from  all  the  others,  there  will  be 
N  \p  permutations  of  7i  letters,  whereof  there  are  still  q  b's  and 
r  c's. 

If  now  the  q  6's  were  changed  to  letters  differing  from  all  the 
rest,  it  may  be  shown  by  similar  reasoning  that  we  should  have 
N  \  p  \q  variations  of  n  things,  whereof  there  still  remain  r  c's. 

Similarly,  if  the  r  c's  are  changed  to  letters  differing  from  all 
the  rest,  we  shall  find  that  the  number  of  permutations  of  n  diffLT- 
ent  tliingb  =  iY|p  |_£  |  r.  But  the  permutations  ijf7i  different  things 
is  |»K 

Hence  A  j_p  ]_£  |_r  =  Jn^^  and  dividing  both  sides  of  tne  equatior 

l-n 

])y  Ijj  Jj  Ll  we  Lave  N~- 


IP  Is  Jl  ' 
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Ex.  1.  How  many  variations  can  be  made  of  10  things  takca 
3,  5,  8,  and  10  at  a  lime  ? 

OPEP.ATION. 

F.,  =  n(n-  ])(n-  2)  =  10.9.8  =  720. 
Fs  =  v(n-  l)(n-2)(n -:•■.)(« -4)  =  10.9.8.7.6=  30240 
Fg  =  nQi  -  l)(n  -  2)(K  -  3)(ra  -  4)(n  -  5)(n  -  6)(n  -  7) 
=  10,9.8.7.6.5.4.3  =  1814400 

F,n  =  1.2.3.4 n=  1.2.3.4.5.6.7.8.9.10  =  3C28800. 

Ex.  2.  How  many  different  words  can  be  made  with  all  the 
letters  in  the  expression  a^bc^de^. 

OPERATION, 

We  are  to  find  the  permutation  af  13  letters,  of  which  4  are 
a's,  2  are  c's,  and  5  are  e's. 

^r_         IHl       _       12. 3. 4. 5  6. 7. 8. 9. 10. 11.12.13 
|_p   |7    |r    ~  1.2.3.4x1.2x1,2.3.4.5 

=  7x9x10x11x12x13=  1081080. 
Ex.  3.  The  number  of  variations  ofn-2  things  3  together: 
number  of  variations  of  n  things   3   together   ::  5  :  12.     Find 
the  value  of  n. 

OPERATION, 

(n-  2)(n-  3)(n-4)  :  n(«  -  l)(n  -  2)  ::  5  :  12 

12(n-  2)(/i-3)(«-4)  =  5n{n-  l)(a  -  2) 

12(/i. -3)(n-4)  =  5«(7i-  1) 

12(«2  -:n+  12)  =  5n^-5/i 

12'j'^  -  84/1  +  144  =  5?J«  -  5n  or  7n«  -  79n  =  -  144 

196/J''  -  2212n  +  G241  =-4032  +  6241  =  2209 

14a  -  79  =  ±  47  .-.  1471  =  126,  or  ti  =  9. 

Ex.  4.  The  variations  of  a  certain  number  of  things  taken  3 
together  is  20  times  as  great  as  the  number  of  variations  of  half 
as  many  things  taken  3  together.     Find  the  number  of  things. 

OPERATION. 

n(7i  -  l)(7i  -  2)  =  20  X  i7i(i/i  -  \){in  -  2) 

n(.-i)(.-2)  =  io«(:i^)("-:il), 

n(n- l)(n-2)  =^  n(n- 2)(7i-4)      ''■ 
and  dividing  both  by  n(n  -  2)  we  have  n  -  1  =  §(n  -  4)  whenco 
n«=  6,  ■     ""  ' 
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Exercise  LXII. 

1.  In  how  many  different  ways  can  six  different  counters  be 
irranged  ? 

2.  How  many  variations  can  be  formed  out  of  8  things  taken 
(0  4  together,  (ii)  6  together,  and  (in)  all  together. 

3.  How  many  different  words  can  be  formed  out  of  the  expres- 
sion a^'b^c'd  1 

4.  Assuming  that  sixteen  changes  can  be  rung  per  minute, 
and  that  the  bells  are  rung  10  hours  each  day,  how  long  would 
it  require  to  ring  all  the  changes  that  can  be  rung  on  12  bells? 

5.  If  the  number  of  permutations  of  ra  things  5  together  is  six 
times  as  g^eat  as  the  number  3  together,  find  n. 

6.  A  landlord  agrees  to  board  a  company  of  10  persons  as 
many  days  as  thny  can  sit  in  different  positions  at  table,  for 
$5000.  Assuming  that  the  board  of  each  is  worth  $5  per  week, 
how  much  does  be  lose  by  the  transaction  ?  What  is  his  loss  if 
the  $5000  is  paid  at  once  and  placed  at  simple  interest  at  G  per 
cent,  per  annum  till  the  close  of  the  term  of  agreement? 

7.  The  number  of  variations  of  15  things  taken  n  together  is 
ten  times  as  great  as  the  number  taken  (n  -  1)  together.  Find 
the  value  of  n. 

8.  How  many  different  words  may  be  made  of  all  the  letters 
in  the  words  Constantinople,  divisibility,  octoroon,  commemoration. 

9.  How  many  different  permutations  can  be  formed  with  the 
letters  in  the  words  algebra,  demonstration,  Toronto. 

10.  The  variations  of  tjn  things  taken  3  together  :  variations 
q{ ht  things  taken  3  together  ::  145  :  2.     Find  n. 


269.  Theorem  III. —  The  number  of  combinations  of  n  things 

.   n(n-l)(n-2)(n-3)....(n-p+l) 
taken  p  together  is .^  „  ^~: — — — - 

Demonstration.  The  number  of  combinations  of  n  things  two 
and  two  together  is  evidently  only  half  as  great  as  the  number 
of  variations  of  m  things  two  together.  Since  each  combination 
ab  gives  two  variations,  ab,  ba,  heoce  the   combinations  of  » 

things  two  together  is  — 5 — • 
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Apain,  since  there  are  n{n  -  \)(n-  2)  variations  of  n  things 
taken  three  together,  and  each  combination  of  three  things 
admits  of  1.2.3  variations,  it  is  evident  that  there  are  1.2  3 
times  as  many  variations  of  n  things  taken  three  together  as 
of  combinations  taken  three   together,    and   consequently    the 

n(n-  l)(n  -2) 
number  of  combinations  is t"~9~5 ' 

Similarly,  the  variations  of  n  things  taken  p  together  is 
n(«  -  l)(n  -  2) . .  • .  (/t  -/;  +  1),  and  every  combination  of />  things 

■will  make  1.2.3 p  variations.     Hence  there  are  1.2.3 p 

times  as   many  variations  as  combinations  of  n  things  taken 

p  iDgeiher,  and  consequently  the   number  of  combinations  is 

n(/i-  l)('t-  2)....(/t-p  +  1) 

1.2.3..    .p 

270.  Theorem  IV. —  The  number  of  combinations  of  n  thingi 
taken  n  -  \)  ut  a  time  w  equal  to  the  number  of  them  taken  p  at  a 
time. 

Demo.nstratiom.     It  ha3  been  shown  by  last  theorem  that  the 

number  of  combinations  of  n  things  taken  p  together  is 

n(n  -  l)(n  -  2). .  .    (n- p  +  ]  ) 

,    ..   „ — ■ .  ami   multiplying    both  nnmera- 

i. i.3   . . .p  f  J     o 

tor  and  denominator  of  iliis  expre-ssioti  by  1.2.3. ...('»-;))  we 

c    .    ,    .-.     »('t-l)(^-2) {"-i,+  \)x{n-p)   ...3.2.1 

find  that  it  =  i~T"j .  ^  ,    .,  -^ 7- — rr- 

12.3   ....;>  X  1.2.3 ("—/') 

n(n-  l)(n-2) 32   1  |a 

Now  putting  n-  p  for  p  in  this  result,  as  may  evidently  bf 
done,  since  tbe  expression  holds  for  all  values  of  p  which  are 
less  than  n,  we  have  n-p  =  n-n+p^p  and  consequently 

!iL_ i;l 

[p    ~\n£p~  ~  |n-p     [£ 
that  is,  the  Cp  of  n  things  =  C,  .  p  of  the  same  n  things. 

Hence  if /'>Jn,  the  number  of  combinations  is  more  easily  fonm 
by  the  supplemental  formula,  i.  e.,  taking  C^.p  instead  of  C^ 


Cr,  =  ; : =  .— "^=r-:.  -  C^.p 
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NOTE.-Thp  f  nith  of  this  principle  is  also  evident  from  the  fact  that. if  from 
B  things  p  be  taken,  {n  -p)  things  wiil  always  remain,  and  lience  forevery 
different  .-^et  containing/)  things  there  will  beadilTerent  set  left  containing 
n-  p  things,  andconsoqueiitly  the  number  ofthetormer  equals  the  number 
of  the  latter. 

Cor.  1.  Hence  representing  combinations  of  n  things  I,  2,  3, 
kc.jP  together,  by  C,,  C.,,  C^,  &c  ,  C^  we  have 
n  n(n-  \)  n(n-  l)(n  -  2) 

C^   =  Y'  (^i   =       12      '  ^3   =  1.2.3  '  ^^' 

Cor.  2.  To  find  the  sura  of  all  the  combinations  that  can  be 
made  of  n  things  taken  1,  2,  3,  &c.,  n  together,  we  proceed  as 
follows : — 

n    n{n  -  1)  n(n  -  l)(n  -  2) 

It  will  be  shown  hereafter  that  — .  — ,-^o~~  ' 1"  o  q  — 

kc,  are  the  coefficients  in  the  expansion  of  the  binomial  (l  +  x)", 
80  that  (1  +x)''=  1  +  C^x  +  C^x'^  +  C3x'  +  &c.+  C^x'*. 

Now  writing  1  for  x  we  have 

(1  +  1)"  =  2"  =  1  +  C,  +  C.J  +  C3  +  &c.  4-  C„. 

Hence  2"  -  1  =  C,  +  C.J  +  C3  +  &c  +  T^,  or  the  sum  of  all  the 
combinations  which  can  be  made  of  n  things  taken  1,  2,  3,  &c., 
n  together  =  2*  -  1. 

Ex.  1.  Required  the  number  of  combinations  of  22  things  taken 
5  together. 

OPERATION. 

Here  n  =  22  and  p  =  5 

n(n-  \)(n  -  2^{n  -  3)(n  -  4")      22.21.20.19.18 


C.  = 


1.2.3.4.5  ~         1.2.3.4.6 

=  22.21.19.3  =  26334. 

Ex.  2.  How  many  combinations  can  be  made  out  of  23  things 
taken  19  together  ? 

OPERATION. 


Here  n  =  23  and  p  =  19,  and  consequently  n  -  p  =  4 
22.21   2( 
1.2.3.4 


23.22.21    20 
^p  ~  C„.p  or  "19  =  C4  =  -   -   r— 7       =  8855 
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Tx.  3.  What  is  the  sum  of  all  the  combinations  which  can  be 
made  out  of  10  things  taken  1,  2,  3,  &c.,  10  at  a  time. 

) 

OPERATION.  J 

C,  +  Co  +  C3  +  C4  +  &c.  +  C,  0  =  2'"  -  1  =  1024-  1  -  1023.     1 
Ex.  4.  Out  of  10  consonants  and  3  vowels   how  many  words 
each  containing  two  vowels  and  four  consonants  can  be  formed? 

OPERATION. 

,.      ,  ,  10.9  8.7 

10  consonants  combined  together  4  and  4  will  give 

=  210   combinations;   and  similarly  the  combination  of  three 

3.2 
vowels  two  together  =  =  3.      Hence  the    combinations  of 

the  10  consonants  and  3  vowels  =  210  x  3  =  630. 

But  each  of  these  combinations  of  6  letters  will  furnish 
1.2.3.4.5  6  =  720  [lermutations  each,  forming  a  different  word. 
ITence  the  entire  number  of  words  formed  will  be  630  x  720 
=  453i;00. 

Ex.  5.  How  often  may  a  (different  guard  of  4  men  be  posted 
out  of  50  ?  On  how  many  occasions  would  a  given  man  be 
selected  ? 

OPEftATION. 

50. 49. 4ft. 47 
^^= -177X7-^230300 

Taking  away  one  man  there  remains  49,  and  the  qnestion  now 
becomes,  how  many  combinations  may  be  formed   of  49  men 

tiikea  three  together. 

40.43. 4 7 
C .  ~  —         —  =  18424,  to  each  of  which  the  reserved  man 

m."'y  be  attached. 

E.XERCISE  LXIII. 

1.  How  many  combin.ations  may  be  made  of  10  things  taken 
3  together?     How  niiiny  5  together?     How  many  8  together? 

?.  How  many  combinations  cnn  be  formed  out  of  15  things  5 
together?     How  many  7  together?     How  many  12  togt^ther? 

3.  How  many  different  classes  of  6  children  can  be  formed 
out  of  a  school  containing  12  cbildrea  7 
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4.  The  Yrhole  nnmber  of  combinations  of  2n  things  is  513  times 
the  whole  number  of  combinations  of  «  things  ;  find  n. 

5.  From  a  company  of  36  policemen  5  are  taken  every  night 
for  special  duty.  On  how  many  different  nights  may  a  different 
selection  be  made ;  and  in  how  many  of  these  will  any  particular 
man  be  engaged  ? 

6.  How  many  -words  of  7  letters  can  be  made  out  of  the  25 
letters  of  the  alphabet,  with  three  out  of  the  five  vowels  in  every 
■word? 

7.  In  how  many  way  can  10  persons  be  seated  at  a  round 
vable  so  that  all  shall  not  have  the  same  neighbours  in  any  two 
arrangements? 

8.  If  the  permutations  of  n  things  3  together  :  combinations 
of  n  things  4  tog-ther  ::  6  :  1.     Find  n. 

9.  The  number  of  permutations  of  n  things  p  together  is  10 
times  as  great  as  their  number  taken  p  —  I  together,  and  the 
number  of  combinations  p  together  :  number  p  -  1  together 
::  5  :  3.     Find  n  and  p. 

10.  In  how  many  ways  may  n  persons  be  arranged  in  a  circle  ? 

11.  With  ten  flags  representing  the  10  numerals,  how  many 
signals  can  be  formed,  each  representing  a  number,  and  not 
consisting  of  more  than  five  flags? 

12.  flow  many  different  sums  can  be  formed  with  a  guinea,  a 
half  guinea,  a  crown,  a  half-crown,  a  shilling,  a  sixpence,  a 
penny,  a  halfpenny,  and  a  farthing? 


SECTION  XTI. 

BINOMIAL  THEOREM. 

271.  The  Binomial  Theorem  is  a  general  formula 
invented  by  Sir  Isaac  Newton,  for  the  purpose  of  expedi- 
tiously involving  any  binomial  to  any  power.  The  formula 
is  expressed  as  follows : 

H(n-1_,  n(n-l)(n-2) 

1.2  ^         1.2   3 


(«  +  x)**  =  a"  +  —  a"-*x  +  -^,— r—a"  -^x^+   ^     ,  "l'„    "'  a'^-^J 


n!n-\)rn~2^...(n-r+  ]) 
I-  tc,  the  (r  +  1)  th  term  being .        „ 


222  BINOMIAL   THEOREM.  (Sect.  XU. 

Where  (a  +  x)  is  the  given  binomial,  n,  the  exponent  of  the 
required  power  mny  be  any  qnaniitj  positive  or  negntive,  integ- 
ral or  fractional,  and  r  any  positive  integer  whatever. 

Note  1.— Tlio  (r  +  l)th  term  as  above  is  commonly  called  the  yejieral 
term  oftlie  expansion. 

Note.  2.— Tlie  coefBcinnts  of  .r,  x^,  x'  &e.,  x  in  the  above  expansion  are, 
when  n  is  a  positive  integer,  merely  tlie  general  expre'^sions  for  the  number 
of  combinations  of  n  things  taken  1,  2,  3,  Stc,  r  together  (See  Art.  269), 
and  wo  shall  therefore  use  the  expressions  C,  _  f, ,  C,  ic,  C^  to  repre- 
pout  these  coefficients,  so  that  the  formula  given  above  may  be  written 
(a  +  a:)"  =  a"  +  C,  a"  - 1  X  4-  C^d!' "  V  +  &c.,  +  c,  a"  "  ^  ar'  +  ^c- 

272.  Since  in  the  formula  (a  +  1)"=  d!^  ^  C^a^-'^  x  ^C^a^  ^i» 
+  &c.,  a.  and  x  represent  any  quantities  whatever,  we  may  write 
-  X  in  jilace  of  x  and  we  thus  obtain  : — 

(a  -  i-y  -  ci"  +  C,a"  - 1  (-  x)  +  C.d'*  -  2  (-  x)^  +  <kc, 
=  a"-  C|a"-ix+  C,jU'»-'''x^-&c. 
The  terras  being  alternately  flus  and  minus. 
Cor.    U  a  =  1,  (a  i  x)"  =  (1  +  x)"  =  If  f\x  +  C^x'  ±  C^x* 
+  C,x*  +  ic. 

273.  Theorem  I. — The  Binomial   TJieorem,  is  true  in  all  cases 

when  u  is  pusilive  and  integral. 

Demonstratiov. — By  actual  multiplication  it  appears  that  :^ 
(X  +  (0(x  +  6)  =  x^  +  (ii  +  Ij)x  +  ab. 
(x  +  a)(x  +  6)  (X  +  c)  =  x*  +  (a  +  6  +  c)  X*  +  (ab  +  ac  +  be)  x  +  nbc. 
(x  +  «)(x  +  b){x  +  c)(x  ^  d)  =  X*  +  (a  +  b  +  c  +  //)x«  +  (aft  +  ae 
+  be  +  ad  +  bd  +  cd)x^  +  (abe  +  acd  +  bed  +  abl)x  +  abed. 
Now  it  is  evident  that  in  these  results  the  following  laws 
hold  :— 
I.   The  number  of  terms  in  the  right  hand  side,  is  one  more  than 
the    number  of  binomial  factors   which,   are   muUiplicd 
together. 
II.   The  exponent  of  x  in  the  1st  term  -  the  number  of  binomial 

factors,  and  it  decreases  by  unity  in  each  succecdinz  tcrn.M 
III.   Thecorfs.  of  1st  terms  =  unit;/  ;  corfs.  of'lnl  terms  -  sum  0/" 
2nd  Icrms  of  alt  the  binomial  firtorn  ;  coefs.  of'Zrd  terms 
-  the  sum  of  all  the  products  of  the  iwl  terms  of  the  bino- 
mial factors  taken  two  at  a  timt  ;  coeft.  ofitk  terms  = 
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sum  of  all  the  products  of  same  second  terms  taken  three  at 

a  time  and  to  on;  the  last   term  is  the  proriurt  of  all  the 

second  terms  of  the  binomial  factors  taken  all  together. 

Let  U3  assume  then  that  these  laws  of  formation  in  the  pro- 

d- .ct  hold  for  n~  \  binomial  factors  (x  +  a),  (x  +  b),  (i  +  c),  &c. 

So  tliat  (T  +  a)[x  +  b)(x  +  c)  &c (x  + /.-) 

=  x"-i  +  .ix''-^+-e.T"-»+  Cx^-'t+ic...  +  K 

•where  ^  =  a  +  6  +  c  + k  ;  B  ~  ab  +  ac  +  be  +  &c. 

C  =  abc  +  acd  +  <tc. 
&c  =  (fee. 

K-abcd k. 

Then  introducing  a  new  factor  x  +  Z  we  have  : 

(x  +  a)(x  +  6)   &c (X  +  k)(x  +  l)  =  x"  +  (J -i- l)x'*  -i  + 

(5  +  M)x''-^+&c +KI. 

^Vherefore  J+l  =  a  +  b  +  c +  k  +  I 

B+  U  =ab  +ac  +  be  + +  al  +  bl  + kl 

&c.  =  &c. 

Kl  =  abcd kl 

"Jhat  is  A  +  I  =  sum  of  all  the  second  terms  of  the  binomial 
factors. 
B  ■¥  lA  =8um  of  all  the  products  of  the  second  terms  a, 

6,  c, /  taken  two  at  a  time.     And  so 

on,  and 
Kl  =  product  of  the  second  terras  when  taken  all  together. 
Hence  if  the  laws  indicated  hold  good  whenn-  1  factors  are 
multiplied   together,  they  hold  good   also  when  n  factors  are 
multiplied  together.     But  we  have  shown  that  they  hold^ood 
when  4  factors  are  multi])lied  together,  thert-fore  they  hold  when 
5  factors  are  multiplied  tojrether,  and  therefore  also  for  G  and  so 
on,  and  hence  generally  for  any  number  whatever. 
Now  let  a  -  b  -  c  =  d  =  <kc. 

Then j1  -  a  +a  +  a  + ton  terms  =  na. 

B  =  o*  +  o*  + &c.,  to  a  number  of  terms  •=  to  the 

No.  of  combinations  of  n  things  taken  two  to- 

tjC)-  1) 
getker  =  — r— —  a*. 
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C  =  a'i-  d'  +  &c.,  to  a  number  of  terms  =  to  the  No. 

of  combinations  of  n  things  taken  three  together 

«(«-l)(u-2) 
= -^    a'.         And  so  on. 

K=  a.a.a.a  to  n  factors  =  a". 

Also,  (x  +  a)(x  +  b)(x  +  c) &c.,  becomes  (i  +  a)(x  +  a) 

n  terms  =  (x  +  a)". 


+  &c 


+  &c 


n                n(re-l)                   n(n-l)(7i-l) 
.-.  (X  +  a)"  =  x"  +  Y  ox"  - 1  +  —      —  o^x"  -  »  +  — 

a'  x"  -  »  + +  a". 

274.  Theorem  II.  T^e  Binomial  Theorem  holds  /or  all  value* 
of  n  ciLher  podlive  or  negative,  imtegral  or  fractional. 

Demonstration.  (Euler's.)  It  has  been  alreadj  shewn  that 
•when  11  and  m  are  positive  integers, 

CiWl+x^™- /.    N    i.'™      .  m(m-l)        m(m-  l)(m-2) 
(I.;  (1  +  x;    -y(?n)  =  l+Y  x+      ^^     xH ^^-2^ x» 

&c. 

(...)  (. «)'  =/(,)=,  .|.,»-(;^2)..,M^)(^),. 

&c. 
where  T  («)  and  T  (n)  are  symbols  used  to  denote  the  series 

m  7n(m- 1)  .     .  n  n(n-l) 

1  +  --  2;  +  — ,-5 —  x*+ &c.  and  1  +-,-  x  +  —  ,  .,—  x*  +  &c. 

1  X.4  1  i.i 

Hence  whatever  may  be  the  values  of  m  and  n, 

{m          fn(m-l)  If         n         nCn-l)  "J 

1  +  Y  X  +  -^  2 a:»  +  &c.  U  1  +  Y^  +  -f2-  •«^'  +  *c-  ^ 

But  the  product  of  these  two  series  will  evidently  be  a  series 
of  the  form  of  1  +  nx  +  6x''  +  fx^  +  kc,  ascending  regularly  by 
the  integral  powers  of  x,  the  letters  n,  b,  c,  &c.,  being  used  to 
represent  the  cueQlcieats,  found  by  addition,  of  x,  x'',  x-*,  &c. 
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Now  it  is  evident*  that  the  product  of  these  two  series  must 
be  of  the  same  form  whether  m  aod  n  are  positive  or  negative, 
intftgral  or  fractional.  Whatever  tlierefore  be  the /orms  assumed 
by  «,  b,  c,  &c,  when  m  and  n  are  positive  integers,  they  will 
remain  the  same  when  m  and  n  become  fractional  or  negative. 

But  when  m  and  n  are  positive  and  integral  we  have  seen  that 
by  multiplying  I  and  II  together  we  get 

f{m)  X   f(n)  =  (1  +  x)™  X  (1  +  x)"  =  (1  +  x)™  +  "  =  1  +  ax  +  6x» 

+  cx*+&c. 

m+n       (m  +  n)(m-\-n-l)        (m  +  n)(m.  +  n-\)(m  +  n- 2) 

=  i^-px+ y:2 ^+ U73 ^ 

+  &c, 
=  /(m  +  n)  by  the  notation  adopted. 

(III).  .-.  Generally  T  (m)  x  T  (n)  =  r  (m  +  n)  for  all  values 
of  111  and  n. 

And  since  this  is  true  for  all  values  of  m  and  n,  for  n  we  maj 
write n  +  r,  then  f  (^m  +7i  +  r)  =  T {n  +  r)  xj  (,n)  =  j  {m)  x  T  (n) 

Similarly  lf{m +  n  +  r  +  si- )  =  f(.m)  x  t  (n)  x  f  (r) 

X  f  {s)  X i.  e.  the  product  of  two  or  more  such  series  aa 

that  denoted  by  T  (m)  produces  another  series  of  precisely  the 

same  form. 

P 

Now  let  m  =  n.  =  r  =  s  &c.,  =  —  where  p  and  5  are  positive 

integers,  and  suppose  the  number  of  terms  to  be  q. 


«/ 


P 

X to  5  factors. 


*  Th«  product  of  two  algebraic  lactors  is  not  altered  inform  by  any  varia- 
tion 111  tJie  value  or  nature  ot  the  factors.  Thus  (.r  +  a)(x  +  b}=x-  +  {a+t))x 
4-  ah  f  )r  all  values  of  x,  a  and  b.  So  in  the  above,  although  by  changing 
the  values  of  m  and  n  we  alter  the  values  of  b,  c,  &c.,  yet  their  forms,  «.  e. 
the  laaaner  iu  which  m  and  n  enter  the  series,  remain  the  siuna. 
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•'■  f  (P)  -   1  /  (  ~  )  f   •     ^^'*'  since  ^  13  a  positive  integer, 

or  (I  +  x)T=  1  +  -^  X  +  sAj. ^x'  +  JLS^ LS^ ix'+kc. 

^  1  1.2  1.2.3 

by  the  notation  adopted. 

Thus  the  Theorem  is  proved  for  a  fractional  index. 

Again  in  (m)  put  m  =  -  n. 

Then   /*(«)  x  f(-n)=  T(n-n)  =  -^(0)  =  1  /.  the.  assumed 
series  becomes  1  Avhen  in  =  0. 

And  since  /(«)  x  r(-7j)  =  1  dividing  each  by  j  (n) 

p  1  1  . 

J  (-  ")  =  'f^)  =  (l+x/  ""'^^  "  's  positive. 

1 
And  (j-^-^n  =  (1  +  x)  -  "  by  Art.  1C5  .-.  (1  +  i)  -" 

n,    ,.     ,,fzJl\^.    (-n)(-n-l)         (-;,)(-n-l)(-n-2) 

x'  +  &c.  . 

Thus  the  theorem  is  also  proved  when  n  is  any  negative  quan- 
tity. 

275.  From  this  theorem  then  it  appears  that —  : 

n           ii(n-  1)          n(n  -  l)(n  -  2) 
I.  (1  i  J-r  =  1  i  Y  X  +  -^^-^  x'^  ±  -^—77^71 x'  +  Ac. 

_n        -n(-n-l)  -  7i(- jj  -  1)(- n- 2) 

II.  (lix)-"=li'Y-^+ r72 -"'i         ^1.2.3 ^ 

+  &c. 

n  n(n+l)  n(n+\)(n+  2)    . 

=  1 T  f  x+ — -.--  x^ t  — i:,-:^ —  ^'+ &c. 

III.  (1  i  i)  «   =  1  i  _v.  X  +  .«A-'' ^  x^  i  XJi-S -(Aji Lx* 

^    -^    ''  -^    I  1.2  1.2.3 

+  se. 
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_p__p-?  p    _p-q_p-Zq 

Q  1.2  1.2.3 

p  p(p-q)  p^P  -  q)rp  -  2q) 

=  i±7^-*--i.^:5^-^  ± — L2.^Y     '^''^°- 
IV.  n+i)  *=i+  J-x-t  jlA_? -Zx^i  'I  ^  g ^  ^  g ix* 

^  1  1.2  ~  1.2.3 

+  &c. 

/J          p(p  +  q)     „     p(p  +  q)(Pj^r2q) 
=  1  +  7^  +  -1.2.y^-  ^^  1:2.3:? ^   -^  ^^- 

And  these  reduced  general  expressions  should  be  carefully 
noticed  by  the  student,  and  used  as  formulze  for  the  expansion  of 
binomials  according  as  n  is  positive  or  negative,  integral  or  frac- 
tional. 

Note. — No  examples  with  n  integral  and  positive  are  given,  as  there  are 
a  number  such  in  Exercise  XXXVIII. 

10  10.9  10.9.8  10.9  8.T 

Ex.  1.  (i  +  ^)'°  =  i  +  T^-*-  1.2  ^'-^-TTTs" ^'+1:2X4^ 

I*  +  &c. 

=  1  r  lOx  +  45x2  ^  i20x'  +  210x*  +  &c. 
5  5.6  5.6.7  5.6.7.8 

E X .  2 .  ( 1  +  X)  -  "  =  1  -  -  x  +  ^  ^  x^  -  -^Ts -' +  1T2T374 

X*  +  &.C. 

=  1  -  5x  +  15x*  -  35x3  +  7o_j.4  _  &c, 

1  1.2  1.2.3  1.2.3.4 

Ex.  3.  (i-^)-^=i  +  T^+r72^^+ri73^'+rTX4^ 

+  &c. 

=  1  +  X  +  x^  +  x'  +  X*  +  &c. 

Note. — Hence  it  appears  that  in  all  cases  when  n  is  integral  if  the  sign 
of  the  expom.-iit  and  tliat  connecting  the  terms  of  the  binomial  are  both 
hke,  i.  e.  either  both7>/!(s  or  both  minus,  the  signs  ottlie  expansion  arc  all 
plus,  but  if  unhke,  tlio  signs  of  the  expansion  are  plus  and  minus  alter- 
nately. 

}  3  3(3-5)  3r3-5)C3-  10)     . 

Ex.4.   (1  +  x)    =H-yx  +  ^^;^^x^+       1.2.3.125       ""^ 

3(3-5^f3-  10^(3  -  15) 

1.2.3.4. bio 

3  3x-2  3x-2x-7  3x-2x-7x-12 

'^+5  *+ 1:2:25  ^'■^-172.37125  ^'^      1.2.3.4.025     **+*<'• 
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3         3  7  21 

■1  +  -^  -  :r:  x*-\ X* I*  +  &c. 

5        25  125  625 

-t  a  3(3  +  2)      ,       3(3  +  2)(3  +  4) 

Ex.5.(l-x)      ^=3+--x-H-^^x'+     \^./;,^,     'z> 

3(3  +  2)(3  +  4)(3  +  6) 

•*•       —1.2.3.4.16 ^    +^''=- 

3  3.5  3  5.7  3  5.7.9 

=  ^  +  T  ^  + 1:2-4  ^'+  r.2Tr8  ^"^  iT2T3r4n6  ^  +  **=• 

3  15  35  315 

Ex.  6.  (a  +  2x)  -  »  =  |a  (  1  +  -^  J 1      =  a  "  *  (1  +  2a  "  1  x)  "  » 
2  2.3  2.3.4  2.3.4.5 

(7;-Vi)lT(^«"^)^-:^(2""^>^-n^3(-'^-^^)'-^r:^4 

=  a-^{l  -4a-^x+  12a-2x^-  32a  "  V  +  SOa'^x*  -  &c.} 
=  a"^  -  4a-'x  +  12a-*x^-32a-'x'+  SOu'^x*  -  &c. 

Ex.  7.  (a*  +  x^)~  ^  =  ja^(l  +  a  "  ^x^)f  ^  =  a  "^  (I  +  o  "  »x^  "  * 

=  a-^{I-4(a-V)+^-^-(a-xy-^3^^(a-V)»  + 

3  7.11   15 
1.2.3.4.256*^  ^ 

=  a~^  {1  -5a-^x2+  j^„-4j,4_.iL.a-6x6+  ^^^^  q-  tx'  +  ice.} 

=  a     i'  -  £a     -^  x^  +  IJa      '^  x*  -  -//,-a      =^x6  +  J  ■  $-^a     ^  x« 
-dkc. 

E.XDRCISE    LXIV. 

Expand  to  five  terms  each  of  the  following  expressions: 

1.  (l+x)-".  8.  (1  -  4x)*.  15.  (u*-x*)-« 

2.  (l+x)-^  9.  (l  +  x)~^  16.  (a*-x»)'. 

3.  (l-2x)-^       10.   (l-3x)t  17.   (a^+x-'i    . 

4.  (1-Jx)-'.       11.   (1  +  5X)*.  18.  (c^^ -x~»)~*. 
6.  (l  +  3x)-».       12.   -.  19.  (i^m-x*)  ~'. 

1  (^-^>  J 
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276.  Theorem  III. — In  the  expansion  of  (1  +  x)"  there  are  only 
n  +  1  term.^,  when  the  exponent  is  positive  and  integral. 

Demonstration. — The  coefficient  of  the  (r  +  l)lh  term  is  C^  = 

n(n-  \)in-  2)(/t-3) (n-r  +  1) 

\r  ■     Now  if  r  be  such  that 

n-r+  1=0,  then  the  (r+  l)th  and  all  the  following  terms  vanish, 
»nd  the  series  will  terminate  with  the  rth  terra.  But  if  n  -  r  +  1 
=  0,  r  =  71+  1  and  the  (n  +  l)th  term  is  the  last  term  of  the  series. 

KoTE. — If  n  is  negative  or  fractional,  the  series  never  ends,  but  may  be 
continued  to  an  infinite  number  of  terms,  since  as  r  is  necei-sarily  integral 
and  positive,  we  can  then  Hud  no  value  for  r  which  will  reudern  —  r  -f  1 
=  0. 

277.  Theorem  IV. — In  the  expansion  of  (1  +  x)"^  when  n  it 
pos'tine  and  integral,  the  coefficients  of  terms  equally  distant  from 
beginning  aud  end  are  the  same. 

Demonstration. — The  (r  +  l)th  term  from  the  end  havinaj  r 
terms  af  er  it  is  the  same  as  the  {(n+  1)  -  r  }  th  term  from  the 
beginning,  i.  e.,  is  the  same  as  the  (n-r+  l)ih  term  from  the 
beginning.  And  since,  Art.  271,  the  coef.  of  the  (r  +  l)th  term 
is  Cr  writing  7i-r  for  r  the  coef.  of  the  (?t-r+  l)th  term  will 
be  C„.r. 

But  it  has  already  been  shown  (Art,  270)  that 
n(n-  \){n-2)....(n-r+  1)  _       |  n  !_"_      _  /^ 

*■"  1-2-3 r  \r   \n-r       \n-r  ^r  ""'■ 

that  is  the  coef.  of  the  (r+  1)  from  the  beginning:  =  coef.  of 
(r  +  1)  term  from  the  end. 

278.  To  find  the  general  term  of  the  expansion  of  (a  +  x)^. 

In  writing  down  any  term  of  the  expansion  of  (1  +  x)",  say 
the  5th  term,  so  as  to  exhibit  the  faciors  of  the  coefficient  thus, 

n       n-1         n-2  n-3 

r  '   ~2~    '    — 3"    *    — T~  a* " *a;*,  we  observe 

I,  The  numerator  added  to  denominator  of  each  factor  «  n+ 1, 
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II.  The  number  of  such  factors  is  one  less  than  the  number  of 

the  terra. 

III.  The  exponent  of  x  is  equal  to  the  dennm.  of  last  fjictor. 

[V.  The  exponent  of  a  =  n  ~  (the  exponent  of  x). 

Hence  the  (r  ■(-  l)th  or  the  general  term  of  the  expansion  ^ 

n(ft-  l)(«-2)...    (n-r+\) 

— — «" "  "^  X  .  1 

1.2.3. ...r  •  ' 

279.  The  student  must  note  the  following  points  with  respect 
to  this  general  term  : 

I.  The  gen.  term  of  (1  +  x)"  when  n  is  a  j>ositive  integer,  is  aa 
above. 

II.  When  n  is  positive,  the  gen.  terra  of  (1  -  x)"  =  Cr(  -  x)' 

n(n-  l)(n-2).,  .(n-r+l) 

=  Cr  (-irx^=(-iYc,x-^(-ir(  ^— --^— 17 — xO 

where  (-1)' will  of  course  be  positive  or  negative  according  as 
r  is  even  or  odd,  that  is  according  as  r  +  1,  the  number  of  the 
term,  is  odd  or  even. 

III.  If  n  be  nejrative,  the  general  term  of  (1  +  x)  ""  = 
-n(-n-\) j-^i  -(r  +  11  n(p.+  \) (n  +  r  -  I) 

_L _J — J- — '=(-ir(^ — ^,^-^ -V) 

IV.  If  n  is  nejrative,  the  general  term  of  (1  -x)  ""  =  (  -  l)'  x 

/«(«  +  l)(n  +2) (?t-t-  r-  1)\ 

C,(-xr=(-17(-l/  (^ ^ 1^: 5^ 'Ur 

n(n+l)(n  +  2)   (n  +  r-1)  ~ 

=   > '-^ r-^ X'.      Since  (-  1/  X  (  -  1/ 

z.  (-!)-''•=+ 1. 

When  the  exponent  is  fraction.il,  the  sign  of  the  general  term 
13  subject  to  tiie  same  laws,  and  Cr  may  be  written  as  in  III  and 
IV  on  pages  226,  227.     Thus  the  general  term  of 

V  .   (.  I  +  x;     -  ir  X  /  ^ 

VI.  (1  - X)     "  =  (  -  D' P-^^-^^-|  ^V_-'-^-J^  —11  i^\ 

VII.  (i+x)-  "  =  (-  lyxi^-^  f;^'       —     ""') 


I 
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^p(V-q)Cp-2q)....{p-(r-  1)7} 


'in.  (1  -X)''  =  (-1)', 

Ex.   1.  Find  Ihe  general  terms  in  the  expansions  of  (1  +>'c)', 
-i  -^ 

(  1  -  x^)         ,  (a^  -x^)     \    (1  +  3^)  ■  '■ 

8.7.6....  (8  -r+l)             8.7...(9-r) 
G.T.of(l+x)«=+ 1:2:37^.7 ^"^^ [T— ^' 

,  -i  1.3.5....{  I  +  (r-l)2  }       ~ 

G.  T.  of  (1  -x^)        =  + rjr-— ^  (xy 

1.3.5....  (2r-l)  L'  ""^ 

-  +  j  7-  X  2" 

—  9  —  3  _  3 

G.  T.  of  (  n^-x-)     "  =  0      ^^(1-0-2x2)      *  = 
-I   fS.  7.11... {3+ (r- 1)411       .,  _ 

3.7.11 (4r-l)  , 

f j7T4'- ^     ^^"^  • 

/2.3.4....(2  +r-  1)N 
G.  T,  of  (1  +  3x)--  =  (  -  l)'    — ,  „ (3xy  = 


/2.3.4 (r  +  \)\ 

(-1)'-    -^i 3'x'  =  (_l)'-(r  +  l)3'x'-.     Since 


I  r  in  the  denominator  cancels  1.2.3....r  =  |rin  the  numerator. 

Ex.  2.  Find  the  general  term  in  the  expansion  of  (1  +x)^ 
f      5.2.-1.-4   ..    {5-(r-l)3} 

G.T.of(i4-x)'  = i7irr~^ ""' 


{5.2.1.4....(3r  -  8)  j 


,  rxS"- 

Note. — In  the  above  expression  for  the  general  term  it  will  be  observed 
that  we  change  all  the  negative  signs  in  the  nnmeritor  and  then  prefix  a 
power  of  (  -  1)  Now  if  all  tho  fa-  ^rs  in  the  numerator  are  negative,  (-1)' 
isthuprefi.K,  and  if  any  even  numbers  of  negative  factors  are  changed  to 
positive,  (  -1^  is  still  the  prefix,  but  if  any  odd  number  of  them  is  changed, 
the  sign  of  tne  product  of  the  whole,  i.  e!  of  the  general  term,  is  altered,  and 

twc'iines  {~\f*^.  In  the  expansion  of  (1+x)''  therefore  the  sign  of  tho 
general  term  is  {  -if  or  ( -1  T  *  ^,  according  as  the  number  of  positive 
laoturs  is  even  or  odd. 
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In  the  expansion  of  (1-a;)  '  thepencraltcnn  willof  itJelfinvolvcf-l)  , 
and  this  taken  in  connection  witli  the  above  renciersthesipn  of  thegeni?ral 
term  (-1)  ^'' =  lor  (-1)'"'*^=-1  according  as  the  number  of  positive 
factors  is  even  or  odd. 

Eeaiark  — In  the  above  paragraph  the  eeneral  term  merely  exprcssei 
ftuy  turm  after  negative  factors  begin  to  appear  in  tLe  numerator. 

Ex.  3.  Find  the  general  term  of  (1  -  x) 

3        3.-2.-7   ...{3-(r-l)5} 
G.  T.  Of  (1  -  X)'  =  ^r ^x' 

3.2   7 f-l'  -8) 

=  (  -  17  +  ^ 7 x' 

Ex.  4.  Find  the  8th  term  of  the  expansion  of  (1  +  x)-* 
Since  the  general  term  =  (r  +  l)th  term  =  8ih  term,  r=  7 

/4. 5.6. 7. 8. 9. 10\ 
Formula  III.  8th  term  =  (-  1)^    (   1.2.3.4.5.0.7  j''^' 

.-  120x« 

Ex.  5.  Find  the  5th  term  of  the  expansion  of  (1-  t) 
l-3.5....{  1  +  (4-1)2} 
Formula  VI.  5th  term  =  mTx^^* ' 

1.3.5  7       4_    35^    4 


I 
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Ex.  6.  Find  the  7lh  term  of  the  expansion  of  (1  -  Jx)" 

11.10.9.8.7.6 
Formula  II.  7th  term  =(-!)«     1  ."2 .37^576'  ^^"^^ 

x6        402  154    ^ 

—  4-  4R2  X        •   =  x^   —  X* 

Ex.  7.  Find  the  6th  term  of  the  expansion  of  (  1  -  x) 

7.2.-3..|7-(5-l)6            7.2.3..  {(4x5)- 7{     . 
Formula  VIII. ,^5^53 ^^' = |_5x5=  ^    ' 

7.2.3.8.13  ^  182        ^ 

~'^"Tr2.3.4.5  X  0125  ^    '"'■"30025^ 

Since  there  are  two  positive  factors  in  the  first  expression, 
the  sign  is  (  -  1  )  ^^  =  +  1,  see  note  above. 

Ex.  8.  Find  the  11th  term  of  the  expansion  of  (a       +  x»)  * 
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Then  by  formula  v  the  11th  term. 
_      -  S\ril-T-3.-l-5....fll-(10-l)4n        i 

-ii                „    /11.7.3.1.5....(36-11) 
=  <i  x(-l)        (^ [10^41° 

-V-  11. T. 3. 1.5. 9. 13. 17. 21. 25         ^    „^ 

""  ^"1.2.3.4.5.6.7.8.9.10.1048576 

-il-  85085  85085         2a      , 

-  /J  5<-_ „5  _20  -  _ a  "   x*" 

~  268435456  ~       268435456 

280.  To  find  the  sum  of  all  the  coefficients  0/  (1  +  x)". 

n  n(n-l) 

The  Theorem  (1  +  x)"  =  1  +  y  ^  +  "Tl"   ^'^ "''  *'^'»   ^^   ^"^^ 

for  all  values  of  x.     Let  x  =  1. 

Then  (1  +  ir  =  2"  =  1  +  Y  +     \  ^      +  -^173:3 "  +  &C. 

.".  2"  =  sum  of  all  the  coefficients  of  (1  +  x)". 

281.  Theorem  V. — The  sum  of  the  coefficients  of  the  odd  terms 
in  the  expansion  of  (I  +  x)°  is  equal  to  the  sum  of  the  coefficients 
of  the  even  terms. 

Demonstration. — Put  x  =  -  1  in  the  expansion  of  (1  +  x)". 

n(n-l)     n(n-l)Cn-2) 
Then  (1  -  1)  »  =  0"  =  0  =  1  -71+    \^  ' -^ ^- ^  +  &c. 

Sum  of  coefficients  of  odd  terms  -  sum  of  coef.  of  even  terms  =  0. 
.*.  Sum  of  coefficients  of  odd  terms  =  sum  of  coefficients  of 
even  terms. 

Cob. — Since  the  sums  are  equal,  each  sum  is  evidently  half 

2™ 
cf  2°,  Art.  280,  and  is  therefore  = —r—  =  2'*-* 

282.  To  find  the  greatest  term  in  the  expansion  of  (a  +  x)". 

n(n-})(n-2) (n  -  r  +  \) 

The  (r  +  ]  )th  term  = ^ -— — ■- n'^  "  •■  t«' 
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n(n  -  \)(n  -  2)  • . . .  (n  -  r  +  2) 
The  rth  term  =  -^^ .-—rr^ a"  "  '  ♦  »J 

Hence  the  (r  +  l)th  term  is  obtaiued  from  the  rth  by  multip] 

71  —  r  +  1    X 
ing  the  latter  by •—  .    Consequently  the  rth  term  \« 

71  -  r  +  \      X 
be  the  greatest  as  soon  as becomes  <  1. 

That  is  as  soon  as  (ji  -  r  +  1)  x  <  ar  or  r{a  +  x)  >  (n  +  1 

X 

That  is  as  soon  as  r  ^  Oi  +  1)  • 

^  ^         '   a  +  x  ^ 

r  therefore  must  be  the  first  whole  number  >  (n  +  1)  -—- 

X 

If  (n  +  1)  — ; —  is  a  whole  number,  then  two  terms  are  eqi 

and  each  is  greater  than  any  other  term. 

If  n  is  negative,  r  is  the  first  whole  number  equal  to  or  n 

X 

greater  than   (/i  -  1) . 

Ex.  9.  What  is  the  sum  of  all  the  coefficien's  of  (1  +  x)'  ? 

Here,  Art.  280,  '.i"  =  2^  =  512, 
Ex.  iO.  What  is  the  sum  of  all  the  odd  coef.  of  (1  +  x)'  -"^  ? 

Here,  Art.  231,  2"-i  =  2'«  -i=  2i*  =  16384. 
Ex.  11.  Which  is  the  greatest  term  in  the  expansion  of  (1  +  J 
when  X  =  "3  ? 

Here  r  is  the  whole   number  equal  to   or  first  greater  t 

•3  3        42 

(13  +  1)tt"3  °^  ^^  ^rk^'^Ti  ''■^'^^  *^  ^>  therefore  the  4th  t 

is  the  greatest. 


Exercise  LXV. 
Find  the  general  terra  and  the  Gth  term  of: — 

I.  (l-x)-3     2,  (1+x)-*     3,  (l-x)-3     4.   (l-x)l 
5.   (l+x)~»     6.  (l+x)~^   7.  («-x)-i     8.  (a+Jx)» 
Find  the  general  term  and  the  5th  term  of:  . 

9.  (1  -  2xy  10.  (1  +  ?x»)4 

II.  (a-2  +  xiH  12.  (a-l-r-J)' 


\-» 
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Find  tbe  sum  of  all  the  coefficients  of  : — 

13.(1+1)10     14,  (1+x)^     15.  (l-x)i3     16.  (l-fr)"- 

17.  Find  the  greatest  term  in  the  expansion  of  (1  +  a:)'  when 
r  =  2. 

18.  Find  the  greatest   term  in  the  expansion  of  (1  +  xV  ° 
when  X  =  I. 

19.  Find  the  greatest  term  in  the  expansion  of  (2a  +  x)-° 
when  a-ix=  1. 

20.  Find  the   greatest  term  in  the  expansion  of  (1  +  x) '  ^ 
whenx  =  2. 


SECTION  XIII. 

NOTATION  AND  PROPERTIES  OF  NUMBERS. 

283.  ^ny  number  N  may  be  expressed  %n  the  form  of  d^  t'^ -^ 
d,_  1  r°~^  +  &c.  +  djr^  +  dgr^  +  djr^  +  dg  where  r  is  a  posi- 
tive integer,  and  the  coefficients  d(,,  dj,  &c.,  d„_  ^,  d^,  are  also  in- 
tegers all  less  than  r,  the  radix  of  the  scale. 

For  let  N  be  divided  by  the  greatest  power  of  r  it  con- 
tains, and  let  the  quotient  be  d„  less  of  course  than  r,  and  let 
the  remainder  be  iV, .     Then  iV  =  d,  r"  +  iVj. 

Similarly  let  iVj  be  divided  bj'  the  greatest  power  ofr  it  con- 
tains, and  let  the  quotient  be  d"  "  ^  with  remainder  N2.  Then 
N,  =  d,.,r^-^  +  N,. 

Similarly  .ZVg  =  d^_  2  r"  "^  +  A'^3,  and  so  on,  and  continuing 
the  process  until  the  remainder  becomes  <  r  -  say  dy  we  have 
iV=(f.  r"  +  a!„.i  r"-i  + &c.  +  d.2  r^  +d,  r^  +  d^. 

Where  any  of  the  coefficients  d„,  d,  _  1,  &c.,  6^3,  d.,,  f/,,  d^,, 
may  vanish,  i.  e.,  become  =  0,  but  none  can  be  >  or  =  r.  In 
other  words,  these  coefficients,  or  digits  as  they  are  called,  may 
have  any  value  from  0  to  r  -  1  inclusive,  and  consequently  in 
any  scale  r  there  occur  r  digits,  including  zero.  (See  National 
Arithmetic.) 
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284.  To  express  any  number  in  any  proposed  scale  : — 
LetiVbe  the  number  and  let  r  the  radix  of  the  proposed  scale. 
Then  by  last  Art.,  the  given  number  may  be  written  as  = 

d,  r"  +  (f,  .  1  r"  - 1  +  &c.  +  do  r^  +  d-^  r^  +  d^. 

Dividing  this  by  r  we  get  a  complete  quotient  with  remainder 
d",  the  right  digit  of  the  number  in  the  proposed  scale. 

Dividing  this  complete  quotient  by  r,  we  get  another  complete 
quotient  with  rem.  d,,  which  is  the  second  digit  of  the  number. 

And  proceeding  thus  as  long  as  we  get  a  quotient  divisible  by 
r,  we  obtain  as  remainders  the  successive  digits  of  the  number. 
(See  Arithmetic.) 

285.  To  prove  the  rule  for  reducing  a  pure  repelend  to  its  rqui- 
valent  vulgar  fraction. 

Let  R  =  the  given  repetend,  and  let  it  contain  r  digits,  and 

let  V  =  its  value. 

Then  V  =  -  RR  &c.  (i).     Multiplying  each  by  10''  we  have 
10T=  R-RR  &c.  (II.)     Subtracting  (i)  from  (n) 

R 

loT-  v=  R  .-.  ixio'  -I)  =R  .-.  v=  for-— r 

But  since  r  =  the  number  of  digits  in  the  repetend,  10'  -  1  will 
be  as  many  9'3  as  there  are  digits  in  the  repetend. 

Repetend. 

•■•  ^=  As  many  9's  as  there  are  digits  in  repetend' 

286.  To  prove  the  rule  for  reducing  a  mixed  repetend  to  its 
equivalent  vulgar  fraction. 

Let  V=  the  value  of  a  mixed  repetend  in  which  f  represents 
the  finite  part  and  R  the  repetend,  and  let  F  and  R  contain 
respectively /and  r  digits. 

Then  V=  -FRR  &c.  Multiplying  these  by  lO'*""  we  have 
lO'**;  V-  FR'RR  &c.  (I).  Also  multiplying  them  by  K*', 
10'  V-  F-RR  &c.  (II).     Substracting  ii  from  i, 

FR-F 

(io/---ioo  r  =  r/J-F.   Thatis,  r=  y^^tj^'-'ij 

But  10' is  unity  followed  by  as  many  ciphers  as  there  are 
units  in/,  i.  e.,  as  many  ciphers  as  there  are  digits  in  F,  the 
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*nite  part,  and  10'-  1  is  as  many  9*3  as  there  are  units  in  r,  i  e., 
as  many  9's  as  there  are  digits  in  R,  the  repetend. 

'  Whole  repetend  minus  the  finite  part. 

"As  many  9's  as  figures  in  repetend  followed  by  asmany  O's 
as  figures  in  finite  part. 

287.  Theorem  I. — Tf  from  any  number  the  sum  of  its  digits  be 
subtracted,  the  remainder  is  divisible  by  the  radix  of  the  scale 
decreased  by  unity. 

Demonstration. — Let  r  be  the  radix  of  the  scale,-and 
let  a  +  br  +  cr^  +  dr^  +  &c.  be  the  number. 
Subtract  a  + 6   +c     +d    +  &c.  the  sum  of  the  digits. 


Then  the  rem.  -br-b-i-  cr'^-c  +  rfr*  -  rf  +  &c.  =  6(r  -  1)  +  c(r'^-  1) 
4-  d(i-^  -  1)  +  &c.,  which  (Art.  80)  is  evidently  divisible  by  r  -  1, 
i.e.,  by  the  radix  decreased  by  unity. 

288.  Theorem  II. — If  the  sum  of  the  digits  of  any  number  is 
divisible  by  (r  -  1),  that  is  by  the  radix  decreased  by  unity,  then  the 
number  itself  is  divisible  by  one  less  than  the  radix. 

Demonstration. — For  let  N-  the  number  and  S  =  the  sura  of 
its  digits,  and  since  S  is  by  hypothesis  divisible  by  (r  -  1)  let  S 
=  m(r  -  1).     Then  Theorem  I,  iV-  <S  is  also  divisible  by  r  -  1 
.-.  letxY-  S  =p(r-  1). 

Then  by  substitution  we  have  iV-  7?i  (r  -  1)  =  ja  (r  -  l). 

.-.  N=  p(r-l)-]-m{r-l)  =  {r  -  l)(p  +  7n),  and  since  the 
right-handed  member  is  evidently  divisible  by  r  -  1  .•.  also  the 
left-handed  member  iVis  divisible  by  r  -  1, 

Cor.  In  any  scale  such  that  r  -  1  is  divisible  by  3,  if  the  sum 
of  the  digits  of  any  member  be  divisible  by  3,  the  number  itself 
is  divisible  by  3.  For  let  A' and  S  represent  the  number  and  the 
sura  of  its  digits,  and  let  S  =  3m  and  r  -  1  =  3q. 

TheniV-  S  =  p(r-l)  =  3pq  .-.  N~3m=  3pq  .-.  N=:3(pq+m) 

That  is,  iVis  divisible  by  3. 

Hence  in  the  common  scale  a  number  is  divisible  by  3  or  by  9, 
according  as  the  sum  of  its  digits  is  divisible  by  3  or  by  9. 

289.  Theorem  III. — If  from  any  number  the  sum  of  the  digits 
standing  in  the  odd  places  be  subtracted,  and  to  it  the  sum  of  the 
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digitx  standing  in  the  even  places  be  added,  then  the  reimlt  is  divis' 
ible  by  the  radix  increased  by  unity. 

Demonstbatiox. — Let  r  be  the  radix,  and  let  the  number  be 
a  +  br  +  cr'^  +  dr^  +  er*  +  &c. 
Add  -  a  +  b   -  c     +  d    -  e    +  &C. 


The  result  is  br  4-  b  +  cr''-c  +  dr^  +  d  +  er'*^-e  +  &c.,  which  is  equal 
to  6(r  +  1)  +  c(r''  -  1)  +  d{r^  +  1)  +  e(r*  -  I)  +  &c. 

But  r  +  1,  r^  -  1,  r'  +  1,  r*  -  1,  &c.,  are  all  (Art.  80)  divisible 
oy  r  +  1,  .-.  6(;-  +  1)  +  cQ"^  -  1)  +  cZ(r^+  1)  +  &c.  is  divisible  by 
r  +  1. 

Cor.  Hence  in  the  common  scale  any  number  treated  as 
above  is  divisible  by  11. 

200.  Theorem  IV. — If  in  any  number  the  sum  of  the  digits  stand- 
ing in  the  even  places  be  equal  to  the  sum  of  the  digits  standing  in 
the  odd  places,  then  the  number  is  divisible  by  the  radix  increased 
bv  unity. 

Let  iV=  the  number,  5  =  the  sum  of  digits  in  the  even  places, 
and  Sj  the  sum  of  the  digits  in  the  odd  places. 

Then  Theorem  III,  N  +  S  -  5,  is  divisible  by  r+  1.  But  since 
by  hypothesis  S  =  S,,  it  follows  that  S  -  S^  =  Q  .- .  Nis  divis- 
blc  by  r  +  1. 

291.  To  prove  the  common  rule  for  testing  the  accuracy  of  mul- 
tiplication by  casting  out  the  9"s. 

Demoxstration. — It  follows  from  Theorem  II.  that  any 
number  in  the  common  scale  will  leave  the  same  remainder  when 
divided  by  9  that  the  sura  of  its  digits  will  leave  when  divided 
by  9.  Let  then  9a  +  c  be  the  multiplicand  and  9b +d  be  the  mul- 
tiplier. Then  Slab  +  96c  +  9ad+cd  will  be  the  product.  Now  if 
the  sum  of  the  digits  in  the  multiplicand  be  divided  by  9,  the  rem. 
is  c,  if  the  sum  of  the  digits  in  the  multiplier  is  divided  by  9  the 
rem.  is  d,  and  if  the  sum  of  the  digits  in  the  product  be  divided 
by  9,  the  rem.  is  evidently  the  same  as  the  rem.  obtained  by 

dividing  cd  by  9.  ^. 
1 

292.  Theorem  V. — The  product  of  any  three  consecutive  numbers 

in  the  scale  of  10  is  divisible  by  1.2.3.,  i.e.,  by  6. 
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Demonstration.— Every  number  must  be  of  the  form  of  3m 
Ir  3m  +  1,  or  3m  +  2,  because  every  number  Tvhen  divided  by  ? 
Iiust  leave  0  or  1  or  2  as  remainder. 

.-.The  product  of  any  three  consecutive  numbers  may  be 
epresented  by  3m(3m  +  l)(3m  +  2).  But  3m  is  a  multiple  of  3 
nd  of  the  other  factors  3m  +  1  or  3m  +  2  one  must  be  even,  and 
lust  therefore  be  divisible  by  2,  .-.  3m(3m  +  l)(3m  +  2)  must  be 
iivisible  by  1.2.3,  i.e.,  by  6. 

293.  Theorem  TI.—TAe  product  of  amj  r  consecutive  numbers 
s  divisible  by  1.2.3. ...t. 

Demokstration.— Let  n  be  the  least  of  the  numbers,  and  let 

,(n  +  l)(n  +  2)....(«+r^)  ^^    ^^^^^^^^^ed   bv   .P.  for    all 
1.2.3.4... 


r  —  i;  ,    , 

be    represented   by 


raluos  of  n  and  r. 

n(n+l)....(n  +  r-2)      n  +  r-l  fn-l       \ 

„  _  1  (n-l)ra(ra-H)(ra  +  2)....(n  +  r-2)^ 

=  nPr-  I  X  — ^T"  +  nPr-  1  =     -^  1.2.3 T 

Pr-1  =  n-  jPr   +  n^r-l- 

Now  if  we  assume  that  „P,.. ,  is  an  integer,  or  in  other  words 
that  the  product  of  any  (r  -  1)  consecutive  integers  is  divisible 
by  1.2.3 r 

Then  since  as  above  shown  nPr  =  «-  i^r  +  «Pr- 1  we  have  ^ 
nPr=  f.-  \Pr  +iiit.,  an  integer  for  all  values  of  re  and  r,  and  writing 
in  succession  n  -  1,  n  -  2 ....  3 . 2  for  71  we  obtain 

n-lPr   =   m-jPr+int., 
»-,Pr  =   «-3Pr+   int.    • 

&c.  =  &c. 
3P,.  =  gPr  +  int. 

Pr=    Pr+  iut-      Adding   these    equals   and    cancelling,   we 
*    "^      ^    "^                                                               1-2  3.4  ...r 
have  nPr  =  iPr  +  sum  of  integers,  but  ^Pr  =  1.2.3.4 r  "  ^- 

.  ■ .  „P,.  =  1  +  sum  of  integers  =  an  integer. 

Hence  if  „Pr-i  is  an  integer,  then  also  „Pr  is  an  integer.  But 
it  has  been  shown  (Theorem  V)  that  ^P^  is  an  integer  ;  therefore 
also  nPi  is  an  integer,  and  therefore  also  ^Pg  and  so  on, .-.  „Pri9 
an  integer,  that  is  «(n  +  !)(.«  +  2) ....  (n  +  r  -  1)  is  divisible  by 
1.2.3 r. 
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SECTION    XIV. 

INEQUALITIES,  VANISHIXG  FRACTIONS,  INDETER- 
MINATE EQUATIONS. 


INEQUALITIES. 

294.  In  addition  to  the  axioms  given  on  pages  16,  17, 
the  student  will  find  it  advantageous  to  remember  the  fol- 
lowing propositions : —  ■ 

I.  If  the  same  quantity  he  added  to  or  subtracted  from  two  nn- 
equals,  the  sums  or  differences  are  unequal. 
Thus  if  a  >  6  then  a  ±  c  >  b  ±  c. 

II.  If  two  unequals  be  both  multiplied,  or  both  divided  by  the  same 
positive  quantity,  the  products  are  Unequal,  as  also  are  the 
quotients. 

Thus,  if  o  >  6,  a  -  6  is  positive,  and  if  m  be  positive  then 

also  7n(a-  b)  is  positive,  and  .*.  ma^mb;  similarly 

1  a         b 

— (a  -  b)  is  positive,  .•.  —  >  — 
m^  ^  '         mm 

in.  Jfthe  terms  of  an  inequality  be  multiplied  or  dividedhyany 
negative  quantity,  or  if  the  signs  of  all  the  terms  be  changed, 
the  sign  of  inequality  must  be  reversed. 

Thus,  if  a  >  6  then  o-6>0or-6>-a,  or-a<-6;  so  also 
if  a  >  6  and  -  ni  be  any  negative  quantity,  a  -  6  is 
positive  .'.  wi(o  -  b)  is  negative,  .•.  m(b  -  a)  is  positive 

.•.  mb  >  ma  or  ma  <  mb.     Similiarly  —  (6  —  a)  is  pos. 

ha  a  b 

•  •.  —  >  —  that  is  -    <  — 

7/1  771  7»  m 

IV.  If  any  number  of  inequalities,  all  having  the  same  si^n  of 
inequality,  i.e.,  all  >  or  all  <.,  be  all  multiplied  toge-^.er, 
left-hand  members  by  left-hand  members,  and  right  by  nght, 
then  the  resulting  products  will  form  an  inequality  with  the 
tame  sign. 
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Thus,  ifa>b,c>d,e  >f,  then  ace  >  bdf. 

V.  //"a,  b  and  n  he  positive  quantities,  ami  a  >  b,  then  &^  >  b°  and 

T/a  >  ^b. 

Thus,  a  >  b,  .:  last  article,  a^  >  b-,  .-.  a'>  I',  and  so  on, 
.-.  a"  >  6" ;  similarly  ^ayi^b 

VI.  7/ any  number  of  inequalities  having  the  same  sign  be  added 

together,  the  sum  is  an  inequality  of  the  same  kind. 

Thus,  if  a  >i',  c>d&ni  e>f,  then  a  +  c  +  e>b +d+f. 
KoTE— It  does  not,  however,  follow,  that  if  one  inequality  be  sub- 
tracted from  another,  the  difference  is  an  inequality  of  the  same 
kind  Thus  if  a  >  6  and  c  >  rf  it  does  not  always  follow  that  a-c>b-d, 
since  a  may  be  nearer  in  magnitude  to  c  than  Mod;  for  example,  although 
7 >  5  and  6 ;?  2,  7 - 6,  is  not  greater  than  5  -  2,  i.  e.  1  is  not  greater  than  3, 

VII.  If  the  same  quantity  or  two  equal  quantities  be  divided  by 

each  side  of  an  inequality,  the  sign  of  inequality  will  be 

reversed. 

Thus5>3buty<Y,  i.e.  3<5;  soal3oifa;>6thenby 

m      m 
dividing  m  by  each  we  have  —  <  y- 

a-b       a^  -  P 
Ex.  1.  Shew  that  if  a  be  pos.  and  6  >  «  then  — ^  >  ^^  ^  ^2 

Since  2  >  0  multiplying  by  ab  we  have  2ab  >  0  .-.  also  a'  +  2ab 
+  62>a2+  6^  and  dividin-  each  by  (a^  +  i')(a  +  «>)  "which  is 

1  a  +  b 

positive  since  a  and  b  are  both  positive,  we  have  ^^—^  <  ^aTjTp 

and  multiplying  each  of  these  by  a  -  6  which  is  negative,  because 

a-b      a^-b^ 
6  >  a  we  have,  proposition  lu,  ^^i^j^  ^2  ^  jz 

x^  +y^ 
Ex.  2.  Shew  that  x'  +  y^  <  3.4  _  j-^y  +  ^y'^^xy'  +  3/* 
Because  (Art.  134)  2xy  <  x^  +  y^,  multiplying  each  by  xy  we 
have2xV<a:'y+xj/^, 

And  adding  x*  -  x't/  -  xV  -  xy^  +  y^  to  each  we  have  x*  -  x'y 

x*-x^y^+y^   

+  x'f  -  xj/'  +  y*  <  x*-xy  +y*  .-.  1  <  x4._xiy  +  x Y  -  x-y*+  1/* 
and  multiplying  each  of  these  unequals  by  x'  +  y^  we  have 

''  +  y'<x^-xh,  +  xy-xy'+y* 
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Ex.  3.  Given  3x  -  4  <  x  +  6"1 


x+  6") 
:+13J< 


c     ,  « -^  o    .  .,„>  to  find  x  iu  whole  numbers. 
5x  +  7  >  3i  ■ 


From  1st  inequality,  2x  <  10  .•.  x  <  5.  From  2nd  inequality,  2x>  6 
/.  X  >  3  .•.  X  is  >  3  and  <  5^  i.e.  is  any  whole  number  between  3 
and  5.     Hence  x  =4. 


Exercise  LXVI. 
Find  the  limit  to  the  value  of  x  in  the  following  inequations : 

1.  7x-13<22.  2.  y  +  f  +  I  +  I  +  ^-T>9. 

1 
3.  7x-l<3x+ll.  4.  2x  +  5>yx- 10. 

ax  a'  bx  b^ 

5.  Given -^+6x-a6>  —  and -r--ax +  a6<-;r  to   find   the 
limits  of  X. 

6.  Prove  that  a^  +  1  is  equal  to  or  greater  than  a^.+  a  accord- 
ing as  a  =  1  or  a>  1. 

7.  Prove  that  a^  +  1  >  a^  +  a  when  a  is  negative  and  numeri- 
cally <  1. 

a         o 

8.  Prove  that  -j-  +  —  >  2  when  a  and  6  are  both  positive  or 
both  negative. 

9.  Given  i(x  +  2)  +  Jx  <  ^(x  -  4)  +  3  and  \(x  +  2)  +  ix 
>  .^(x  +  1)  +  J  to  find  the  value  of  x  in  whole  numbers. 

10.  Shew  that  a'"'  +  b^  +  c'^>  ab  +  ac  +  be  uuless  a  =  b  =  c. 

11.  Shew  that  abc  >  (a  +  b  -  c)(a.4-  c  -  6)(6  +  c-a)  assuming 
that  a,  b  and  c  are  unequal. 

12.  Shew  that  (1  +  a  +  a^)^  <3(1  +  a^  +  a*)  unless  a  =  1. 

13.  Shew  that  ab(a  +  6)  +  bc(b  +  c)  +  ca(c  +  a)>  6abc  and 
<  2(a*  +  6*  +  c^)  when  «,  b  and  c  are  positive  quantities. 

14.  If  x^  =  a^  +  b^  and  y'^  =  c^  +  cP,  shew  that  xy>  ac  +  bd. 

15.  Ifa>6  shew  that  V  ia  +  bj(a-b)  +  »Jtj{2a  -  b)>a. 

16.  Shew  that  (a  +  6  +  c)''>  27atc  and<9(a' +  i»  + c'). 

17.  Prove  that  (a  +  b)(^b  +  c)(c  +  o)  >  Sabc. 

X-+34X-7I 

18.  If  X  be  real  prove  that  — j— ^ — — —  can   have   no    value 

between  5  and  9. 

n'-n+l  ,      , 

19.  Shew  that  ^a  .  „  ,  T  lies  between  3  and  J  for  all  real  values 
,  n'  +  n  +  1 

of  n. 


m 
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VANISHING     FRACTIONS. 

295.  A  vaaishing  fraction  is  one  wliicli  assumes  the 
rm  of  —  when  some  particular  value  is  given  to  some 
irticular  letter  in  both  numerator  and  denominator. 

Thus, r  is  a  vanishing  fraction  vrhen  b=a,  because  then 

'  a  —  o 

0 
becomes  =  -tt. 

296.  Novr  it  will  be  readily  seen  that  in  the  above  ex- 

mple,  and  indeed  in  all  others,  the  peculiarity  arises  from 

oth  numerator  and  denominator  having  a  common  factor , 

■hich  factor  =  0  under  the  assumed  conditions.     Thus,  in 

[a  +  L%a  -h)  , 

he  example  given  above  we  have   — , ,    ana 

triking  out  the  common  factor  a  -  6  which  =  0  when  h  =  a 
he  expression  becomes  a  +  6  or  2ci  since  h  =  a. 

297.  In  order  therefore  to  find  the  value  of  the  fraction, 
)r  more  properly  the  limit  to  its  value,  we  endeavour  to 
ind  out  the  common  factor  involved,  and  casting  it  out,  the 
■esult  required  is  obtained  by  a  simple  reduction. 

Ex.  I.  Find  the  value  of when  x  =  a. 

X  —  a 

OPEEATION. 

Now  making  x  =  a  we  have  this  =  2a  x  2a^  -  4a'. 
Ex.  2.  Find  the  value  of  ■  ^_^    when  x  =  a. 

OPERATION. 

Here =  i"  "  ^  +  ax™  ■  ^  +  a-x'"-*  +  a^x'"  "  *  +  kc,  to  m 
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terms  and  when  x  =  a  this  expression  becomes  =  a™-i  +  a"*"^  + 
a"'-^  +  a™-i  +  &c to  m  terms  =  nia"*-K 


X  —  a  +  'Jlux  —  2a^ 
Ex.  3.  Find  the  value  of _,  when  x  =  a. 


OPERATION. 


X  -  a  +  'J2a(x  -a)       ^/x  -  a\  »Jx  -a  +  'J  la 
Here 


V(x  —  a)(x  +  a)  y/x  —  a  ■^x  +  a 

Vx-a  +  V2a       'Ju-a+'^la       V2a 


'Jx+a  t/a  +  a  ■\j2a 


=  1. 


Exercises  LXVII. 
Evaluate  the  followhig  vanishing  fractions: 

1  -  x"  x^  -  a^ 

1.  -^1 when  X  =  1.  2.  —, 5  when  x  =  a 

1  -  X  x'  -  a^ 


X  —  ax 
X  —  a 


X-  4-  2x  -  35 

when  X  =  a.  4.     ., — :, rr-  when  x  =  5 

X-  —  2x  —  10 


x^  +  ^x  -  ?  x^  +  i>x  -  ax^  -  oA 

5-  x-^  -  ^x  +  I  '^^'''  ^  =  -^ •      <5-  X-'  -Tx  +  6^x-aA^  '^''^"  "^  =  "• 

ax^  +  ac'  -  2acx 
'•  p-2bcx+bc'  ^l'^"  ^  =  ^- 

GX  —  X^ 

^-  ^*~2"^»xT  20^3  Z  a-4  ^l^en  x  =  a. 

x*+  2ox^-  a-x  -  2'i3 

9-  ~;;3 — 1 Q  J ..  .   1 .)  .* —  when  x  =  a. 
x^  —  13(rx  +  IJa* 
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298.  It  has  been  already  stated,  Art.  122,  that  \^hen 
there  are  two  or  more  unknowa  quantities  involved  in  a 
single  equation,  the  number  of  solutions  is  unlimited, 
and  the  equation  is  indeterminate. 
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Thus,  &r  +  27/  =  11  is  an  indeterminate  equation,  because  the  number 
of  values  which  may  be  assigned  to  x  and  y  is  indefinite.  This  number 
may,  however,  be  decreased  :  1st  by  rejecting  all  fractional  values;  2nd, 
by  rejecting  all  negative  values;  3rd,  by  rejecting  aU  numbers  that  are 
squares  or  cubes,  &c. 

299.  Theorem  I. —  The   indeterminate   equation   ax   +  by  =   c 
admits  of  at  least  one  solution  when  a  is  prime  to  b. 

c  +  ^y  .     . 

Demonstration,    ax  ±hy  =  c  .- .  x  =  —^ ;  and  substituting  in 

succession  0,  1,  2,  3....  (a  -  1)  for  y,  a  being  prime  to  b, 
the  several  remainders  must  necessarily  be  different.  For  if  any 
two  values  of  i/  as  r  and  v'  give  the  same  remainder  r,  q  and  qf  being 
the  quotients,  then  c±bv  =  aq  +  r  and  c  4  6y'  =  a/  +  r.  There- 
fore +  6u  +  hv'  =  a{q  -  5'),  that  is  6(u  -  v')  =  a{q  -  q')  or 
k  (v'  -  v)  =  a  (q  -  q')  ]  that  is  b  (v  -  v')  and  b  (v'  -  v)  are 
divisible  by  a  without  a  remainder.  But  by  hypothesis  6  is 
prime  to  a  .-.v  -  v'  is  divisible  by  a  which  is  impossible,  since 

V  and  v'  are  both  by  hypothesis  less  than  a,  and  consequently 

V  -v'  and  r/  -  u  are  less  than  a.  Hence  the  remainders  are  all 
different  and  their  number  =  a  and  each  is  a  positive  integer  less 
than  a,  consequently  one  of  them  must  =  0,  .-,  x  is  an  integral 
number  for  a  certain  integral  value  of  y  less  than  a,  and  these 
integral  values  of  x  and  y  satisfy  the  equation  ax  ±by  -  c. 

Ex.  1.  Find  integral  values  of  x  and  y  which   satisfy  the 

equation  5x  +  23)/  =  170. 

SOLUTION. 

170  —  23v 
Here  x  = and  substituting  in  succession  1,  2,  3.  &c., 

0 

for  y  we  find  that  5  -will  do. 

170-115     55  ,,       i         r 

Thug,  z =  —  =  11  =  X  .-.  X  =  ij  and  2/  =  c 

'  5  5 

300.  Theorem  II. — The  equation  ax  +  by  =  c  cannot  be  soloed 
in  positive  integers  if  a.  and  h  have  a  divisor  which  Joes  not  also 
divide  c. 

Demonstration.— For  if  it  be  possible  let  a  and  b  have  a  com- 
mon measure  m  which  is  not  also  a  measure  of  c,  and  let  a  cou- 
sin m,  p  times,  and  let  b  contain  m,  q  times.    Then  ax  ±  6y  =  c  is 
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equivalent  to  pmx  ±  qmy  -  c,  or  px  ±  qy=  — .     Anfl  since  bol 

and  q  are  integers,  and  —  is  a  fraction,  it  foUoTvs  that  x  at 
cannot  both  be  integral. 

Note.— If  a,  b  and  c  have  a  common  measure,  the-equation  maj 
divided  through  by  this,  and  thus  a  may  be  made  prime  to  b.  In  the' 
lowing  articlGs  this  is  always  assumed  to  be  done. 

301.  Given  one  solution  of  the  equation  ax  +  by  =  c  in  pod 
integers  to  find  the  general  solution. 

Let  X  =  ^  and  y  =  y  be  one  solution  of  the  equation  ax-^by 

'Thena,8  +  by  =  c~ax+by.-.a  (0-x)  =  b  (y-y)  .-.  —  =  — ~  ^ 

a 
Now  since  y  is  in  its  lowest  terms,  o  being  prime  to  i  ; 

.'.  whatever  multiple  y  -  y  is  of  a  the  same  multiple  is  )3  -  i 
b.  Let  y  -  7  =  at,  then  $  -  x  =  bt  where  t  is  an  integer,  since 
are  only  to  obtain  integral  values. 

Therefore  y  =  y  +  at -^nd  x  =  0  -  bt  is  the  general  solution. 

Similarly  writing  -  6  for  6  we  obtain  for  the  general  solut 
of  ax  -  by  =  c,  X  =  ^  +  bt  and  y  =  y  +  at. 

Hence  if  one  integral  solution  of  the  equation  ax  +  6y  =  c  < 
be  detected,  the  others  can  be  readily  found  by  giving  differ 
integral  values  to  t  in  the  equations  x  =  ^  j  bt  ;  y  =  y  +  at. 

Ex.  2.  Given  3x  +  4y  =  39  to  find  the  positive  integral  val 
of  X  and  y. 

SOLUTION. 

Here  x  =  1  and  y  =  9  is  evidently  one  solntion. 

Then  x  =  1  -  4i  and  y  =  9  +  3/.  Now  let  t  =  -  1,  then  x  = 
y  =  6,  let  <  =  -  2  then  x  =  9,  y  =  3. 

KOTE.-Since  the  values  of  x  and  y  may  bo  found  by  snbstitutiD"  f. 
mtho  general  solution  x  =  $  ^  bt.y  =  y +  at.  successively  the  value 
±  1,  ±  ..  ±  3,  &c.,  It  follows  that  the  values  of  x  and  y  taken  in  or. 
constitute  two  arithmetical  series,  and  consequently  that  as  soon  as  t 
contiguous  values  of  each  are  determined,  the  rest  may  be  written  at  on 

302.  Theorem.— r/je  number  of  positive  integral  solutions 
limited  for  ax  \rbj^  c,  but  unlimited  for  ax  -  by  =  c. 


I 
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Demonstra'bon. — I.  By  Art.  301  it  appears  for  ax  +  oy  =  c  the 
general  solution  is  x  =  $  -  bt  and  y  =  y  +  at  where  x  =  /8  and 
y  =  y  is  one  solution  and  t  is  any  integer  positive  or  negative. 
Now  since  by  hypothesis  x  and  y  are  both  to  be  positive,  it  is 
manifest  that  ^  -  bt  must  be  positive,  that  is  bt  must  be  less 
than  ;3,  that  is  t  is  limited  to  integral  values  which  are  less  than 

y.     Hence  the  number  of  positive  integral  solutions  of  ax  +  I'j 

~  c  is  restricted. 

II.  Similarly  in  the  general  solution  of  ax  -by  =  c  we  have 
X  =  /3  +  6f  and  y  -  y-i-  at  where  x  =  p,  y  =  y  is  one  solution  and  t 
is  any  integer  positive  or  negative.  Now  since  by  hypothesis  x 
and  y  are  to  be  positive,  p  +  bt  and  y  +  at  must  be  positive  and 
since  j8,  b  and  y  are  positive  it  is  manifest  that  t  may  be  any 
negative  integer  siich  that  bt  <C0  and  at  </  and  that  t  may  be  any 
positive  integer  whatever.  Therefore  the  number  of  positive 
integral  solutions  o{  ax  -  by  =  c  is  unlimited. 

303.  In  addition  to  the  method  indicated  in  Arts.  299, 
301,  for  finding  the  values  of  the  untnown  quantities  in 
an  indeterminate  equation,  the  following  method  may  be 
studied  with  advantage. 

Ex.  3.  Solve  4x  +  13y  =  123  in  positive  integers 

SOLUTION. 

Divide  by  the  least  coefficient,  which  in  this  case  is  4,  then 

y 

X  +  3y +— =  30  +  |.     And  since  x  and  y  are   to   be   integral 

3-y  , 

X  +  3j/  -  30  is  integral  and  .-.  —7 —  which  is  the  equal  01  , 

X  +  3y  -20  is  integral. 

3-y  .f 

Let  — -7-  =  t,  an  integer,  then  3-y  =  4t.'.y  =  3  —r 

Substitute  this  in  the  given  equation  for  y,  and  4x  =  123  - 
123-39  +  52i      84  +  52f 
13  (3  -  40  .-.  X  = =  —J =  21  +  13^ 

Hencex  =  21  4- 13i  ) 
y  =  3  -  4i       \ 
Take  t  =  0  ;  then  x  =  21  +  0  =  21,  y  =  3  -  0  =  3. 
Take  t  =  -  1  ;  then  x  =  21  -  13  =  8, 2/  =  3  +  4  =  7. . 
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Note.— These  are  the  ouly  positive  integral  8olntioni,  becansc  as  y  is  to 
be  a  pofitivo  integer,  3-4t  must  bo  a  pos.  int.  .•.  4<  <  8  .•.  <  <  3  ^l^^t  is  t 
may  bn  any  positive  integer  which  is  less  than  j,  but  0  is  the  only  posiiive 
integer  less  than  3  .-.  t  cannot  bo  a  positive  integer  greater  than  0.  Similarly 
since  .r  must  be  a  positive  integer  21  -|-  13<  must  be  a  pos.  integ.,  i.e.  t  may 
be  any  negative  integer  which  vrill  not  make  21  + 13/  negative  i.e.  131 
<21or<<H,  i.e.  t  when  taken  negatively  must  be  an  integer  less  thau 
f  i^  or  in  other  words  cau  only  be  -  1. 

Ex.  4.  Solve  3x  -  lly  =  20  in  positive  iategcrs. 

BOLUTION. 

2y  2 

Divide  by  the  least  coefficient,  3.   Then  x-5y-  —  =  6+  — . 

2  +  2y  4  +  4y 

.-.  — „ —  is  integral,  .-.  multiplying  by  2,  — - —  is  integral, 

1+1/  I  +y 

or  1  +  y  +  — ^  is  integral,  .•.  — ^  is  integral  =  t,  say. 

Then  I  +  y  =  3t  and  y  =  3^  -  1.     Substitute  this  In  the  given 

20-  17  +  5U 
equation  and  3x  =  20  +  17(3f  -  1)  .-.  x  =  5 =  I7f+  1. 

Hence  X  =  17f+ 1  ]       x  =  IS,  35,  52,  69,  86,  &c. 
y=    3/-1  |-"-  1/=    2,     5,    8,  11,  14,  &C. 

According  as  /=  J,  2,  3,  4,  5,  &c. 

Note.— Wo  multiply  here  by  2  in  order  to  render  tl*o  coefficient  of  j 
divisible  bv  the  deuomijiator  with  a  remainder  1,  and  thii  we  seek  to  do  ii 
all  cases. 

Ex.  5.  Solve  in  positive  integers  5x  +  19y  =  20 

SOLUTION. 

4y  ,        4y  -  2  . 

Hero  dividing  by  5  avc  have  x  +  Sy  +  —  =  41  +  t  .*.  -   g —  u 

16y  --  8  . 
integral,  .•.  multiplying  by  4  we  have  — r —  i»i^g)  •'•  *V  -  ' 

y-3  y-3  y-3 

+  — r—  is  integ.,  .-.  — t—  is  integ.     Let  ~y~  =  ^  tbp«  j  -  3  =  5 

and  y  -  5f  +  3.  Substitute  this  value  of  y  in  the  g)  ret  <'q.'^»u  n  an; 
we  get  5x  =  207  -  19  (5/  +  3)  =  207  -  57  -  19  >  W. 

.-.  x  =  30-  lot  I 
y  =  5/  +  3     I 

Now  when  f  =  0  we  have  x  =  30,  y  -    3 

When  <  =  1  we  have  x  =  11,  y  =  8. 
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.•.  The  pos.  int.  solution  are  x  =  30  or  11  and  y  =  3  or  8. 
Ex.  6.  Solve  in  positive  integers  41x  +  68y  =  2789. 
SOLUTION. 

27y  ,  27?/ -1 

Dividing  by  41   we  have  x  +  y  +  — —  =  68  +  -/,-,  .-.  — — r —  is 

8\y-3  81)/-3 

int. ;  muhipljing  by  3  we  have  — — —  int.  .•.  2y-  — — — is  int. 

82y-81y  +  3  y  +  3  y  +  3 

.*. T, that  is  — rr—  is  int.  Let  -—r-  =  t  then  y  =  41f  -  3. 

41  41  41  ' 

Substitute  this  value  of  y  in  the  given  equation  and 
41x  =  2789  -  68(4U  -  3)  =  2789  +  204  -  68  x  4U. 
2993  -  68  X  41i 


73  -  68f. 

when  f  =  1. 


•  •  41 

Hence  x  =  13  -  6St  -i        x  =    5 
y  =  4U-3    \    ■'•  y  =  38 
It  is   evident   that  this  is   the   only   int.    pos.  solution,  for 
13  -  68f  must  be  pos.  int.,  so  also  must  41/  -  3  .•.  68/  <  73  or 
t<|^;  also  41/ >  3  or  /  > -^',    and    the   only   positive   integer 
between  I'j,  and  -4',-  is  1. 

KoTB. — The  student  will  not  fai",  to  observe  the  artifice  made  use  of,  in 
the  2nd  line  of  the  solution,  to  avoid  using  a  large  multiplier,  and  the 
trouble  of  searching  for  it,  since  it  must  be  such  as  to  reuder  the  coeffl- 
cieut  of  3/  divisible  by  41  with  a  remainder  1. 

3x--7y+    a=  16^    to  find  the  positive  integral 
Ex.  6.  Given  5^  +  3y  -  4?  =  -  4  ^    values  of  x,  y,  and  :. 

SOLUTION. 

llultiplyinf?  the  upper  equation  by  4  and  adding  the  two 
together  we  have 

8y  9 

I7x  -  25y  =  60,  and  dividing  by  17  we  get  x  -  y  -  r-7  =  3  +  r-s 

8?/ +  9 
.'.  — ry—  is  Integral. 

„      ,      .    16?/+  18       ,         ,      .  16?/+  18 

So  also  13  — r= —  and  so  also  is  y  -  — r- —  integral. 

y-18 
.*.  — ry-  is  integral  =  i,  Bay,  then  y  -  17t  +  18. 

Then  17x  =  60  +  25y  =  60  +  25  x  17/  +  450  =  610  +  25  x  lit 
«  «  30  +  25/  and  y  =  17/  +  18. 
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Hence  ar  =  5,  30,  55,  &c.,  and  y  =  1,  18,  35,  <fec. 

But  z  also  has  to  be  positive  and  integral,  and  therefore  the 
only  values  of  x  and  y  which  ar-i  admissible  are  1  =  5  and  y  =  I, 
and  consequently  s  =  8. 

Ex.  7.  What  is  the  least  number  which  when  divided  by  4,  6 
and  7  shall  leave  remainders  1,  3  and  5  ? 

SOLUTIOir. 

Let  the  number  =  4x  +  1  =  6y  +  3  =  7z  +  5.     Then  4i  -  6y  =  2. 

y  y  +  1 

.-.  (i)  2x-  -  3y  =  1  .".  X  -  y  -  —  =  J  .-.  —;r~    is   int.   «   m,  say, 

then  y  =  2m  -  1, 

Also  (u)  6y  -  73  =  2,  that  is  12/7i  -  6  -  7c  =  2  .-.  \1m.  -  72  =  8 

5/n              1        5ot  -  1                    15m  -  3 
.•»i-2+  y-=l+  "^.■.  — s —  is  int.  .•. = —  ia  int. 

m-  3 

.•.  — = —  is  int.  =  f,  say,  then  m  =  7f  +  3. 

Hence  y  =  2m  -  1  =  14<  +  6  -  1  =  14f  +5. 
6y  +  2        3  1        42/+  15        1 

6y  -  2       84f  +  30  -  2 
And  2  =  — ^— -   -  ^ =  12/  +  4. 

Consequently  x  =  8,  y  =  5,  and  2  =  4. 
And  the  required  number  =  4x  +  1  =  33. 

E.x.  8.  In  how  many  ways  can  jG80  be  paid  in  sovereigns  anfl 
guineas  ? 


Let  X  =  number  of  sovereigns  and  y  =  number  of  guineas. 

y 

Then  in  shillings  20x  +  21y  =  1600  .-.  x  +  y  +  —  =  80. 

,-.  y  =  20/.     And  20x  =  1600  -  21y  =  1600  -  21  x  20/. 

.-.  x  =  80  -  21/. 

Then  since  80   -  21/  must  be   pos.  and  int.   .-.    80  must  b« 

80 
greater  than  21/,  and  since  2  U  <  80,  /  <  ~  and  .-.  cannot  excted 

Z.  and  coQsequemtly  thare  ar«  only  ihru  ways  of  payment. 
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ExinciSB  LXVin. 

SoItc  in  positita  integers  : 

1.  4x  +  3y=ll  2.  5a:  -  13)/=  11  S.  2x  +  7y  =  39 

4.  5x+lly  =  26        5.  9x-17y  =  2  6.   13x  +  21y=89 

7.  12x-41y=-l7     8.  37x  +  43(/ =  357      9.  22x-43!/=6 
10,  7x  +  25(/=177      11.  99x-160i/  =  335    12.  llx  -  Ay  =  22. 
Find  a  positive  integral  solntion  of  the  following  : 

13.  2x  +  3y  +  4z  =  29")  14.  4x  -  5y  -  6r  =  1 7^ 

3x  +  5y-32=    9J  2x  +  1/ +  II2  =  47  J 

15.  In  how  many  ways  can  the  snm  of  $G97  be  made  up  by 
bank  notes  of  the  respective  value  of  $3  and  $5  ? 

16.  In  how  many  ways  can  $27-30  be  paid  in  twenty-five  cent 
and  ten  cent  pieces? 

17.  What  is  the  simplest  way  for  a  person  who  has  only 
guineas  to  pay  £7  lOs.  6d.  to  another  who  has  only  half 
crowns. 

18.  Find  two  integral  square  numbers  whose  sum  is  a  square. 

19.  Find  two  integral  square  numbers  whose  difference  is  a 
square. 

20.  A  basket  of  apples  is  known  to  contain  between  90  and 
100,  and  it  is  fouud  that  wben  they  are  counted  four  at  a  time, 
there  are  two  over,  and  when  counted  six  at  a  time  there  are 
also  two  over.     How  many  are  there  in  the  basket? 

21.  Find  the  least  integer  which  when  divided  by  6,  8  and 
10  respectively  shall  leave  remainders  1,  5  and  9. 

22.  How  many  pairs  of  fractions  are  there  with  denominators 
10  and  15,  whose  sum  is  ^^1 

23.  A  person  bought  50  barrels  of  fruit,  consisting  of  apples, 
pears  and  cranberries,  for  $250 ;  the  apples  cost  $2  per  barrel, 
the  pears  $5  and  the  cranberries  $4;  how  many  barrels  were 
there  of  each  ? 

24.  How  can  a  debt  of  £100  be  paid  with  100  piec;s  of  money 
consisting  of  £5  notes,  £1  notes  and  crown  pieces  ? 

25.  Divide  25  into  two  parts,  one  of  which  may  be  divisible 
by  2  and  the  other  by  3. 

26.  Divide  24  into  three  parts  auch  that  if  the  first  be  laulti- 
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plied  by  36,  the  second  by  24,  and  the  third  bj  8,  the  sum  of 
the  three  products  may  be  516. 

27.  Find  a  perfect  number,  t.  e.  one  of  which  is  exactly  equal  to 
the  sum  of  all  its  divisors. 

28.  What  is  the  least  odd  integer  which  divided  by  It,  12,  14 
shall  leave  remainders  7,  9  and  11  respectively? 

29.  A  person  buys  100  head  of  cattle  of  three  differt-ut  kinds 
for  $500.  For  the  first  he  pives  $50  a  head,  for  the  iecond  $30, 
and  for  the  third  $2,  how  many  were  of  each  kind  ? 
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1.  Simplify  J[K1  -  a)}  -  KJ{U9a  -  6)}). 

2.  Prove  that  (x»  +  1  -  x  "  =')»- (ar*  -  1  -  x  "*  )»  =  4(t»-i-^. 

3.  Find  the   G.  C.  M.  of  a»  +  lah  +  h\  a*  +  i»,  a»-  6'  and 
«»  +  la^b  +  2ah'  +  6'. 

X  —  h       X  —  a  b* 

4.  Find  the  value  of — t—  where  z  =  r . 

a  0  0  —  a 

6.  Given  x  +  y  +  z  =  3(x  +  r  -  y)  =  5(s  -  x  -  j/)  =  15  to  find 
the  values  of  x,  y  and  z. 

Find  the  value  of  S^'Wo  -  3^'40  +  2^/625    -  4^'32b. 

7.  Given  x*  +  1  =  0  to  find  the  values  of  i. 

8.  U a  :  b  ::  b  :  c,  and  b  :  c  ::  c  :  d,  show  that 

a  +  b  :  b  +  c  ::  b  +  c  :  c  +  d. 

9.  Shew  that  if  a  :  c  ::  2a-b  :  2b  -  c,  then  will  a,  ?6  and  ic 

be  in  harmonic  progression. 

1  3 

10.  In  the  series  a  +  cf  1  -— )  "  +a(]-— )* 

\        P)  \        PJ 

8 

+  a(l  -  —  j^+ic,  tlie  sum  to  infinity  is  p  times  the  turn  of 
the  first  n  terms. 

Sn  Sx 

11.  Reduce  i—Z-^ —  and  ^ltiLji!jL£_  to    their    limplest 

JL       .JL  xi  +  a^x^  +  J 

form.  X  *  -  X 

12.  Find  the  cube  root  of  343x«  -  44Ufy  +  777xV  -  631x»/ 
+  444x^/  -  144xy»  +  C4y*. 
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13.  Simplify  x^-^xx^"   ^xx^p-"  and  also  —  xP-« 

c 
be  CO, 

X  —  x^-'x   -7-  x'-f. 
a  b 

14.  Find  the  product  of  2x*+  y+  ix ' ^y'^ iaio  2x^ - y  +  ix -  hf'  ; 
of  x^  +  ax  +  b'^  iuto  x*  -  ax  +  b^,  and  of  x"'  +  yJ*  into  x''  +  ?/'. 

15.  S>mphf7  3^.^2V3  +  3Vi^:W^ 

16.  Find  tbe  value  of  j 

2x  + 


1 

3x  +  — 
4x 


17.  Find  the  value  of 

1  1  1  2x  +  1 

4(Jx-  -  1   ~  4(2x+T)  ■*■  Y  (2x-  -  IX'ix"  +  1). 

18.  Find  the  values  of  x  in  the  equation 

rt  c  a  —  c 

''x  +  a~x  +  r~  x  +  a-c 


-Jl)  V(a:  -  UC-*^  -  ^)  +  V(-c-3)(-c  -  4)  =  2. 
1  1  1 

' ^  -^  X-'  -  2x  -  15  "*"  x^  +  2x  -  35  ~  x^-  l;ix-48  ~  ^' 

6  +  c 

19.  >r  n  =  ,  — ,  and  6  be  the   G.  mean  between  a  and  <r, 

0  —  c'  ' 

a-*-i'  1 

Mien    ■,'7'~a  'Will  be  the  H.  mean  between  n  and  — . 

20.  ^  tnd  B  can  tog<^ther  perform  a  piece  of  work  in  a  days, 
whici  .4  and  C  ciiu  finish  in  b  days,  and  B  and  C  in  c  days. 
Find  ihe  tioe  in  which  each  can  perform  it  separately. 

21.  Find  the  value  of 

"^  6*  r» 

(a  -  b){a  -  c)  ~  (c  -  6)(6  -  a)  ~  (6  -  t;(^c  -  a; 

32    «5hew  that  a^  -  ( ^^ j  = 

(g  +  26  4-  30(a  +  26  -  Zr){a  _  26  +  3c)(26  -  o  +  3c) 
JQ6»  ' 
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23.  Find  the  two  factors  of  u*  +  b*,  and  the  two  fectorg  of 
o*  -  d'b^  +  6*. 

x» 

X  +  y  +  — 

24.  Simplify ?L. 

X  +  y  +  — 

X 

25.  Find  the  I.  c.  m.  and  also  the  G.  C.  M.  of  i*  +  Zxy  -  29if, 
x2  -  Irij  -  8i/2  and  x^  -  biy  +  4i/*, 

26.  Find  the  general  expressioa  for  the  sum  of  a  geometrical 
series  when  r  =  +  1. 

27.  If  by  the  notation  a,  we  represent  the  txh  term  of  n  seriei ; 

then  in  an  Jl.  series  (p  -  q){am  -  a„)  =  («  -  n)(a,  -  a^)  and  in 

^        .      /'^m \P-  Q        /"„ \  »i  -  n 
a  G.  series  (  ~  1  ~   [      )  •     Required  proof. 

28.  In  com[)aiiug  the  rales  of  a  watch  and  a  clock,  it  was 
observed  that  one  morning,  when  it  was  ]2h.  by  the  clock,  it 
was  llh.  59m.  493.  by  the  watch,  and  two  mornings  after,  when 
it  was  9h.  by  the  clock,  it  was  8h.  59m.  583.  by  the  watch.  The 
clock  is  known  to  gain  one-tenth  of  a  second  in  24  hours.  Find 
the  gaining  rate  of  the  watch. 

29.  Sum  to  12  terms  the  series  8  +  12  +  18  +  &c.,  and  find  the 
series  both  ^i  and  G,  whose  third  term  is  4,  and  6lh  term  3?. 

30.  The  receiving  reservoir  at  Vorkrille  is  a  rectangle  GO 
yds.  longer  than  it  is  broad,  and  its  area  is  5500  square  yds. 
What  are  its  dimensions? 

31.  Divide  (i)  x^  -  2jV  +  J/*  ^7  ^*  -  2jy  +  y*  by  the  method 

of  factoring. 

(ii)  7j:«  +  5x*  -  4x*  +  3j:  +  9  by  *»  +  2j  -  1  by 
Horner's  method. 

(ni)  a™- x"™  by  X -i"^  to  fire  terms.  Also  find 
the  rth  term,  and  if  in  be  an  even  integer, 
prove  that  the  complete  quotient  can  be 
separated  into  two  parts  of  which  one  is  x* 
times  the  other, 

32.  Find  the  square  root  of  37  +  20^3,  and  of  4x  +  2V4x«  -  I, 

33.  Find  the  fifth  term  of  the  expansion  of  (u*  -  x  "*)"•. 

34.  In  how  many  ways  can  a  party  of  serea  man  be  formtd 
out  a  company  of  28  7 
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35.  Find  the  square  root  of  x*  -  4x*  +  9x  "  *  -  I2x  -  ''  +  10  hj 
in    ection. 

36.  Find  the  three  cube  roots  of  unity,  and  sbow  that  their 
sum  is  equal  to  the  sum  of  their  equares, 

37.  Find  the  values  of  x  and  y  in  the  equations  : 

X        V  X  -  a      y  -  b 

(I)  -  +  -^  =  1  =  —r—  +  ^---. 
^  '  a        0  0  a 

(u)  x»  =  6x  +  4y  j 

y'^  -  ix  +  Gy  \ 

38.  ^  and  B  sold  130  yards  of  calico  (of  which  40  yards 
were  J's  and  90  yards  B's)  for  $42.  Now  ^  sold  for  $1,  one- 
third  of  a  yard  more  than  B  sold  for  the  same  sum.  How  many 
yards  did  each  sell  for  $1  ? 

39.  Insert  five  i/ means  between  i  and  f. 

40.  What  is  the  difiFerence  between  an  identity  and  an  equa- 
tion, and  to  which  of  the  two  does 

a  +  c  b  +  c  x+c 

(<i-b)(x-a)  ~  (a  -  b)(x  -  b)  ""  (x  -  a^x  -  b)^^^°^Sf 

41.  Solve  the  equation  i[/x^  +  I  +»Jx  =  1. 

42.  Simplify  ab  -  [(a  +  c)b  -  Bac  -  {ab  -  2c(a  -  6)j]. 

43.  SimpWfy 

'ex^  -  S-'-y  -  ^^.;2/*  -  mx  +  n7j  ±  Qx^  +  xy  -  -4.1/2  +  px  -  qy). 
(c^-  2x-48)(j^  +  3x  -  28) 

44.  Reduce  ^^,  ^  2z  -  24)(x^ -^Sx^'^O)  ^^  ^^^  lowest  terms. 

45.  Find  the  value  of  x  in  the  equations 

x^ a  ^       b  1 

(^^  (X  -  a^x-f*)  ■*■  (u-6;(a-x)  "*"  (6  -  a)(6  -  x)  ~  o  -  6* 

(II)  i  ('4  +  Y^  -  H"^^  -  i)  =  U- 

46.  Find  the  value  of  x,  y  and  z  in  the  equations 

X*  +  xy  +  y2  =  37  ;  j/^  +  ^^j  +  jZ  _  23,  and  2^  +  zx  +  x^  =  19, 

47.  Find  the  least  possible  value  of  2a^  +  2a^6  +  0^6*  -  2a6x 
+  b^x^  for  all  jeal  values  of  x. 

48.  Find  t he  square  root  of x^^  +  9x -  ^p _ 4x*^  +  4(x2i' -3x -^p)+6 
by  inspection. 

49.  Sum  to  8  terms  each  of  the  series  3^  +  6f  +  9f  +  &c.,  and 
81x12 -54xi-Oy  + 36x^1/^ -&C.  j^^^^  q^^  ^j^^  ^^^  ^^  ^^^  ^^^^^^ 
series  to  infinity  when  x  =  2y  =  1. 
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60.  Find  a  geometrical  series  snch  that  the  sum  of  any  tbre« 
consecutive  terms  mny  be  j^j  that  of  the  succeeding  sLx  terms. 

51.  S\m\>Ufy  x">^"-i'-'.  x"<'p  ■"•->.  xp^™  •  ""J . 

X*  +  r'  +  2r'^  +  X  +  1 

52.  Reduce  j.^  -  x'^  +  2x'-x+  i  *°  ^^^ lowest  termi. 

53.  Solve  wiih  respect  to  x  the  equatiou  i'  -  2ai  -  2bx  -  3d* 

+  IQab  -  3i^  =  0. 


54.  Given  Vv  ~  Vi/  ~  ^  =  V-*^  -  ^»  *tid  also  ^Jy  -  x  :  *J2Q-2 
;:  2  :  2  to  find  the  value  of  a;  and  y. 

55.  Find  by  inspection  the  product  of  (r*  -  Zx  +  3)  hj 
(x^  +  2x  +  \),  and('x*+2a-V  +  3j')  bv  (x*  -  2x^1/^  +y*). 

5G.  Salve  the  equation  x"  +  y^  =  a^,  and  x*y  +  xy*  =  6*. 

57.  A  company  at  a  tavern  had  $35  to  pay  ;  but  before  the 
bill  was  paid,  two  of  them  left,  and  in  consequence  of  this  the 
remainder  had  each  $2  more  to  pay.  How  many  were  there  in 
the  company  at  first  7 

5S.  Find  the  fourth  term  in  the  expansion  of  (a*  +  b*)*. 

59.  Find  by  inspection  the  coefficients  of  i*  and  j"  in  the 
expansion  of  ( 1  +  ax  -  ^ax^  -  2a^x*  -  x'  +  J«x*  -  3ax'  )* 

60.  Find  two  numbers  such  that  the  greater  shall  be  to  the 
less  as  their  sum  to  a,  and  their  difference  to  b. 

1  /x»+  1\  /x3+x-»+2\ 

61.  Reduce  2  +  ; and  also  {    •. — :        — v- — rr  I 

3+ 1 Vx^-i;i^x»  +  x     ; 


to  simple  quantities.  '       x  -  1 
62.  Find  the  value  of  the  expression 

x+6  x-4  x+2 


x»  +  2x  -  35       x^  +  lOx  +  21  "  x»  -  2x  -  15  • 

x'      y'     /  X       y\ 

63.  Find  the  square  root  of -y  +  ,-(  —  +  —  J  +  2^  by  inspec- 
tion, and  also  of  x*  -  2x'  +  ^x'  -  ^x  +  -j^g-. 

G4.  Multiply  (x"»  -  2y'*)  by  (x"  -  y"),  and  also  (x"^  +  ax*  -  6) 
by  (x"*^  -  «x™  +  6). 

65.  Divide  (12x*  -  192)  by  (3x  -  6),  and  (20a*6«  -  22a»&» 
+  Wa'b*  -  Sab"),  by  {ia^b*  -  2tb*  +6'').  The  former  by  factor- 
log,  and  the  latter  by  the  metiiod  of  detached  coefficieati, 
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66.  If  four  quantities  are  in  continued  proportion,  the  Erst 
has  to  the  f  )urth  the  triplicate  ratio  which  it  has  to  the  second. 

67.  Find  the  integral  values  of  x  which  satisfy  the  inequality 
x^<  lOx-  16.  

13-2Vx-5 

68.  Given =  -j'.f  to  find  the  value  of  x. 

13  +  2Vx-5 

a 

69.  If  ,-  be  anj  fraction  whatever,  the  sum  of  it  and  its  recip- 
rocal is  greater  than  2. 

70.  Shew  that  the  sum  of  the  cubes  of  any  three  consecutive 
numbers  is  divisible  by  three  times  the  middle  number. 

71.  Divide  {i^  -  4  <*  +  7a^  -  5a  +  6)  by  a^  +  5(i  -  4  synthe- 
tically. Also  divide  (x«  +  x  "  i*  -  2)  by  (x^  +  x  '  *  -  2)  by  inspec- 
tion. 

72.  Find  the  continued  product  of 

{x^'^'^'^.-a^'^^''      \{x^  +  J){x^-rJ) &c.,  to  II  factors. 

13  7  X-  4 

73.  Simplify  JJ^J^^^T^  -  H^TTT^  -  4^:^—9  " 

74.  Find  the  product  of  ({x^  +  3x1/ +  |j/^)  into  (ix^- ^x!/+ jy*), 
and  of  (2x'  +  3y^)  (2x^  -  3;/^)  (4x^  +  Qx^y^  +  9y^  )   into  the 

quantity  (4x^  -Gx*y*  +  9(/^). 

75.  Given  2xV3  -  3y^2  =  6  and  3x^2  -  2//V3  =  5V6  to  find  the 
values  of  X  and  y. 

7(3.  Prove  that  if  the  series  1+3  +  .^ +  7  +  &c.,  be  continued 

to  any  even  number  of  terms,  the  sum  of  the  latter  half  is  three 

times  the  sum  of  the  former  half. 

a         b 

77.  If  the  J.  mean  between  two  quantities  be  -r-  +  —  +  2, 

ah  a      b 

and  the  H.  mean  be  r   + 2,  then  the  G.  mean  will  be  -r 

0        a  0       a 

78.  If  c,  i>,  c,  be  in  H  progression,  then  will 

111  I 

a         c        0  —  a       b  —  c 

X 

70.  If  r  +  *  +  t  =  t',  where  r  is  constant  and  s  a:  — and  t  cc  xy*, 

•rnd  when  x  =  y  =  1,  r  =  0,  and  when  x  =  y  =  3,  v  =  8,  and  wheri 
^  v  0.  «  B  1,  find  V  in  terms  of  x  and  y. 
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80.  Solve  with  respect  to  x  the  equationg 

(i)  \{a  +  b)x+  a-b\[(a  +  b)x  +  b  -a]  =  iab. 

ax        b  b 

(II)  -7- =x  +  — . 

^   '   0         a  ax 

81.  Find  the  coatiaued  product  of  (a-  6) (a  +  6)((i*  +  i'^  4- «• 
to  n  +  ]  factors. 

82.  Divide  X*  -  (a  +  i  +  7?)x'  +  (ap  +  671  -  c  +  5)1*  -  (aq  +  bq  ■ 
cp)x  -  qc  hj  x^-px  +  q  synthetically. 

83.  Find  the  square  root  of  a'^x^  +  2abx*  +  (6*  +  2ac)i'  +  c'x  " 
+  26c. 

84.  Simplify 

r 1 1      >    r      ^  1     1 

"|^(x+«)(x-6)  ■*"  (x-u)(x+0)J  •  |(x  +  a)(x+6)  '^  (x-o)(x-6)J 

85.  Find  the  G.  C.  M.  of  x* +/)V4-/)*and  x*  + 2/)x«+7)V-p*. 

86.  FiD.d  the  /.  cm.  of  2J(x^  +  x- 20),  3j(x*-x-30)  and 
4^(x2-  10x  +  24). 

87.  Solve  with  respect  to  x  the  equation 

(a^-  l)x'»-2(a6+  l)x  +6^-  1  =  0. 
83.  Simplify  the  following  eipression 

x»  +  x-»+ 2(x  +  x -i>        /x2-l\» 
X*  -  X  -  *  -  2(x  -  X  -  1)   •    \^x^+  \j 

89.  Prove  that  if  to  any  square  number  there  be  added  the 
square  of  half  the  nun^ber  immediately  preceding  it,  the  sum  will 
be  a  complete  S'^uare  ;  viz.,  the  squareof  half  the  number  imme- 
diately following  it. 

90.  A  cistern  is  furnished  with  two  supply  pipes  A  and  B, 
and  a  discharge  pi[)e  C.  If  A  and  C  be  left  open  together  for 
three  hours,  and  C  be  then  closed,  the  cistern  will  be  filled  in  ^ 
an  hour  more  ;  if  B  and  C  be  left  open  together  for  five  hours  and 
C  be  then  closed,  the  cistern  will  be  filled  in  IJ  hours  more; 
or  it  can  be  filled  by  leaving  ^open  for  IJ  hours,  and  B  \  hour. 
In  what  time  can  the  cistern  be  filled  or  emptied  by  ji,  £,  and 
C,  separately? 

91.  Find  the  G.  C.  J»/.  of  2x»  +  2x*  -  5x*  +  4x»  -  9,  and  3x* 
+  3x*-  10x*-x  +  3. 

92.  Fiud  the  /.  c.  rn.  of 

apx^  +  (aq  +  bp)x  +  bq,  and  aqi'  -  (ap  -  bq)x  -  bp. 

4.130  of  (x*  -  xy)  ;  ( j^  -ir)  and  C-ry  +  y'). 
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93.  Solve  the  equations 

X  -  2a      2x  +  6a      x  +  2a 

(')    3~  ^    r~ "    13 

x-l       a;  4-1  3  2 

(II)  -2~  ~  T~  ~  sT+'l  ~  ir~i 


(in)   V^  +  4  +  V^-^  +  6  =  V3-C  +  34 

(iv)  x'\y  -  1)  +  3y(x*  -  1)  =  V-c*  +  3^/  and  x'y  =  5 

94.  Form  the  equation  whose  roots  are  2,  3  and  -  2  ±  V-  3 

95.  Simplify  o-  (a- wi)-  {-  (  -{-  a-(-m-[-(m-a)\)\)]. 

96.  Resolve  a*  +6*  into  its  component  factors. 

97.  If  ^.,  G.  and  H.  be  the  aritb.,  geom.  and  barm,  means 
between  two  quantities  a  and  6,  then  will 

^  _  ,  ^  (H-aXH-b) 

98.  Find  the  time  between  two  successive  transits  of  the 
Biinute-hand  over  the  hour-hand  of  a  common  clock. 

99.  The  opposite  sides  of  a  rectangle  are  each  increased  by  a 
units  in  length,  and  the  other  two  sides  decreased  bj  b  units, 
and  the  area  is  found  to  be  unaltered  ;  but  if  these  changes  in 
the  sides  had  been  respectively  c  and  d  units,  the  area  would 
have  been  diminished  by  e  square  units.  Find  the  sides  and 
examine  the  nature  of  the  problem  when  ad  =  be,  and  6c  +  e  =  cd. 

/x  -  a\^      X  -2a+  b 

100.  Given  (^-—j    =^_2i^.^,tofindx. 

101 .  Divide  5x'  -  3x'  +  1  by  x^  -  2x  +  3  by  Horner's  method, 
exhibiting  both  the  complete  remainder,  and  the  continuation 
of  the  quotient  in  descending  powers  of  x. 

102.  Find  the  G.  C.  M.  of  x^y  +  x;/*- 3x^  +  3(/*  -  9x  -r  9y  -  2f, 
and  x^y  +  2xy^  +  x^  +  A.iy  -  5y'  +  2x  -  2y  -  3y',  and  examine  what 
the  result  becomes  when  y  =  1. 

103.  If  (t  oc  V^  ^^^  ^^  <^  b^  shew  that  ac  oc  b'. 

104.  Resolve  o^^  +  m^'  into/our  elementary  factors. 

,Ar    T>    1        m^-(p-q)^      p^-(q-mf      q^-(m-py 

105.  Reduce  ; — — —  .-i —  j  +  ,      ,     ,-j       2  +  ; — r — \i 2  to 

(in  +  qy  - p^      (//i  +  py  -  9*      (p  +  qy  -  inr 

its  simplest  form. 

106.  Given  2-'  +  i  +  4^  =  80  to  find  x. 
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lOT.  If  X  be  real,  prove  that  z*  -  8x  +  22  can  never  be  lea» 
than  6. 

108.  If  fl  oc  (P,  ft*  oc  */*  and  r*  oc  inversely  ag  ^,  shew  that  the 
product  ahc  varies  as  if  each  of  the  three  varied  directly  as  d. 

109.  Shew  that  the  sum  of  n  consecutive  odd  numbers  begin- 
ning with  2m  +  1  exceeds  the  sum  of  the  first  n  odd  numbers 
beginning  with  unity  by  twice  the  product  of //i  and  n. 

I'O.  If  the  roots  of  the  equation  ax^  +  ftx  +  c  =  0  arw  in  the 

6^        (;«  +  n)» 
ratio  /ft  :  n,  shew  that  ^  =  


111.  Prove  th.1t— ,7        '         ^  '        \ 


i 


a\b  -  c)  +  6-(c  -  a)  +  c''(u  -  b) 
(a  +  6)(ft  +  c)(a+  c). 

112.  Every  square  number  is  either  divisible  by  3,  or  becomes 
BO  by  the  addition  of  2,  and  the  product  of  any  three  consecutive 
integers,  the  middle  one  of  which  is  odd,  is  divisible  by  24. 

113.  Prove  that  \n{jx  +  l)p-  \{n-  1)1^=  4a». 

{nh  +  l)(x-+  1)        I  +  1 

114.  Find  the  value  of ,.,,,,,  -  ,  when 

1  -f-  rt  1+6 

X  =  ,         and  y  =  ,      , . 

1  -  a  ■'       1-0 

115.  Divide  syni!ielic-al!y  7x'  +  21x*;/  +  SSx'/  +  SSiV 
+  21xj^*  +  7i/'  by  X  +  !/,  and  the  result  by  x*  +  xy  +  y*. 

116  Employ  the  method  of  detached  coefficients  to  find  the 
G.  C.  M.  of  18x*  +  9x'  -  17x*  -  4x  +  4  and  Br*  +  4x»  -  Gx^- 
X  +  I. 

1 1 7.  Resolve  the  quantities  given  in  the  last  question  into  their 
ekmeutary  factors. 

118.  Rtducu  to  a  single  fraction 

3 3  1  ^ZJL. 

4(T-x)^  ■•■  8(1   -T)   "•"  8(1  +  X)   ~  4(lTx-) 

119.  Is  the  following  expression  an  identity  or  nr  equetior, 

/        5'/\  /        3a\ 

(x  +  —  jfx-—  j+ax  =  (x  +  5q)(x  -  3«)  +  1 1  i  T 

If  a  =  I,  how  tbft«T 
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ab        ac 

120.  If  fl,  b  and  c  be  ia  H.  progression  then  will      ,  .  ,  — .— 

be                                                      b  +  c    c  +  a           a  +  b 
and  ,     -  also  be  ia  H.  progression  and  ~r~,   "~T~  and 

will  be  in  ^  progressioa. 

121.  If  a  oc  6  and  c  cc  d  then  will  ad  cc  be. 

122.  If  there  are  two  circles  each  of  radius  3,  and  four  others 
of  radii  4,  5,  6,  and  7  respectively,  shew  that  thej  can  all  be 
made  into  a  single  circle  of  radius  12,  assuming  that  the  area  of 
a  circle  varies  as  the  square  of  its  radius. 

123.  Given  the  first  term  of  an  ./?.  series  =  11,  and  that  the  sum 
of  the  first  3  terms  =  the  sum  of  the  first  9  terms,  to  find  the 
serie=i. 

124.  Given  any  two  terms  of  a  G.  series  to  construct  it. 

125.  Find  the  G.  series  whose  1st  term  =  3,  5ih  term  =  ^f, 
and  sum  of  first  five  terms  =  2-2^. 

126.  Prove  that  the  latter  half  of  2n  terms  of  an  ./f  series  ia 
one-third  of  the  sum  of  3/i  terms  of  the  snme  series. 

127.  If  S,  denote  the  sum  of  n  terms  of  the  series  1  +  5  +  9  +  &o. 
and  S^  denote  the  sum  to  («  -  1)  or  to  n  terms  of  the  series 
3  +  7  +  11  +  ic,  prove  that  Si  +  S^  =  (5,  -  5,)*. 

123.  Find  the  7ih,  the  10th  and  the  general  term  in  the 
erpansion  of  (I  +  x*^)~^' 

129.  Form  the    equation  whose    roots  are    1,  -  1,  2,  -  2  and 

3i  V^- 

130.  Assuming  that-  1,  1  and  1  are  three  roots  of  the  equation 
x^  +  2x*  -  3x*  -  3x^  +  2x  +  I  =  0,  find  the  other  two  roots. 

131.  Find  what  quantity  must  be  added  to  each  term  of  tho 
ratio  a  :  b  \a  order  to  make  it  four  times  as  great  as  the  ratio  c  :  d. 

132.  Shew  that   [jl^l)    '-^^^ 

2x  +  31/ +  4=  =  29  ) 

133.  Given    x-'^m  +  2,~=-    g  1  ^°^"^'^' ^i  ~  ^°  P°^'^^^^ '°^^S^r3- 

^.n  + 1  _  j.n  +  I 

134.  Find  the  value  of  the  vanishing  fraction     -^r-s ; 

when  X  -  y. 

135.  The  sum  of  two  numbert  is  45,  and  their  /.  c.  m.  ia  168, 
llf  hat  are  the  numbera  7 
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1     (x+l)(x-3)        1     (x  +  Z^Cx-S) 

136.  Giveu  -  •  (^-+-^(^-::4^  +  V  ■  {iTTJiV:r^)  - 

2     (X  +  5)(x  -  7)        92 

13  •  (X  +  6KX-8)  =  585  ^'^  ^""^  '' 

2xy-4!/»  +  x»=  4) 

137.  Given         ,       20^       }  to  find  the  values  of  x  and  y. 

X   —  y   =  6i>        ) 

138.  Piovfi  that  the  fraction  -j'r  on  being  converted  into  a 
decimal  will  continually  produce,  successively  in  order,  the 
digits  0,  1,  2 9  inclusive  with  the  exception  of  8. 

139.  Prove  that  the  roots  of  ax*  -  bx  =  a-x  -  ah  are  rational. 

140.  Solve  the  equation  (a  +  x)(ft  +  x)  =  nub. 

141.  Find  the  value  of  x  in  the  equation  1  +'^x=  6x. 

142.  Given  -^x  ■>r  ^x  -  \     =  V-c  +  1  to  find  x. 

143.  Solve  with  respect  to  x,  y  and  z  the  equaliong 

a*       6"       c» 
'  X        y         2 

144.  If  a  number  be  multiplied  by  4,  and  the  game  number 
reversed  be  multiplied  by  5,  the  sum  of  the  products  is  exactly 

divisible  by  9. 

Prove  this,  and  infer  the  general  proposition  of  which  it  is  a 
particular  case. 

145.  Simplify  (a  +  6)(6  +  c)  -  (a  +  l)Cc+  1)  -  (a  +  0(6  -  1). 

146.  Find,  without  actually  multiplying,  the  product  of 

"y  -  xy  +  9  j  into  (y  +  3  j 

147.  Find,  without  actually  dividing,  the  quotient  of  (ai+6y)* 

+  (rx  +  rfj/)*  +  {(ly  -  hx'f  +  ((•!/  -  dif  by  x»  +  i/*. 

143.  Extract  the  square  root  of  u*(x*+ 4)-2a(x  + 2)  +  4a»x+  1 
by  inspection. 

149.  Find  the  G.  C.  M.  of  a»  +  6»  -  c»  +  lab,  and  a»  -  i»  -  c*  + 
26c  by  factoring. 

150.  Divide  synthetically  4x*  +  Sx-*  +  1  by  x*  +  2x  -  1  obtain- 
ing the  exact  remainder,  and  also  four  terms  of  the  remainder 
expressed  in  descending  powers  of  x. 

151.  Expand  .  _^  .  ^  In  ascending  powtri  of «. 


I 
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fa  h    \        fa  h    \ 

152.  Simplifj    [~^^  +  — ^j   X   (^^— ^  -  --^j 

153.  Divide    (^-f^  -  ^4c)   ^y    (rfc  "  ^c) 

i64.  Reduce  to  a  single  fraction  in  its  lowest  terras 
3(x-2)  1  1_  1 

{X  -  \ )\^x  -  '6)  ~  X  -  1  ~  (X  -  2)  ~  X  -  3 

155.  Prove  iLat 

(x;/  -t-  1  +  2x)(3"7/  4-  1  +  27y)  +  (x  -  t/)'       (x  +  lVv4-  1) 
X  V  +  1  -  x^  -  2/^  ~  (X-  l)(i/-  1) 

156.  Find  the  conditions  necessary  in  order  that  the  equations 
ti*  +  6x  +  c-  0  and  fliX^  +  6jX  +  Cj  -  0  may  have 

(i)  One  root  common. 
(n)  Roots  equal  in  magnitude,  but  of  contrary  signs. 

X  +  1       2x  -  1       3x  +  4       5x  -  6 

157.  Solve  the  equation  — „—  -  — 5 —  =  — 7 —  -  — ^ — 

(x-lVx  +  4)        (3  +  T^(2-x) 

158.  Given ; — — ^r *  \ —  to  find  the  Talae 

(X  +  3)  1  —  X 

of  X. 

159.  Find  the  value  of  x  in  the  equation 


l  +  2x       1+X+V1+2X 
1  -2x  ~   1  _x- V  i_  -ix 

160.  Find  x  in  the  equation 

(X  -  1  )^  (ra  -  1 )«  +  4n 

(x+  \f  {n-  l)^  +  4/i   ~  ^' 
and  shew  that  if  n  be  positive  and  x  real,  the  value  of  the  left 
hand  member  always  lies  between  n  and  jj- 

161.  Find  the  A.,  G.  and  H  means  between  \  and  J. 

162.  If  H.  be  the  harmonic  mean  between  a  and  6,  prove 
that  it  is  also  the  H.  mean  between  {H  -  a)  and  (H-  b) 

163.  Find  the  37th  term  of  the  series  6  +  ^g^^  +  -I-3  +  &c.,  and 
also  the  sum  of  the  sums  of  the  first  31  terms  and  42  terms. 

164.  Find  the  sum  of  n  terms  of  the  series  3^  +  2  +  14+  &c. 

165.  Find  the  sum  of  n  terms  of  the  series  1  -  04  +  0-16  - 
0*64  +  &c.,  and  also  the  difference  between  the  sum  to  infinitj 
and  the  sum  of  n  terms. 
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166.  There  are  p  arithmetical  series,  each  continued  to  n  terms; 
their  first  terms  are  the  natnr<al  numbers  1,  2,  3,  &c.,  and  their 
common  differences  are  the  successive  odd  numbers,  1,  3,  5,  &c. 
Prove  that  the  sum  of  all  them  is  the  same  as  if  there  wer© 
n  Buch  series  each  continued  top  terms. 

167.  Find  the  continued  product  of  x  -'^xy  +  y,  x  ■\-  '^xy  +  y 

and  x'^  -  xy  ■{■  t/. 

i.  1 

1C8.  Find  the  value  of  y  (x*  -  3y)*  +  x  (x'  +  3i/)    when  x  =  5 

and  1/  =  8. 

169.  Extract  the  4th  root  of  16a*  -  96a»6  +  2I6a*6»  -  216ai»  + 
81i*. 

170.  U a  :  b  ::  c  :  d  shew  that 

1         1         1         1    _    1  /a        b        c  \ 

H  ~  2b~  2c  "^  Ad~  ad\J  ~  'Z    ~  ~%'^     ) 

2x  +  3       4x  +  5       3r  +  3 

171.  Solve  the  equation  -^^^  =  :^£^^  +  J^^i  giving  th« 

nile  and  reason  for  each  step  of  the  operation. 

172.  Solve  with  respect  tox  the  equation 

1111 

"~  +  ^"TT  =  —  +  —r-u 
X        X  +  0        a        a+  o 

a+1  ab  +  a  i  +  y-l 

1 73.  When  x  =    ,  ,  ,  and  y  =     ,  ,   ,■  reduce  -     ,       ^   ,  to  it« 

ao+1  ^       ao  +  1  x+y+1 

lowest  terms. 

174.  Shew  that  2(x  -  y)(i  -  2)  +  2(j/-2)(y-  x)  +  2(3 -x) 
(z  -  y)  can  be  resolved  into  the  sum  of  three  squares. 

175.  Divide  a*  +  i*  -  c*  -  2a^b'  +  Aabc'  by  (a  +  6)»  -  c*. 

17C.  Find  the  G.  C.  M.  of  x»  -  1  and  x'" -h  x^  +  x«  +  2x^  + 
2x*  +  2x3  +  X*  +  X  +  1. 

2x  +  3  x  +  2  x-7 . 

177.  Eeduce  ^rr^X^TTT)  "  ^^Tl  "  (x+5)(x-l)  *<^' 
Bimple  quantity.  

a  +  bJ  -^  I      a-bJ  -  I 

178.  Reduce =it:^  + =  to  a  simple  quantity. 

a-iV-1       a+b-J  -  I 

179.  If  four  positive  quantities  be  in  J.  Progression,  the  sum 
of  the  extremes  is  equal  to  the  sum  of  the  means  ;  but  if  in  G. 
or  H.  Progression  the  former  sum  is  the  great«r.     Requir«4 
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180.  Sliew  that  in  an  ascending  A.  series  if  the  least  term  be 
the  common  difference,  the  sum  of  (2/i  -  1)  terms  is  n  times  the 
greatest  term. 

a       V«^  -  ^^       ^ 

181.  Solve  Tvith  respect  to  X  the  equation —  +  • —  =  -r-. 

^  ^  X  X  0 

182.  Given  3x     +  x    =  3104  to  find  the  values  of  x. 

183.  Find  the  value  of  x  in  the  equation 

x  +  a         X  -  a         b  +  X         b  ~  x 


X  —  a        x  +  a         b  —  X         b  +  x 


184.  Given  x  +  V{-^^  +  V  ^'^  +  96}  =  11  to  find  the  values  of  x. 

185.  Find  a  number  of  two  digits,  such  that  when  divided  by 
the  difference  of  the  digits,  the  quotient  is  21 ;  and  when  divided 
bj  the  sum  of  the  digits  and  the  quotient  increased  by  17,  the 
digits  are  inverted. 

186.  Two  horses  j1  and  B,  trot  twice  round  a  course  two  miles 
long.  B  passes  the  post  the  first  time  2'  before  A,  but  in  the 
eecond  round  j1  increases  and  B  slackens  his  pace  by  2  miles 
per  hour,  and  A  does  the  round  in  2'  less  than  B.  Find  their 
rates  and  which  horse  wins. 

187.  With  any  five  consecutive  integers,  the  continued  pro- 
duct of  the  first,  middle,  and  last,  added  to  the  cubes  of  the  other 
two  is  equal  to  the  product  of  the  middle  number  by  the  sum  of 
the  squares  of  the  middle  three.     Required  proof. 

188.  Prove  that  x*  +  y*  +  (x  +  j/)*  -  2(x'*  +  xy  +  -ff. 

189.  Multiply  x^  +  (/^  +  x^y  +  xif'  by  x*  -  j/*  -  x'^y  +xy^ 

i  i 

190.  Find  the  value  of  cfx^  -  ^x*  when  x  =  (a  +  6)    ±  (a-b)  . 

191.  Divide  ax*  +  2cxyz  +  bi/  +  ax\y  +  z)  +  by'^{x  +  z)  + 
\cxy{x  +  t/)  by  X  +  y  +  2,  synthetically. 

192.  What  is  the  quotient  of  (x"/  -  1  divided  by  x"  -  1, 

193.  Simplify  1  -  {I  -  (1  -  x)}  +  2x  -  (3  -  5x)  +  2  -  (-  4  +  5x) 

194.  Express  a  {b  +■  cf  +  b  {c  +  aY  +  c  (a  +  6)^  -  {(a  -b)(a-  c) 
(6  +  c)  f  (6  -  c)(b  -  a)(c  +■  a)  +  (c  -  a){c  -  b)(^a  +  b)\  in  its  sim- 
plest form, 

195.  Express  in  the  simplest  form  the  sum  of 

(6  +  c  -  a)x  +  (  c  +  a  -  6)]/  +  (a  +  6  -  c)2 
(c  +  a  -  6)x  +  (a  +  6  -  c)t/  +  (6  +  c  -  a)z 
(a  -I-  &  -  c)«  -t-  (6  4-  c  ~  a)y  +  (c  +  a  - 1)« 
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19G.  Find  the  product  of  (^x^  +  Qx'y  ■{■  Uxy' +  8y')  by 
(x«  -  6x^y  +  Uxy^  -  Hy^)  also  of  (a  +  6  V^)('»  -  *  V~l)- 

197.  Find  the  value  of  (a  +  6  +  c)(6  +  c  -  aXc  +  o  -  6)(a  +  6  -  c) 
Also  the  product  of  (i;  +  1  +  x"^)  by  (x  -  1  +  x"^). 

198.  Divide  (2x*-  3j^j/  +  4xV2-  5x2/'  +  62/*)  by  6xV;  and 
also  (x*  +  4x  +  3;  by  (x^  +  2x  +  1). 

199.  Find  by  inspection  the  quotient  of  (8x  -  j/')  •?-  (x    -  ly) 
and  of  (x*  -  apx'  +  a^/jx  -  a^)  ■;-  (x  -  a) . 

200.  Find  by  factoring  the  G.  C.  M.  of 

(i)  x^  -  3x  -  4,  x^  -  2x  -  8  and  x^  +  x  -  20. 
(II)  Sx''  +  4x^  -  3x  -  4  and  2x*  -  7x*  +  5 
(III)  (x"*  +  a™)(x'*  -  a")  and  (x"  +  a")(x'*  -  a"*). 

201.  Find  the  /.  c.  7n.  of 

(i)  x'^  -  ax  -  'Za',  x'  +  ax^  and  ox^  -  a' 
(ii)  x'  -  x'^y  -  a^x  +  fl-'y  and  x^  +  ax^  -  xy"^  -  ay"* 

202.  Find  the  value  of 

(^n  +  b-cY-  (P  (fr  +  c  -  a)"  -  d}      (c  +  a-6)»-d» 


(a  +  6)^  -  (c  +  d)2  "^  X''  +  0''  -  ("  +  </)^      (c+ a)2  -  (6  + 1/)» 
a;3  +  yz  _  22  +  2xy 

203.  Reduce  -^ ^ TT^uZ  to  its  lowest  terms. 

X  —  ^  "~  -S  +  ^y*' 

a'  +  a^6       fl(a  -  6)         2a6 

204.  Simplify  the  expression  ;;2^^rp  -  (^-^106  "  0=*^ 

/  ax  \  /         ax   \        /a  +  X      a  -  x\ 

205.  Reduce  (^a  4-  -— j  (^a  -^-^j  ^  (^-_--  +  ^— j 

to  a  simple  quantity. 

X  +  2(1      X  +  2&  Aab 

206.  Find  the  value  of   — ;-   \-  „ — ^  when  x  =  „  ,    r 

X  —  la,      X  —  10  a+o 

206.  Find  by  inspection  the  square  roots  of 

(I)  X*  -  4x'  +  8x  +  4 

(11)  4X*''  -  3x«»  +  ^x6* 

c?       h^       c^           a  c  h 

(m)  77  +  T  +  -T  -  2 2-r-  +  2— 

208.  If  a^x*  +  6x  +  6c  +  6^  be  a  perfect  square,  shew  that 
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209.  Solve  with  respect  to  x  the  equations 

(i)  mnx  +  amn  =  n^x  +  am^ 
8  -  X       2X-11       X  -2 

(">  -r  -  TTT  =  "6- 

210.  Find  the  values  of  x  in  the  equations 

7r+  1  80  /x  -  ^ 
^^^  6^  -3x  ~  "^(^7^§ 
(ii)  x^  -  2ax  -  26x  -  Sa^  +  10a!>  -  36^  =:  0. 

211.  Find  the  values  of  x  and  y  which  satisfy  the  eouationa 

X  -ay  ax +  7/ 

0)  -^  =  1  =  -— 

(ii)x^  +  xy  +  ]/2  =  37  and  x  +  y  =  7. 

212.  Solve  the  simultaneous  equation 

2(x  +  y)  =  a'^  +  b^  ]  x{y  +  z)  =  b^  +  c^;  y(z  +  x)  -  c^+  a^ 

213.  The  difference  between  the  ages  of  j3  and  B  is  twice  as 
p-eat  as  the  difference  between  the  ages  of  B  and  C,  and  the 
Bum  of  the  ages  of  ^  and  B  is  half  as  much  again  as  the  age 
of  C;  six  years  ago  it  was  only  one-third  more.  Find  their 
ages. 

214.  Sam  the  following  series  : 

(I)  1^  +3  +  4i  to  12  terms, 
(i:)  li  +  2J  +  32^7  to  n  terms, 
(ill)  V2  +  sV3  +  §V2  to  infinity. 

215.  If  Oj.a2'<^3- •••«'=  Ci*    then  will 

Oi  +  ttj  +  ttj  +  . . . .  Ca  =  Oj.  —^ ; .     Required  proof. 


216.  Given  (x  +  5)(x  +  1)  =  4(V2x  +  1)  (x  -  1)  to  find  x. 

217.  Find  the  value  of  x  in  the  equation. 

(3x  -  4)(5x  -  1)(1  -  2x2)  _  4_ 

218.  Find  to  An,  4;j  +  1,  4n  +  2  and  4/t  +  3  terms  the  sum  of 
the  following  series 

1  +  1  +  2-2  +  3  +  4  +  4-8  +  5  + 16 +  &C. 

219.  The  number  of  matches  in  the  side  of  a  certain  rectangular 
bunch  is  >  10  but  <  20,  while  the  number  in  the  end  is  <  10. 
When  the  digit  expressing  the  number  in  the  efid  is  written  to 
the  left  of  the  expression  for  the  number  in  the  side,  the  number 
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BO  formed  is  to  the  whole  number  of  matches  in  the  bunch  as  a 
certain  number  a  is  to  2  ;  but  if  this  digit  is  written  to  the 
right  of  the  expression  for  the  number  in  the  side,  the  number 
thus  formed  is  to  the  whole  number  of  matches  as  a  —  10  :  4. 
Also  a  second  bunch  similar  in  form  to  the  first,  and  con- 
taining as  many  matches  in  its  perimeter  as  there  are  matches 
in  the  first  bunch,  contains  four  times  as  many  matches  as  the 
first  bunch.     Find,  the  whole  number  of  matches  in  the  bunch. 

220.  Shew  that,  in  the  preceding  problem,  if  the  last  condi- 
tion had  not  been  giv^en,  the  solution  found  above  would  have 
been  the  only  integral  solution  of  the  problem. 

221.  A  person  travels  by  railway  from  Stratford  to  Toronto 
and  back.  In  coming  down  he  finds  that  when  he  travels  by 
tx{U'es3  he  is  as  many  hours  on  the  way  as  his  fare  is  cents  per 
mile,  but  when  he  travels  by  the  accommodation  train  be  is  half 
as  many  hours  on  the  way  as  there  are  units  in  the  square  of  the 
number  of  cents  in  his  fare  per  mile,  the  fare  being  the  samt;  by 
both  trains.  In  returning,  the  express  by  which  he  travels  goes 
slower  than  the  express  by  which  he  came  down  by  an  average 
(including  stoppages  in  both  cases)  of  as  many  miles  per  'uour 
as  there  are  cents  in  hisf  are  per  mile,  the  fare  being  the  same  as 
in  coming  down.  He  now  calculates  that  if  the  fare  had  varied 
as  the  speed  of  the  trains,  he  would  have  gained  a  cent  a  miie  by 
taking  the  accommodation  train  to  Toronto — the  fare  on  the 
express  to  Toronto  remaining  the  same — and  in  returnin»j  he 
would  have  gained  as  many  cents  as  there  were  miles  in  the 
average  speed  (including  stoppages)  of  the  train.  Find  ♦he  dis- 
tance from  Toronto  to  Stratford,  and  the  fare  between  them. 

222.  Given  V-i--^T2'5'  {x-{x'  +  9)(Vx^  +  25  -  1)  -  45]  =  5z'  4  225 
t)  find  the  values  of  x. 

223.  Two  persons  engaged  to  dig  a  trench  100  yds.  lonjj  Tor 
{;i00,  but  one  end  being  more  difficult  to  dig  than  tbd  o*her 
it  is  agreed  that  the  one  digging  the  harder  end  sht,/l  recei\9 
$1-25  per  yard,  while  the  other  receives  but  $0'75  per  yurd. 
At  the  termination  of  the  job  it  is  found  that  they  et^-h  receive 
^50.     How  many  yds.  did  each  dig? 

3bew  algebraically  that  thia  problem  is  impossibU 


i 
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224.  A  square  and  a  rectangle  are  (i)  equal  in  area,  (ii)  equal 
in  perimeter.  The  number  of  square  inches  in  the  area  of  the 
square  is  ?«  times  the  number  of  linear  units  in  its  perimeter,  and 
the  number  of  square  units  in  the  area  of  the  rectangle  is  n 
times  the  number  of  linear  units  in  its  perimeter.  Find  th© 
length  of  the  sides  of  the  rectangle. 

225.  Two  boys  find  upon  trial  that  the  distances  to  vrhich 
they  can  respectively  throw  a  stone  are  in  proportion  to  their 
ages,  and  that  the  throw  of  the  elder  is  24  feet  longer  than  that 
of  the  younger.  After  the  lapse  of  a  year  they  try  again  with 
the  same  stone,  and  find  that  the  elder  can  throw  it  but  22  feet 
farther  thixn  the  younger,  and  that  the  gain  of  each  is  in  the 
same  ratio  to  the  age  of  the  other.  Also  the  H.  mean  between 
their  ages  at  the  latter  trial  is  equal  to  the  quotient  obtained  by 
dividing  the  length  of  the  longest  throw  made  by  the  difference 
between  the  Jl.  mean  of  the  1st  throws  and  that  of  the  2nd 
throws  ;  and  if  the  antecedent  of  the  ratio  compounded  of  the 
ratio  of  the  throw  of  one  to  his  age  in  the  first  instance  and  the 
ratio  of  his  gain  to  the  age  of  the  other  on  the  second  trial,  be 
multiplied  by  i  of  the  product  of  their  ages  on  the  second  trial 
the  ratio  of  which  the  resulting'  ratio  is  the  duplicate,  will  be  the 
same  as  the  ratio  compounded  of  the  ratio  of  the  throw  of  one 
to  his  age  at  the  first  trial,  and  the  reciprocal  of  the  ratio  of  his 
gain  to  the  age  of  the  other  at  the  second  trial.  Find  their  ages 
and  l,he  distance  to  which  they  throw  the  stone. 


ANSWERS  TO  EXERCISES. 


Exercise  IV, 

1. 

0                 2.   18                 3.   14 

4.     2 

5. 

3                 6.     0                  7.  48 

8.  16 

9. 

48               10.     0               11.  24 

12.  2700 

14. 

5<6          15.  each  =  0     16.  6>5 

17.  each=  10 

18. 

each  =  2  19,     2                20.  44 

21.  19 

22. 

-  112        23.     -  3             24.   23 

25.     8 

EXERCISK    V. 

1. 

43a.                                          2.  -26aJ» 

3. 

19(a+6-c2).                         4_  27a(x 

-y')*. 

5. 

27(1 -13y  +  23,                      6.   16(x  + 

y)  +  28a-20abc 

7. 

15(a  +  b)x  -  19(c  +  d)y  -  23(d  +/)s. 

8.  15aWx^+  12a'62x3  -  I3a26^x»  -  no-'b^x^ 

Exercise  VI. 
1.  2a ;  3a  +  3c  ;  4a  +  46  -  7c.  2.  Sab  -  lay  +  13cd. 

2  2. 

3.  -d^x^  -  7(a  +  6)-  Ux^y- 20.   4.  2a-  26. 
5.  5x1/  +  14a6  +17.  6.  5  +  8a-  56  +  8c. 

7.  6a6  +  6xj^  -  5ci  -  7n  +  16c  8.  17  -  2577i^x  +  20xy. 

9.  7ri>J  10.   18V2-8V3+l4V'l  +  6Va+19Vc. 

11.  20xy  -  lOay  +  2'Jx  +  25^y. 

12.  4(ax  +  by-  cz)*  +  U'Jm  +  n  +  16(x  -  y). 


Exercise  VII. 
1.  a  +  6  +  c  +  m  +  3/)  +  x  +  y.         2. -3xs-5c* 
3.  7c  +  4x2  +  2(x  -w  y)^  4    iQj.Zy  „  a'b  +  1 

5.  6a+ 156+5a6-3m-n  +  5x  +  i/.  6.  6V-c  -  5Va  +  y  +  18 
7.  4*'-2i(*  +  3y^+2y.     8.  S^xz  +  xy -yz  +  am-la^y i-xh/-n' 
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EXERCISP  Vin. 

1.  d?fz  -  llxy^  +  1102^  +  4xy  +  2Qm. 

2.  14a  -  14c  -  IS'^a-b^  +  ixf  +  rr?. 

3.  2ci-3(a  +  6),yx='^. 

i  1   i- 

4.  4(1?/  4- 1/2  _  -j3^5  +  i4a3x*  -  14^771. 

«.  16  +  7  1^/8  -  23y  -  9Va  -  b 

6.  6m  -  2c  -  lie  -  25x  +  \2y  -  abed. 


EXERCISB   IX 
1.  14-m-5c-e.     2.  2a-26-2c.  3.  x-5o-2 

4.  6  +  m.  5.  lla-3c-5d  +  m.     6.  2a^-c^-m^ 

7.  2  8.  5a2+7x  +  377i^+2x2.  9.  Sa^Jc  -  2m. 

10,  a +  1,  11.  a -86 -6c.  12.  -  a  -  Sam  -  17. 


Exercise  X. 

1.  (a-fc)  +  (c-cr)  -(e-nt)  -(/+r)  -  (s  -  f)  +  (w  +  x) 

2.  (a  -  6  +  c)  -  (d  +  e  -  m)  -  (/+  r  +  s)  +  (i>  +  w  +  i) 

3.  (a  -  6  +  c  -  d)  -  (e  -  m +/+ r)  -  (s  -  r  -  w  -  x) 

4.  {a  —  b-^c  —  d  —  e+m)  —  (/"+  r  +  s-r-w;  —  x). 

5.  \a-  (6-c)}-{/+(e-?n)}-  {/+  (r  +  s)}  +  {p  +  (w  +  x 

6.  {  (a-6)  +  c}-{((i  +  e)-m}-{(/+r)  +  s}  +  {(r  +  li)  + 

7.  {a-(b-c  +  d)}  -[e-{m  -f-  r)}  -{s-{v  +  w  +  x)] 

8.  }(a  -  6  +  c)  -  rfj  -  {(e  -  7ft  +/)  +  r}  -  {(s  -  r  -  to)  -  x} 


Exercise  XI. 

1.  3a  -  36  ;  4ax  +  Ab^x  -  4x*  ;  Zp^x  -  Zhp^x  -  Zc'p'x. 

2.  am  -  b'^m  +  m^p  +  x^  -  Sax'  -  bx^  -  3m.^x^  +  bm?x'  +  7n*r'. 

3.  7  +  ai  +  Say  -  46x  +  ixy  -  ac'  -  Sc'y  -c^my. 

4.  a'm  —  a^n  -  2acp  +  2ac5  -  c'lti  +  c^n. 

X         y         c         d        m 
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abed 

6.  m  + --+--  +  --. 

xyz       xyz      xyz      xyz 

Ga  m  3p 

7.  amx  -  axy  -  a'c  -  abc  ^  ay  - 


2ii-  c       2a-  c       2a-  c 
2c        3m         4p 
8.  3bcd  -  3abd  +  3bfm  -  3b/n  -  5^  -  5 ^  +  "5  i> 


Exercise  XII. 

1.  Bam  +  (1  +  9a)x  +  (3  +  15a  -  2m)y. 

2.  (4  +  m)n  +  (2in  +  3a)x  +  (3j  -  4  +  m  +  3a)y. 

3.  5(2rt  -  X  -  6r)  +  2(6  -  2c)  -  3m. 

4.  (2(1  +  m)x  -  (3am  +  2c  -  a)xy  +  (3a  -  2cm  -  b  -/)y'. 

5.  {3(a  -b  +  c)-  (6-71  +  c)n\y  -  {2(1  +  3a)in  -  c]x  -  c(2  -  a): 

6.  { 11  (ff  +  6)  +  3(cy  +  a)\y  -  {3(a  -  6)  +  (2a  +    9)c  xy 
3(m  +  a)c  -  2acp. 


EXERCI?K   XIII. 

1.  a*-ia^  +  1a^y^-6ay'+2y*;  fl'-<J*/>-2a»6»+2a*6»+2a6*-6* 

2.  2;j»«i*  +   lOti'm^xy  -  3amxY  -  Br'y^;  9a*i*  -  3a^x*  -  3arx 
-  9ff'x"  +  3ax*  +  3ax*. 

3.  a*  +  m"  ;  2a*  -  2(r'xy  -  2a'x  +  4aV  +  2a*x'y  - 2axy»-  2axy* 
+  2y*. 

4.  x*  -  7j»  +  5x  +  28     a"  -  a*. 

5.  fl'  -  4(i'6»  -  8a^6>  -  I7ai*  -  126*. 

6.  n'6*  -  aV'  +  2a/)c'  -  6V. 

7.  ««  -  6<i*ij'  -  lOaV  -  60^6*  +  A«. 

8.  3x*  +  4a6x='  -  6a-b^x  -  4a'6' ;  x*  +  i»  -  4x»  +  5x  -  3. 

9.  x»  +2x'*  +  3x*  + 2x^  +  1. 

10.  Gj/^  -  5x»y'  -  Gx*u*  +  21xV  +  x V  +  15x*;  a**"  +  o»4» 
+  0""^"  +  /)"'■'" 

11.  30a»  -  5a«-207a«  -  17Sa*+ 7Sa+ 72. 

12.  o'x»+o(6  +  c)xy +  6ci/';  a*» ♦»- c" ♦»/»"- a^i"*  -  ^  +  tf*  *  ic' 
+  fc'-»-j>_6»-i'cP. 

13.  a"*  ♦  *  -  a^cP  +  flV  -  a"*/?!*  +  c^m'  -  m'q'  +  a^x"  -  c^x"  +  j'x" 

14.  «■■'  -  2<i*x  +  3j'x»  -  3a-x»  +  2ax*  -  x». 

15.  JGcc  (2c  -  in)  -  36c  (2c  -  12a  +  6b  -  m)  -  9i(2a  -  b)m]m 
+  {Gai(m  -  2c)  +  '^c  (am  +  6c  -  2a<:  +  36')  -  6m  (36  +  c)|x. 
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Exercise  XIV. 

1.  36c  ;  6x^1/ ;  3a  ;  -lyz' 

2.  -2bcm]  -  ajr;  9mxy;  3x* 
3b-c  lUx  3axy  6» 
5xy  »  ~  Tim'   5c*  '  ~  'l6x^ 


3. 


ExKBCiSB  Xy. 


3u'       276c       3x1/       2m 

1.      -  -     ,-  +  ^  -  — 

c  4x  c  X 

3.V         11         2x        7y 
5a       35xy       5ii       oax 

3a       5m xy 
3.  4a-  +  m—  —  +     „   r 


abc  a^c^        4ay       5a" 

■  ■  ~  4mxy  ~  3mxy      3/ft       2xy 


Exercise  XVI. 

1.  X  -  y;  a'+  2u6  +  6* 

2.  m'  +  2mx  \-  f^ 

3.  9x*-  10x*+  5x3-  30x 

4.  a*  +  4a6  +  b'^ ;  x V  +  -rj/  +  1 

5.  x*+  2r'+.x2-4x-  11 

6.  a*  -  o*.7i  -  am*  +  m' 

7.  1  -fl  +  0^-03  +  &c. ;  a  +  a-  +  a'  +  &c. ;  1  -  27n  +  27n'-2w' 
&c.  ;  and  1  -  3x  +  7x-  -  lOx-^  +  1  Tx*  -  &c 

8.  2a^  -  Gam  +  im^ 

9.  20^  -  3a5*  +  56» 

10.  a  +  6  +  c 

11.  36x3- 27x2;/- 16xy2+ i2!/» 

12.  2a"'  -  36 


Exercise  XVII. 
1.  a^-6ay  +  9y'^ ;  9a^  +  12ax  +  4x- ;  9xy  -  42x!/  +  49  ;  4u'x* 
]2ax'  +  9x-  j  4a^  +  Ua^xy-  +  9a^x*i^* 
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2.  a?'  -  9x2 .  4^2  _  Qy2 .  9a2i2  _  3.^;   4?^*  -  9x^6 

3.  9a2  _  4x2!/2  ;  4a2  -  49  •  9  -  x^  •  4  +  20a!/  +  25aV ;  9a' 
-  24axV+  16x*//6. 

4.  x^  +  5x  -  66;  9^^  +  9a  -  10  ;  x^  -  13x  +  36;  x^-  4x-'21; 
i2  -  3x  +  2. 

5.  a^  +  a'^x  +  a^x^+aS^s^QZj.i^.Q^.s  +x6;  aS -a^x  +  a'x^-a^x' 
f  ax*  -  x'  ;  m*  -  m'a  +  v/i^a^  -  ma?  +  a*  ;  c*  +  x*  is  not  div.  by 
t  +  X.  See  Theorem  xiii.) 

6.  oi<'-a3x?/  +  a*xV''-a'x'^'  +  a6x*i/*-a^x5y5+a*x6y6-a'x'y^ 
t-  a^x'?/*  -  0x^2/^  +  x'^y'"  ;  a^m*  +  a'm'r  +a'^m.^r^  +  a^m^r'  + 
a*//i*r*  +  a^ni^r^  +  a-in^r*'  +  c/ir^  +  r' ;  a"*  +  m's'  is  not  div.  by 
a-ms  (See  Theorem  xi)  ;  a^+  a^ijz  +  ay'^z'+  y*z^. 
7.  X  +  4  ;  X  +  8  ;  2x  -  1 ;  3a 'x  -  a^ 


Exercise  XVIII. 

1.  a^  -  2nb  +  b^  -  c^  ;  a^  -  b'^ -i- 2bc  -  c^ ;  a*-b^-2bc-c\ 

2.  16  -  9a^  +  I2ac  -  4c^  ;  4a2  -  x-'  +  6hi-x  -  9m*  ;    Ax-y-  -  4a' 
+  I2ai/  -9y'. 

3.  4a^  -  12ac  +  90^  -  4x-  +  12xy  -  9y^  ;  d^  +  Gad  +  9d^  -  4c' 

—  16t7tt  -  16m^. 

4.  9a^  -  6am^  +  7/1*  -  4  +  4x(/  -  x-^^  .  4^4  _  1232^2  ^  9x*  -  1 

-  If  -  y*. 

5.  37a6-  10a'-  266' -  36. 

6.  75a^  -  I'laxy  +  23x-i/-. 

7.  1  -x'-''* 

2"  - 1  -"  ■  '^ 

8.  a        -  (XT/)" 


ExKUCISE  XIX. 

1.  (a  -  7n)(a'  +  am  +  m-) 

2.  (a  +  cXa^  -  a^c  +  a=c'  -  ac^  +  c*) 

3.  Not  r;;solvable. 

4.  (a^  +  b^Xd* -b'^)  =  (a  + b)(a-b)(a^-ab  +  b')y  (^i  ah  +  b'-) 

5.  (a  -x)(u'  +0X  +  x'Xa''  +  o'x^  +  x*^) 

6.  («-6)((i"'+a''6  +  a''6-  +  a"i>^  +  a'"'6*  +  a^6^+a*i'  t-^^b'iU'b*' 
fa69  +6'") 

V.  («'  +  m-x^)((j  4-  mx)((t-  mx) 
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8.  (2a  +  a;)(16a*-  Sa^j:  +  4aV  -  2ax'  +  x*) 

9.  (9  +4c^){3  +  2c)(3-  2c) 


J)(a4-a2c2+c*)(a8 -^  >.    .  -  y^-      - 
IG.  (a'2  +  m32)(a64  _  332,^32  +  ^^64) 

17.  (a  +  c)(a-c)(a^  +  c^Xa'-ac  +  c'^Xt^^  +  ac  +  c')(a'^-a'c^  +  c*) 


6 

18  +a9c9  +  c'*)(a'5  -ai«ci*  +c^^) 

18 

19 

20. 


EXSBCISB  XX. 

1.  a  -  2x 

2.  14ci2-43r»-4aa: 

3.  3V3  +  6VG  +  2V5  -  81/^  -  V2  -  401^  +  a^x^  -  3a*x 


li  +  X 
6.  (X-  I7)(x  +  3) 

I.  1  +  1  +  1  +  1  +  1  +  &c.,  to  infinity,  =  cc 

8.  (a  -  x)(a.  +  x)(u?  +  ax  +  x-)(a^  -  tu:  +  x^(a6  +  a^x*  +  x*^) 
6-a»x»  +  x6) 

9.  x^m\a^x  -  2py 

10.  -89i  , 

II.  x6  -2x^  +  1  and  a'  -  4a36=2  -  Sa^i^  _  1706*  -  126" 

12.  x^  -  ax  +b 

13.  (a='"+m-' 2 ) (ai 6  +  771^6^(^8  +  7/t«)(a*  +  m4)(a'' t »i-)(a+/7i) (a  - /«) 
H.  a**-c*^        15.  J  16.  2a(a^  +  .^^^)         17.  2a(a-m) 
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Exercise  XXI. 

1.  Gah^m  4.  X  +  2  7.  x  -  7 

2.  3a^m^  5.  a\a  -  x)  8.  a^Cx  -  1) 

3.  xy  6.  m-(a^  -  /n'O  9.  x  -  1 


Exercise  XXII. 

1.  x  +  2 

5.  a -2b 

9. 

o-  2 

2.  x-2 

6.  a  -b 

10. 

4(0  -  by 

3.  a  -  X 

7.   5j2  -  3x  +  4 

11. 

a «  +  a*  -  5a  -r  3 

4.  x  +  4 

8.  ah  -by 

12. 

a^  +  2oA  -  26^ 

Exercise  XXIII. 

1.  UnWx'^y*  6.  36(/' -36a''fr-3Ca66 +3/-^' 

2.  12u^xyr2  7.  x*-10x2+21x 

3.  (x* -x'^-iy  +  y'O'  8.  u*  -  <r»  -  ax^  +  x* 

4.  x'^+x^y+xV-xV-^'-y®    9-  a*  -  1  Oo*  +  35a*  -  50ff  +  24 
^.  4x'' -  4x*  -  4x^  +  4x*  10.  60(a"'  +  a'»6-a''fc*-2a'6^- 

20^6*  +  2(r»6S  +  2(i*6'  +  a-i>» 


Exercise  XXIV. 

ci^-ab  +  b-  x  +  2y  +  3y' 

17. 


19. 
20. 
21, 


14    — 
d-xm-Kiy+x-y^-''       '   11 

3  -  5x  X  -  4 

'•-17-  15x  +  3 

I  2x  +3 

'■  0+  OT  ^^'    x-4    ""*■  a" -a--x*-i-a^x»-a*x'*+j;i 


i:.i. 

7x-  5 

23. 

a  +  m 

x=-a-  +  2am -m* 

a'  -a*x*  +  X* 
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EXEKCISE   XXV. 

2xy(z  +  m) 


1. 

ax 

"•      2  +  2/n 

w'+l 

'^■'      a  +  b 

2. 

a  -  1 

3. 

Bar  +  53  -  yx  -  J.y  -  ia^  +  30 

2ff)^ 

x  +  3 

^-  a^  +  m' 

3cr-  aav-'Ju-j/'- 

2ax 

4. 

3a^x  -  nif'  -  2xy'  +  am  +  mx 

^-    a^  +  x' 

b. 

a  +  X 

EXEBCISE  XXVI. 

1. 

1 

4m-4+ .- 
on 

4. 

3 

5ni^  +  5mD  +  5c-  +   

■^       *        m  —  p 

2x» 

1 

2. 

a  +  X  + 

a-x 

5. 

^-y 

j^(l+y)  5(4a  +  l) 

3    X +  y +  x*-xy  ■\y^ ^ 6.1+ 5a — - 

"  ?:>         X  +  y  m  +  6 


Exercise  XXVII. 
acffm     bMrn     bc^m,      bcdx 
bcdin  '  bcdiii '  bcdin  '  6ci//a 

xy        am        by 

vixy^     mxy^     inxy 

8bxy         da'^xy         Qabm 


Vlubxy^    12u6x)/'    Vlabxy 

(1  +  77?)2     (l-;n)2  x(x^-y^)         x  +  y 

5 


6. 


1  -  M^  '       1  -  //I''  x(x2  +  2/-^)'    x(x^+  J/'*) 

6x2  ^  gj.y       8j  4.  ■2y      2x2  _  5j.y  ^.  3^2 

2(x2-2/2)'  2(P  -  j/^)'  2(x^  -  j/^) 

I8a^m  16a2-4a^x2      6m  +  3mi 


6a^/ft(2  +  x)'    6a2/;i(2  +x)»    6w'm{2  +  x) 
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3nx^  -  3a    4x»  -  4r     3x^  +  .T  3x^  +  2r»  -  3x  -  2 

^-  3(x^-l)'  3(x^-l)'  3(x''-l)  '^'^'^         3{x'-  1) 

6a*  -  60^6  2a  a  -  6 

®-  6^^(^^^^6^'  6a''(a^-60  ^^^  6^\d'-b-) 


Exercise  XXVIII. 

Aam  +  3m  -  2bc 

I-  T^: 6.  0 

2o/n 

xV+3Ty+2ff-26  m'^-lmp-jr' 


4a& 
332x  +  63x2 


3.    ^2  _  „,  8. 


m 

'-P' 

14- 

Ua 

1  - 

4a^ 

1 

63  2  +  X 

a?  +  X!/'''  +  y'  2x 

rx  + 1/)»  ^°-  T 


Exercise  XXIX. 


11. 

0 

12. 

2ac  ~2hr 
ab+bc  +  ac+b 

13. 

14x-20x» 

1  -  bi^  +  4x< 

14. 

m 

1. 

3ir« 

5a 

a'  +  a^m  +  nni^  +  m* 

7My 

2. 

2 

4crx  -  4x» 
'•          3 

3. 

2a  -  26 

x«-  llx  +  28 
8- 

3y 

4. 

3x^-3 
2a +  26 

am 

^■f^y^S 

5. 

a(a  -  b) 

X 

in    ("-2)' 
^0-       2a 

EXEBCISB    XXX. 

1. 

y 

x' 

a -6 
^-  a  +  6 

<. 

O  +  X 

4.  3a*y  -  6«?  +  Zaxy  -  &ax 

X  +  a 
11-  ^+-rf 


13. 


14.  1 


i'  +  4x-  21 
P^9xT8 
a*  +  a^  +  1 


^^-  x2-19x  +  88 


x-3 
^•x-Tt 


6.  I 
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3a'  -  3a  ab 

1.  1  8.   -^^^^  9.   1  10.  ^^^, 


Exercise  XXXI. 

5a-  5b  45  -  18j  +  18a  _1 

^'   10a +96  ^'  2ba  +  20x  -  12  ^' ~  ar-y 

7o  -  2x  4a  c?/  +  e 

2-  ~2r~  ^-  r+  4^*  ^''-    d/TT 

ax  1  +  Am* 

3.  — r;r-  7.  -a  11.  ;j— ^- 
a  +  2x  4/rt''— 7» 

63  -  36x 


4. 


30x  -  10 


Exercise  XXXII. 

1. 

h% 

8.  41 

15.  8 

22.  80 

2. 

5 

9.     3 

16.   9 

23.     4 

3. 

105 

10-  17-AV 

17.   120 

24.     0 

4. 

h%' 

11.     9 

18.  -  10 

25,     4 

5. 

19 

12.     4 

19.     4 

c-b 

26.  

a 

6. 

7 

13.     5 

20.   15 

36(6  +  c) 

27.   — ,- 

lla 

Y. 

16j 

14.   12 

21.     8 

a-b^ 

^^-  86-3a-6 

29. 

T^b 

6a^ 

20a6  + 

6^c+  5ac  -  i5a6c 

+  2a-a6-6^ 

"°-           15 

6  +  a6c  -  10c 

31. 

bdf 

on 

10a  -  Aab^ 
36  +  4a 

6r(6-a) 
^^-  ab-a'-b^ 

bd  +  ad  +  be 

34. 

6^+  19a6-4a2 
2a +  86 -2 

a 

ab 

36.  r 

a+6 

2(26  -  1) 

37. 

4vA 

38. 

297a 
650  -  99a 

39.  \ 

40. 

180  +  396  -35c 

7>„                 41. 

3a6  -  ac  - 

„2  j_  o..k        ki 

a^'b^ 
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ExRUcisic  XXXIII. 

1.  30  ;   17  5.   12;    18;   24         9.  56  13.   14 

2.  21  ;  42         6.  $5G0  10.   14   .  14.  23 

3.  $52-50  7.  30  11.  26  15.  38^ 

4.  64                  8.   1G3                       12.    102  16.  $3;   12,  1 
17.  26.-!  miles                 '8.   134^  hours  19.  1803,-  1689 
,20.  A  =  $2542  ;  B  «  $2422  ;   C  =  $2436 

21.  Music  $0-55f4-;  drawing  $0-32f 

22.  70  vol.  Science  ;  210  vol.  Travels;  210  vol.   Biography, 
315  vols.  History  ;  630  vol.  General  Literature. 

23.  Niagara  river,  34^-  miles  ;  Rideau  canal,  130^  miles. 

24.  2^^  days. 

n+  a  ~  c         n- a  +  c 

25.   2 ^"'^  2 

26.  (i)  1  h.  5-,',ra.  ;   (ii)  12  h.  32Taj.m.  ;  (iii)  12  h.  16i^m. 

27.  $155  and  $220 

28.  ISJi;  days. 

29.  A,  $3594-50;  B,  $1055-57f ;  C,  $1795'03  ;  D,  $743  89? 

30.  9iVr  f^'O'S-  31.  68 

32.  $8142-85f-  33.  72  lbs. 

abn 
34.  $11100  35.  ^-— feet. 

36.  11  times,  viz.:  I  h.  5j\ra. ;  2  h.  10}^™.;  3  li.  16/,- ra.  :  kc 

37.  90-,'j  and  5-,^ 

38.  A's  =  $308-42»^;  B's  =  $538  94}*  ;  C's  =  $1212-63-,3;f 

39.  420  miles  ;   15  m.  per  h.  down  ;   10  m.  and  12  m.  per  h.  u|. 

40.  5  ;  $9000.  41.   29. 

42.  A's=  $657-14?;  B's  $731-42?.  C's  =  §7ll-425 

na  ma 

43.  10075      44.  . —  and , —  45.  15  and  4"^ 


;  and 

anp 

and 49.  163 

nq  +  mq  t-  up  '  715  +  mq  +  np  nq  +  mq  +  nv 


EXBKCISH   XXXIV. 

1.  i  =  2,j/  =  3  2.  x  =  5;y=6         3.  x  =  20J;y  =  51 

4.  «>4iy-ia        5.  x=7iy  =  3        6.  x  =  24jy  =  30 
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7.  ii=  2^5J;  y  =  -V/j    8.  x  =  12  ;  j/  =t  O         9.  «  =  3  ;  v^  5 

2U  +  36  5a -2i  an  -  6m       _  4m  -  3n 

10.  X  =  — -g—  ;  y  =  -y^  11.  X  =  4,— 3i  ;  V  -  -4j  _  3i 

2ar  -  6*  ac  ~  26*  o'-"  +  6  6  -  a* 

c;n<-(a  +  r  +  ??))         _       flCCT(2c  -  m) 

^■*-    ^  ~  ,;;c   +  7.i.J  -UC+C"'  '   ^  ~  cm  +    Utll  -  QC    +    C* 

mq  +  6n  6n  +  inq 

? 
16-  X  =  8;  y  =  3 
17.  x=  8;  y  =  9 

a(r^  -  a'  -  c')  c ((I'p  - c* -  a*) 

13.  x=  ^_a^ i  J^        c^  -  a»"-~ 

\9.  1  =  9;  y  =  7 

a6                  a6 
20.^  « r  :  y« rT 


^^-  '~  00  4-  6/i'  ^"a6-6,' 


Exercise  XXXY. 
1.  x  =  ll;y  =  2;2=3  2.  x  =  2;  y  =  0;c  =  3 

3.  x=l;y  =  2;s  =  -3  4.  x  =  4;y'l;3=-2 

5.  x=  1,';  y=-2i   2=2;   i'=-l?     6.  x  =  2  ;  y  =  3  ;  c  -  4 

7.  x=lj;  y=4;  z  =  i 

5','!+ 161-36  ll6  +  7m-8n  23b  +  4n -VBrn, 

8.  X  = ;:-: ;  y= ^r-, ;  z  = —. 

c*  -  6'c  +  a-b  26c  -  a*  6*  -  6r'  +  a-c 

^-  ^  "      ab^  +  ac*     ■'  ^  ""  "6-T?" '  '  ""  ~£M^~ 

10.  r  =  2;  x=  5;  y  =  6;  =  =  10. 

11.  x  =  6  +  c-a;  y  =  a  +  c-6;  z  =  a  +  6-c 

op  —  am+an  —  Tn  ain  —  n  +  np  —  ai  am-ap-i-an—p 

^"-  '  ~      2a^-a-  1      '  2' ~      2u^-a-l      '  ' ~     2a^  -  a  -  I 


EiBECisK  XXXVL 

1.  4  and  2 

tu:  a6 

2.  rv-  and  t-— 
6  +  c         e  +  c 
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3.  $15  and  $0-40 

4.  120-;*f  yards  long  and  40-^c  yards  wide. 

5.  12  and  15 

6.  84  and  60 

7.  32  and  16 

8.  -  7  ;  -  -L  and  -  5| 

9.  380  sulphur;  620  charcoal ;  and  3000  saltpetre. 

10.  16;   24:  and  32 

11.  40',^-  shillings,  or44J  ten-cent  pieces. 

12.  29  lines  and  32  letters.  13.  78 
14.  110  ten  and  280  twenty-five  cent  pieces. 


^^-  (a-l)(6-c/) 

16.  5  inside  and  9  outside  passengers ;  $4 J  and  $2} 

17.  36  18.  432 

,„    ('•-o)P       ,  (a  -f>)P 

19.  J—  and  r— 

c  -  o  c  -  0 

20.  §81,  $41,  $ai,  $11  and  $6 


ExBUciSB  XXXVIT. 

1.  8a6  ;  9a^b^  ]  16/n*;  3aiV ;   1;  1;  3ci*ty* 

2.  a";  -  128a"6V*;  -  ia^b^c^  ;   ^x^y^ ;  -  32m'^i"'y'« 

3.  1;  a"x'6j/^*r^2.  27a»y9j  _  27aV  ;  Pl'*!/^;  81a*j/" 


ExEBCisE  XXXVlir. 

1.  a9  -  Oa'ft  +  36a'6*  -  84a''6'  +  12Gc'0*  -  1263^6"'  +  84a»6' 

-  36a''&'  +  9a6«  -  b^ 

2.  c*  +  Ac^x  +  GcV  4-  4rx^  +  x* 

3.  a;"'-10x"j/  +  45x''y*-  120x"y»+210x'^j/*-'J.')2x'j/'' +  210xV 

-  120x-y  +  4ox^i/  -  lOxy*  +3/'" 

4.  a"  +  1  la'  "w  +  55a  'm^  +  165a«m»  +  330a^m*  +  iCZa'^n''  4- 
462a'm'^  +  330a*/n'  +  165<j«//i»  +  bbd^in"  +  lla«'°  +  «" 

5.  16- 32a  +  24a^-8a»  +  a* 

6.  i"  -  ICx*  +  aOx"  -  2 "Ox*  +  405x  -  243 

7.  64a«  +  576a'  +  2160a* +4320o^  +  4860a»  +  29' 6a  +  72« 

8.  243  -  8 1  Cm  +  1080m*  -  7207n»  +  240m*  -  32m» 
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9.  243a'  -  SlOa-'y  f  lOSOaY  -  720aV  +  2iOay<  -  32j/' 

10.  8b^-G0b^c+  I50br'-  125c» 

11.  81x*-  431x^y+  864rV-  lGSxf  +  25Gy^ 

12.  0*6^  +  15a*6*c  +  gOu^AV  +  270u2^,2cS  +  405a6c*+  2430^ 

13.  Sa^c^  -  Vlti^c'xyz  +  Qacx^y'^z^  -  i^fz^ 

14.  o'  +  Za^b  +  3a62  +  fcs  _  3.^2^  _  g^^^  _  3^,2^  +  3^^  ^  3^^  _  ^ 

15.  16a*  -  32u^6-  Z2a.h  +  240^62  +  48a^6c  +  24aV  -  Safe'  -  24ai>*c 
24a6c2  -  8ac^  +  6*  +  46'c  +  g6V  +  46r'  +  c* 

16.  32a5  +  \ma*b  +  320a'62  +  320a263  +  I60a6*  +  326«  -  240a*c 
960a'6c  -  1440a262c  -  2Q^abh  -  2406*c  +  720aV  +  2160a26c» 
2160a6V  +  7206V-  lOSOaV  -  2160060^  -  10806V  +  810ac* 
8106c*  -  243c' 

17.  1  +  4x  +  2x^  -  8x»  -  5x*  +  Sx'  +  2x«  -  4x^  +  x' 

18.  a'  -  5a'»6  +  10a^6^  -  10a-6*+  5a6*  -  i'  +  ioa*c  -  40a36c 
60a26^c  -  40a6'c  +  106*c  +  40aV  -  120a26c2  +  120a6V  -  406V 
SOa^c^  -  160a6c3  +  806V+  80ac*  -  806c*  +  320^ 


EuBCisE  XXXIX.  i 

1.  4  +  2x-  llJi^-Sx^H-  9x* 

2.  x^  +  2x^  -  X*  -  2x^  +  x^ 

3.  4x2  _  i2x^+  7x*  +  3x5  +  jj.6 

4.  1  -  a  +  4^a*  -  40*  +  5a*  -  4a'  +  a^ 

5.  1  +  2x  -  2x«  +  fx*  +  |x«  -  3x6  -  x^  +  x« 

6.  4o^  -  4a^x  +  9a-x*  -  4a^x'  +  4a2x* 
7.1  +  26x  +  (6*  -  2c)x2  -  26cr'  +  c^x* 

8.  a*  -  2a6x  -  (2ac  -  6^Jx'+  C^.ad  +  2bc)3^  -  (2bd  —c^x* -  2^/-^^ 
h-cPx^ 

9.1-  2a  +  a^+  2b^x-(l  -  a)  -  2c^x\l  -  a)  +  (2d*  -  2ad*  +  6*)x* 
-  26^;'x'  +  (262(f*  +  c^)x^  -  2c^d*x''  +  (i«x» 

10.  a«  +  ea'^i  +  15a*62  ^  20o^b^  +  150^6*  +  6a6'  +  b^ 

11.  a*  -  8a'c  +  28a6c^  -  56a'c'+  70a*c*-  56a^c'  +  28a^c^  -Sac'' 
he* 

12.  a*x*  -  Sa'x'  +  2id^x^-  32ax  +  16 

13.  4-  12x+25x2-26x«  +  V^-Cx'  +  ^Jx^  -  ij7  +  ^,8 

14.  1  -  4x  +  2x^  +  8x3  -  9x*  +  6x«  -  4x'  +  z» 
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EXERCISH   XL. 

1-  ±  a* ;  ±  ^y  ;  i  Sam^ ;  4  83  ;  i  lla'j/* 
2.  -3a;  4a^y'  ;  5ax'  ;  -  2a?y^z 

4a  12x^1/''  8a* 

^-  i  "si/  ''*  '•  -  '  9a^6    '    ^      25/nx 
4aV     2a«x«i,*  7c6' 

'  3/ft~  '  ~6i^o^  '  ~   ~^m^ 

2a       2a^j*  Sm^x^  a«wi» 


EXEKCISE  XLI. 

1.  2a  +  36  ;  a  -  2x  ;  2ax  -  7c  9.  a*  -  4ac  +  4c' 

2.  Sam  +  5x1/ ;  4ax^  -6V  10.   1  -  y  +  3i/^  +  2/ 

3.  2x='  +  3x  -  1  11.  2a''  +  3ax  +  x* 

4.  x^-y2  _  1  12.  X*  +y» 

5.  a  +  6-c  13.  a--6*  +  c«-<i* 

6.  3a2  +  2a  +  5  14.  1  -  ^x  +  x«  -  'x* 

7.  a  +  6  +  c  +  i  15.  ix' + — 


8.  x3  -3x«y  +  3xy2 — y» 


y 


EXBRCISK   XLII. 

1.  2x  +  3  4.  a«-2a  +  l  7.  x*  -  x  +  1 

2.  a*  +  2a -4        5.  2ax  -  7ix*  8.  a  +  6  +  c  +  d  +  « 

3.  1  -  2a  6.  2x^  -  3ax  +  4a* 


Exercise  XLIII. 

l.a    ;a    ;a    ;ooc;ooc    ;aoc'';a"o»c" 

2.  ^a-^  ;  V?f;  V^3.  s^c;  yjjp.  ;^aTJcp  ;  ;V(a-t*c"77r)^; 
l^{.7II)y6^7c"^)f 

3.  2ab-^m-^;  2a-i;3am-i;  /n'a-ic"*;  Jaim-ic"'  ;  la^c'^ 
3o        c   in    ;  a      b      c      m         or  \ao»£fn  y      ;o    m  or 

*Soe  Art.  142. 


ANSWERS  TO   EXERCISES.  285 

3       J_  3  2  1  3 

4  5 


&arh-^mx '  3(a6)'  {nui^y  ^x^ 


1      2a'      3(acmy      /'"  V     3c»m*        i   J    |-     /*^i    '^ 


—      _4a     1 

1.  —;  a    ' 
8.  a'^6'6(.s 

10.  c2-4a-6'  +  6a6  -  4a^6'^  +  6 

4  2  2.         i. 

11.  a*  +  a'i'*  -f  J-* 

12.  8j;"^  -  4:X^y-^  +  6x^y~^z^ +2ir^z^  -  y~^  -  2xK^  -  y~^2^ 

13.  2x-V^-3x-' 

14.  a*  -  a*  6-*  +  a«  6"*  -  b'^ 


15.  x"'*  -  I  *'  +  1  -  x'  +  x' 


C'^-X^    +    l-x' 

16.  a'-2tt^  +  3a2-3a+2aH3-6o"^+a-»  +  4a"^-a-»-2a'^-kr» 

17.  a^  +  1  -  a"^ 

18.  x»  -  2x3  +  3  _  2x"^  +  X 

19.  x~^y  -  x^y^ 

20.  x*  -  2X3J/0  +  3^5 


-3 


Exercise  XLIV. 


1.  4*,  343^;  16^  ;  (^7)    ;  {j^gj    ;  9*;   (^j 
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2.   (a^^  '  9^;    f^Y  ;  (ia^y  ;  i9a*b^y  ;  (I6x*y^)^;     (  ^^i~^ 

\ri)     '  (^729 j    '  \8?)    '  [riaeb')    '  (ei^vj     ' 

(a*y;  (81)*;    /  __  V;  (16a*)^  ;   (Sla'i*)*  ;  and  (256x»y»»)* 

(3^^-i.    (^_^^^;n-^i    r-::-)-^    (a^y;   (V^)^;(8ae6^)^ 
\  4096  y         v-^V/ 

Vcs^i-    /10648U.    /Mi.    /  262144  \i.    /xY\l 
^    ^    '    [U5  )     '    [1T9)     '    (,40353607;     '    [  z^  J 

4.  vTs;  V125;  Vi2i;  Vi6^;  ('IV;  f~y 

2     a  1      _      4.,_     3rt,  _ 

5.  yV3(i6  ;  ^  ^6  i  y  V14  i   ."^V^O  ;  ^^46 

—       —        —     /200\J.    /18m2\i       ,   ,  1 

6.  V108  ;  V8a;  ^18;  ^u^c ;    (^  9  J    '  (^si^gj^i  (a^m^-;>V)^ 

7.  3^5;  9V2  ;  2ij5  ;  2 1^72  ;  V4-V21  ;  ~(a'm'y 

1 

^  ,,  ,     cm 

c*(a  -  zy 

9.  3^3  is  the  greater ;  2ViT  is  the  greatest,  atd  3^/3]   the 
least. 

10.  50^2  ;  4V3  +  2Vl5. 

11.  8V7-V3;    (3a62+2a2-y  j^^ 

12.  (20^6"  +  3a3  -"6  -  c^)!ya^b^       ' 

13.  15V42  i  60V2;  70Vr5i  24(/m50 

14.  4^3l;  28a^a;  2^1944;  7^15 
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1  S  3 

15.  xy(a^b*c'x^y*z^)^  ;  x^  +  j/^ 

16.  8V6  +  6VU  -  levTs  -  12V35 ;  S-J^O  +  VS  -  24  -  fV^ 

18.  i^6i8rl;  i3j-^'2000;   1^9^;  ^^.V'^^ 


19.    10;   2V3-t^^503tt848  +'^964467;  —  VCa'^-^-'c^  +  ^i) 

20     -  29  •    1  •   —  42  •    2-'—-   -7_ 

2V10  +  6V3  +  2V15  +  9V2 
21.  Vt(4V5  -  2V3)  i   ~ ^.7^^^^ i 

14V.6  +  8V2T  +  7V22  +  A'/ri 


22. 


-  28  _ 

3V3  +  3^/x     a  -  2\/am.  +  m     20\[2  +  24VT5  +  30^3  +  S6VIC 
3  -X       '  IT^^         '  ^9 


i^  -  Jx*^  -  x'^-2x  ~  I 
23.    — 


24. 


x+  1 
2V3    +   V30    -    3V2       26V3    -    27V5    +    5lV2    -    136 


12  '  92 

136  -  3V3  +  25V6  -  14V2 
73 


EXERCISB  XLV. 

1.  1  +  V5  5,  V6  -  2  9.  V^^l  -  1 

2.  V7-V5  6.  2V7+Vi4  10.  '{aVb  +  '/a^b 

3.  Wl"26  +  JV^  7.   i(V6  +  V2)  11.  ^(V2"6  +  V6) 

4.  V^-1  8.  5-3V2  12.  i(6+Va^-60 


Exercise  XLVL 
1..  V18  -  V2  2.  V2T+  V5  3.  V2I  +  V8-  4.  V8  -  V^ 
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Exercise  XL VII. 

1.  SV"^  ;  2a  +  (V*  +  VOV^      9-  -  4V^_2 10 V2 

2.  (V-T  +  V? +  V10V- 1  10.  V3-V^ 

3.  3  +  V-2  11.  W2  +  iVjl;  JV2- W'^ 

4.  50  12.  7  +  .V  -  2 

5.  -  29  +  6V6  13.   1  +  V^T 

6.  KV2-V-^)  14.   2- V^ 

7.  -  ui-V  -  1  ;  +  1  ;  V  - 1 ;  -  1  15.  a^  +  i^ 

8.  u^  -  2aY  -  a  -  a 

EXEKCISB   XL VIII. 

1.  4  8.  4  15.  Rl 

a(b  +  <r> 

2.  6  9.  §  16.  ^  — 

4a» 

3.  49  10.  -^r:^  IT.  fl 

Va  b'*  -  4a» 

a'  -  2ab 
5.  21.  12.  ^_  2j  19.  2a 

a  a^6*  0(70^  +  1) 

«•  (ITTTT^  13.  (^T6p  20.        2^^ 

/*.  -  '  ^ 

T.  iW-3  i*--2;r3T 

EXEKCISB   XLIX. 

1.  ±3  «.  i5V^  ll-±i^V5 


56^ 

J  -  6  -  1\  J 


/d-b-  1\ 
2-±t  ^-12  12.  ±  (^-3^;^3^  j 

(c-l)ft 


B.iS  8.  ±6  13.  i(^3--,j 


4.  ii  9.  i3Va'+l  14.  1 


V2c  - 1 


5.  ±  2  10.  ±  ^2cib  -  6»  15.  i  9^2 


I 
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Exercise  L. 
1.  6  or  -  9         8.  10  or  -  8  16.  15  or  -  14 


2.  9or-l         9.   l+Vl-«^         17.   lor- 12 _ 

3.  10  or -2     10.  7or-7i  18.  0  or  +  2Vl5  -  8 

4.  3  or -15     11.  4  or -If  19.  1  or  -  f 

b  +c 


5. 


V'b  +  c       /  b  +  c  \'' 


2/- 2a 


6.  3  or  Ij         13.  3  or  §  21.  7/1  or  -  a 

d            b  a  +  6  +  V2(«'  +  i') 

7.  47  or  i         14.  yo^-  22.  ---^ 

15.  4  or  1  or  J(  -  3  ±  V^)  or  0. 


Exercise  LI. 

1.  5or-5§         6.  lior-3^  1 1 .  i  VSo^TP  -  3a 

2.  15  or -14       7.  lor-iV  12.  3  or- 8^ 

c  b 

3.  5or-4J          8.  —  or 13.   U5  +  V25  -  4^^) 

—  ^mn               'Jiim 

4.  25  or  1            9.  1(4  ±^/*il)  14.  -/ 7-  or     .      ,    ,■ 


6.  7or-7J       1°-  2T7§°'"VFr-J     15.  K«  i  V'^'  -  4) 

16.  2  or  -  2-,^ 


Exercise  LII. 

1.  i»  v9x+  14  =  V 

2.  I*  -  3x'  -  6x''  +  8x  =  0 

3.  J^  -  13x*  +  36x=  0 

4.  x6  -6x'  -  22x*+  174x2-  103x2-600x4-  700  ^  "^ 

5.  x«  -  20x'  +  154x*-  590x3+  nggx-'-  j  loox  +456 

6.  x"-  14x'  +  7Gx*  -  206x*  +  283x2  _  140^  =  q 

■?•  K3  i  V-15)  10.  0or2iV^ 

8.  3  or-  1  11.  0  or  5  or -2 

9,  -  10  ±  ey^  12.  0  or  2  or  -  J 
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\3.  e=2  14.  ca^  +  6x  4-  a  =  0 


yp^-2q;p'"4q;  :f  p(^p^  -  4q)  ;  --;  (p*  -  q)^/p' -  4q 


EXEECISK   LIII. 

1.  64  or  4  2.  81  or  1 

3.  1  2  or  ±  Vio  4.  9  or  ^1681 

5.  10  or  -  2  6.  +  4  or  +  J\r-62 

7.  3  or  V-fa  8-  4  or-  1 

9.  2  or-  3  or  0  10.  4  or  7^ 

11.  60  or  235  12.  4  or  1  or  0 

13.   1,  0  or  i  V^  14.  5  or  -  2iV 

15.  3  or  i  V^  16.  3  or  2 

c      Ic^  -  4& 

17.  1,1  or -2  18.  ±-^y  -^-r^2 

19.  \{b  +  V^^  -  2a6)  20.  4  or  -  5 

21.  iV^i'; -1;  ±Vi(iiV~3);  1;  Ki i V"^);  i(-i iV"^) 

22.  3,  2,  or  1  23.  0  or  2  ±  V3 

c'-ab 
24-4,  5  or- 1  ^^-  a  +  b-2c 

26.  1?,  1  or  2  27.  (^6-^a)» 

28.  2,  I,  or  i(9  +  V"^^)  29.  4,  9,  or  J(  -  33  ?  ^^^1) 

30.  1  4  V±  V6  31.  i  — {(Vl  +  a^  -  iXVl-u"  +  1)}^ 

32.  6,  -  1,  or  i(5  4  3V^) 

+  V8u^  4-  6^  -  4^;c  -  6  4-  V  -  Su^  4-  2/*^  -  4ac  T  26Vi'J»^  +  ^^  -  47c 

33.  ^^^ = ■■ 

4a 

34.  4  rt  VKl  ±  Va) 

35.  S,i3V2or-§  ±^V"^H 

3a  -  1 

36.  i   , — = 

V(l-a)(9a-l) 
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2T.  i(5±^Vi)ov  i(5  + V^) 


38.  K9  i  V27  ±  2V  -  35)  or  1(9  ±  Vl5  i  2V^53) 

39.  +V^ 


40.  18i-5|V-3  +  V5I  i  lOV-3) 

41.  J,-(UV^ir7)  _ 

42.  i  a- VK  -  '^j  or  y(3  +  V5)  43.  -  t  or  -^ 

44.  Kl  +  V^^)  or  l(\  i  V"^^) 


45.  i  Vsa  ±  a^a^  +  2a  +  9  where  a  =  ^3  -  V5 


EXBUCISB  LIV, 

1.  a;=  7;  y  =  2 

2.  x  =  13;  y  =  8 

3.  X  -  5  or  4 ;  y  =  4  or  5 

4.  x=8or7;  y  =  -7or-8 

5.  x  =  +5ori8;  !/  =  +  8ori5 

6.  X  =  +  8  or  +  SV"^  ;  1/  =  i  3  or  ±  8V"^ 

7.  x=  12,\or  10;  y  =  - -i^- or  4 

8.  X  =  7  or-  7jf ;  y  =  4or-5l2^ 

9.  X  =  13  or  11  ;  7/  =  13;,\  or  -  3 

10.  X  =  3  or  -  1  ;  y  =  1  or  -  3 

11.  x=  2;  y=  2 

12.  X  =  256  or  1 ;  y=l  or  256 

13.  X  =  2  or  -  46  ;  y  =  3  or  15 

14.  X  =  5  or  -  9i  ;  y  =  3  or  -  6^ 

15.  X  =  5  or  ^  ;  y  =  3  or  -  | 

16.  X  =  2,  4,  or  3  +  V^  )  y  =  4,  2,  or  3  i  V21 

17.  X  =  5  or  1  ,^0-;  y  =  3  or  -  -,'0- 

18.  X  =  +  7  or  +  VV2  i  y  =  ±  4  or  i  3^2 

19.  x=i6;y  =  ±5 

ZO.  X  =  4  or  8  J  ^  =  8  or  4 
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21.  X  =  3  or  5  or  4  +  V-33  ;  y  ^  5  or  3  or  4  :?  V-33 

22.  r  =  2  or  5;  y  =  5  or  2 

23.  X  =  3or-2  or  J(l  4  V-31);  y=2or-3orJ(-l  ±*/-'dl) 

24.  X  =  3  or  4;  y  =  4  or  3 

25.  X  =  2  or  4  or  ■J(  -  13  +  V3T7);  y  =  4or  2  or  ^(-ISfV^) 

26.  x  =  +  6;i/  =  +  4 

27.  x=  3  or-  1?  ;  y  ^  6  or  4^1 

mm  mm 

28.  :r  =  -2-(l±V3)ory(l  +  JV3);y  =  -2-(lTV3)oryCl  +  iV3) 

29.  x  =  +  3orq:8;  y  =  15 

30.  x  =  ±2or43;  y  =  +3or  +  2 

31.  X  =  4  6  ;  ^  4,^3  ;  4  78V3  ;  or  ?  60V3  ;  y  =  4  3  or  i  39V3 

32.  x=  5;  y  =  7. 

33.  X  ^  8  or  152  J  GA-jG  ;  y  =  4  or  40  T  1GV6 

34.  X  =  ±  3  or  i  1(7  +  ^23)  or  ±  i(2  +  V22) ;    y  =  i  2  ot 
iK'7-V23)or4  KV-i2-2)  

35.  X  =  i(19iVT05)  or  ?.(  -  13  ±  V^^)  i    V  =  eC^  ±  VTo5) 
or  ^(3  4  V-87) 

36.  X  =  1  or  I  ^'4 ;  y  =  0  or  i  ^4 

37.  X  =  4  V^  or  +  5{\/3T7yJ  4-  Vv3  -  1}  i    y  =*  i  V~  or 

±  5  (73  +  3^9  +  Vs^/a  - 1 } 

38.  X  -  4,  -  2,  or  1  ±  VW^S;  7  =  2,  -  4  or  -  1  4  i^V33 

-  13  i'j'^5^  -  13  ?  V^^ 

39.  X  =  9,  4,  or ^ i  V  =  -*,  9)  or ^ 

40.  X  =  1  JVKV'^  +  2  4  V<^    2J;  y  =  i  JV*(V^+^  T  V*^-^)! 

^(i-2 

042 
where  b  =  — -^—^ 


V; 


ANSWERS  TO   EXERCISES.  ^§S 


41.  X  =  a  OT  -  a'(a  +  1),  y  =  -  a  or  +  a'V  -  (d^  +  1) 

42.  X  =  V  t  «V2  ;  y  =  +  a  V(  -  1  +  V-) 


43.  x  =  +  -iVV( !'?(«'- 9  i3V^-  i5"-*+2a6}; 
y  =  _  -iVISa"  -  3  +  V9  -  15a^+2u'^} 


m  +  a  m  —  a 


44.  X  =  -^^  ;  y  =  — ;c— ,  where  m  =  4  V(  ±  2V2a*  +  2i*  -  3a2) 


45.  X  ^  i  i(Va^  -  c^  +  V"^  +  3fO  ;  y  =  i  i(V«^  ~  C  :?  V«*  +  3c^) 
where  c*  = „ 


46.  x  =  1V14  or  +  VK-  1  ±  V-19); 

y  =  ±  Vl5  or  ±  Vi(l  ±  V  -  19)  

47.  X  -  1  or  1  f  V  -^ ;  y  =  iV6  or  ±  V2  i  4V~f 

48.  X*  =  l  4  V -^7,  1  4  V -^,  52  1  V24I0  or  4  ±  -/To 

y*  =  -  1  ±  V"-  97,  -  1  i  V  ^  -  46  T  V^JTo  or  2  f  vTo 


Exercise  LV. 

1.  12  and  7  2.  10  and  7  3.  52  and  40  rods 

4.   1 7  and  8  or  -  8  and  -  17    5.  12  and  4    6.  $90 
7.   16  8.  862  9.   75;  $3-20 

10.  6  and  4  11.10  and  14,  or  84  and  -  60 

12.  i(l  ±  V5)  and  1(3  ±  V5)  13.  4  yds.  and  5  yds 

14.  it  and  |  15.  8  16.  3h.  23m 

17.  144  miles  and  180  miles  18.  16 

19.  36  20.  Coffee  12jc.,  Sugar  25c 

21.  £  30  days,  C  36  days  22.   10  x  10  x  5 

23.  75  miles ;  J,  15  miles  per  hour;  B,  10  miles  per  hour 
?4,  i^/5  and  iV^(l  i  V^)  25.  Bacchus  6h.  and  Silenus  3h 


EXERCISK  LVI. 

I.  1  :  d  2.  1     o  3.  X  +  7  :  X  +  1  4.  The  former 

61  -  ad 
S.  Th«  latter  6.     ^_^         7.  oc  8.  i  :  a  +  i 
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Exercise  LVII. 


1. 

be  -  ad 
a  -  b  —c  +  d 

4.  i  6  and  f  4 

5.  6 

8. 

2p              2p 

J  and     ,  J 

s  -  a         s  +  a 

9.  8  :  7 

10.  $300  and  $350 

3. 

3i 

14.  2071^3  :  m^p 

16.  c{a-c) 

Exercise  LVIII. 

2. 

T^y 

3.1 

4.  x^ly^y 

5. 

36 

6.  7/^=  3  +  2x  -X* 

5x«       9945 
"^^  ^  ^  302  ■•"  302i 

""'  15  +  y 

8. 

10.  143 

Exercise  LIX. 

1.  2883;  n(n  + 62)  2.  -  1628  ;  n(6n  -  206) 

3.  238  ;  \{2m.  +  p)  +  |(27n  H-p)*  4.  -  29J 

5.  50  ;   83 ;  3/1  -  1  6.  -  77  ;  -  132  ;  8  -  5re 

7.  1313;   21,  i;  -^,-(5  +  2«)  8.  3  +  10^  +  18  +  25i  +  33 

9.  9-6-21-36-51-66 

10.  -  1  +  111  +24i  +  36|  +  49i+62|  +  743  +  87J  +  100 

11.  2701                    .  12.  2«-  1 

14.  at^  15.  39«;  a(2t  -  1) 

16.  i  14,  +  10,  i  6,  i  2  17.  +  14,  i  10,  i  6,  ±  2 

18.  1,  3,  5,  7,  9,  or  9,  7,  5,  3,  1  19.  $l-00-;'gLj-                22.  .11 

23.  2,5,8,11,14,17,20,23,26,29,32,35  24.   11,  10,  9,  8,  7,  6,  5 

25.  6  -r  +  2ct  28.  — (27-7i) 

29.  i  1,  ±  3,  ±  5                         30.   2,  4,  6  and  8,  or  8,  6,  4,  and  2 


Exercise  LX. 

1.  729;  1092  2.  256;  511  3.  18^;  3Q} 

4.  -  6144  ;  -  4095       5.  -  12^^^  ;  -  5?^  6.  -  ii  ;    19^a 

1.  -t         8.  1}  9.  45         10.  42}  11.   §5^ 

12.  J  13.   m       14.  %lll  16.  ICS^-l)  ■ 
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:6.   i^{l  -(-!)»}       17.  62(1  +  V2)  18.       ^g_i 

19.  ]+|+A  +  .^3^  +  l^ 

20.  2  +  6  +  18  +  54  +  1G2  +  4S6  +  145S  +  4374  +  13122  ., 

21.  9  +  3  +  1  +  ^  +  ^  22.  4,  24,  144  and  8v^ 

23.  5,  in,  20  and  40  or  -  15,  30,  -  60  and  120 

24.  $180,  $90  and  $45,  or  $375,  -  $300  and  $240 

25.  2,  4,  8,  12  and  16      29.  5,  10,  and  20,  or  465,  -  23J  and  llf 
30.  248  

Exercise  LXI. 

1  /•T^-i--J_iiXll_1_l 

•'•■  t^/*     13)    1  I»  y»  7)   ')    3l    '»        •'»        » 

\^^J     3  0»    i€}  'iSj    1  S">    I4>  "101    6>    »>         * 

(lU)   —  i,  —  2,  OC,  i,   i,  -g,  5,    ,"77,  -ig 

(iv^  _JJ    _Ji    _2    14    1^    J  4    -'<    J*    ftnd4* 
V^/    Hi        ^6t        ^>    ^*]   ^9)    17)   2.>  331  """^  ^1 

(7)  -ail  5)  l^s'j  i"n  Uj  -  l§j  -  i)  -  Ttj  -  -i\ 
(vi)  -  s,  -  Jr,  -  ?,  -  i,  cc,  J,  i,  ^  and  i 

2.  (i)  2  +  2,-,- +2?  +  2j  +  3 
(II)  5  +  553-  +  5|  +  6T^r+7 

(III)  11+63  +  4^5+35  +  3 

(IV)  2i  +  2-i^oV+2,Vr+2;?f  +  3f 
0-)  6  -  2  -  s  _  j6_  _  ^ 

5  13 

3.  1*4-;  /^,  ana  3^^  _  ^  4.  1| ;  1^-,-  and  ^^^ 

5.  -jig  and  ^^y  6.  2  and  1 J 

ab  ah  I 

7tt -  66 '  6(2  ~n)  +a(7i-  1)  ^-    ni 

9.  6^;  6;  5^L.     10.  5/2-;  5;  4^^     13.  Half  of  the  middle  term 
14.   18  and  2  15.   14  or  f-  16.  20  and  10 

17.  20i  and  4  

Exercise  LXII. 
1.    720  2.  (I)    1680;   (11)  20160;   (iii)  40320 

3.  360360  4.   136  yrs.  222  days  5.  n  =  6 

6.  Loss  -  $25915000  when  the  money  is  not  paid  till  the  end 
of  the  period. 

Loss  -  $22934466-40  when  the  $5000  is  paid  down  and  placed 
at  interest  for  the  whole  j)eriod 
7    n=6  8.  3632428800;  3991680;   1680;  172972800 

9,  2520;  778377600;  420  10.  n  =  12 
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Exercise  LXIII. 

1.120,  252;  45       '  2.  3003  ;   6435 ;   453        3.792        4.  n  x  ^ 
5.  370992;   52360  6.  301644000 

7.  362S80  or  181440  according  as  B,  A,  C  and  C,  A,  E  are 
regarded  as  giving  A  different  or  the  same  neighbours 

8.  n=  7  9.  15  and  6 

10.   |n  -  1  or  i'n  -  1  (See  Ans.  7)  11.  637  12.  611 


EXERCISB  LXIV. 

1.  1  -  3x  +  Gx^  -  lOx*  +  I5x*  -  &c 

2.  1  -  2x  +  3i=^  -  4a'  +  5x*  -  &c 

3.  1  +  2x  +  4x2  +  Qj.3  ^  iQ^t  +  ^g 

4.  1  +  *x  +  ^^x^  4-  3g^x«  +  V^*  +  &C 

5.  1  -  6x  +  27x2  -  io8x»  +  405x*  -  &c 

6.  1  +  lOx +  60x='+ 280x»+ 1120x*  +  &c 

7.  1  +  4x  +  lOx^*  +  20x»  +  35a*  +  &c 

8.  1  -  2x  -  2x='  -  4r'  -  lOx*  -  Ac 

9.  I  -  Ix  +  ^j^  -  ilx^  +  i[^,x*  -  &c 

10.  1  -  ix  -  5?^X*  -  ^U^x^  -  -.i^h^x^  -  <tc 

11.  1  +  5X  -  /,X2  +  ^i?TX»  -  T,^g?I^*  +  &C 

12.  1  +  ^x  +  \lx^  +  -SA.x^  +  ^^  |x*  +  &c 

13.  a-'+  3a-'*x='+  Ga'^x*  +  lOa'^x^  +  ISa-'x"  +  &c 

14.  a-2-  a-*x'  +  a-«x8  -a'^x^  +  a-^V''-  &c 

n     1  5  _  5  i. 

15.  a-i+2u"''x'  +  3a--x'  +  4a    -x  +  Sa-'x^  +  ic 

16.  o^  -  ia'^x"  -  ia'^3%6  _  _i_a-  j  x'  -  jj^a""**  i"  -  &c 

17.  a-i2+  4a-i"*x-*+10a-i''x-*-20a-2ix-'*  +  35o-**x-«-&c 

18.  a'"'^^+  i(r"'*'x'»  +  sa'^^x'^+lla'*!'  +v'*3a'  ''x'^  +  &c 

19.  a'JTw''  +  ja     ^  j.'i    3^x'  +  -^a  =»  ni    ^  x  +  j^a     »  «»     *  x* 

- »4    - li  . 

♦  i{§0      »  .71      3  I*  +  &C 

20.  o*  +  ia'?x-»--Aa''^"  '  +Tka"^'3:-9  -/,!^a"  ^'i-w+  &o 
ai.  a"*  •♦-  Jo'^tx  +  io'^6*r'  +  -jV" 'i"*^' +  iW'*^*-^  +  *« 
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Exercise  LXV. 


(r 

/4.5.6....(3  +  r)\   ,      ^      ,,   . 
2.  (-l)'! j — ^ jx*^  and -56x5 

/2.5.8....(3r-l)\    ^      ^      308 
3-  (-!)'■( iTl^r ]x^^ni-.jY^x^ 


/4.1.-2....(7-3r)\  8 

4-  (-  1)\ [7ir3^= J^^°<1  729^' 

/7.9.11....(5  +  2r)\ 

5-  (-1)\ ^IT^^^ Jx-and- 

/S.ll....(5  +  3r)\ 

6-  (-^y[ [r^' jx'-and- 

7.  a-r+i-'x'and  a-^x^ 

/6.1.4....(5r-ll)\    6 

8.  (-iy( r^iTIcr y^"^' 

9.  (r  4-l)2''a:'"  and  80a;* 

/5.7....(3  +  2r)\    „  385 


9009 
256^ 

10472 

729  ■^^ 

'  and  -^ 

63 

( 

2.7....(5r-3)  ,     ,    .^  119  ,,      . 

r  +  2        21 

12.  (r+l)a  ^  x'  ^  ;   andoa^x"^. 

13,  1024  14.  128  15.  0  16.  4096 

17.  The  4th  term  =  32  18.  The  4th  =  the  5th  =  4| 

19702683 
19.  13th  term  20.  9th  =  ICth  = 


390625 


EXEECISB  LXVI. 

1.  x<5  2.  x>  12  S.  X  <3 

4.  X  >  -  10  5.  X  >  a  and  <b        9.  x  =  5 

V 
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1.  n 


a^  +  b 


3c 
a 


EXBRCXSB  LXVII. 

3.  J  4.  IJ 

8.  oc  9.-2 


6.  -2J 


ix  =  26,  19, 
\y=  1,  3, 
(a;  =  4,  21,  38,  55, 
iy=2,  11,  20,29, 
|x=  2,  43,  84,  125,  &c 
|y=  1,  13,  25,  37,  &c 
(x=  12,  5t,  98,  &c 
\y=    6,  28,  60,  &c 


Exercise  LXVIII. 

X  =  10,  23,  36,  49,  &c 
y=    3,    8,  13,  18,  &c 
X  =  3  and  y  =  I 


12  or  5 
5  or  7 
&c 
&c 


5.  X  =  2  and  y  =  3 
3.  X  =  5  and  y  =  4 


10. 


ix=  5,  165,  325,  &c 
^^'    \y=  1,  100,  199,  &c 
13.  X  =  2,  2/  =  3,  c  =  4 
15.  45 


X  =  1 1  and  y  =  4 

(x  =  2,    6,  10,  14,  &c 

^^-    (y  =  3,  20,37,  54,  &c 
14.  x=  11,  y  =  3,  £  =  2 
16.  54 

17.  He  pays  8  guineas  and  receives  back  7  half-crowns 

18.  X  =  271  and  y  =  n^  -  I  where  n  may  be  assumed  at  pleasure 
=  any  integral  number ;  and  it  will  be  found  that  x'  +  y^  is  a 
square 

19.  X  =  n^  +  1  and  y  =  27i  where  n  may  be  assumed  at  pleasure, 
and  it  will  be  found  that  x^  -  y^  is  a  square 

20.  98  21.  109 

22.  Three  pairs  of  fractions,  viz:  -jV  and  -^•,  -^g  and  -^^] 
■h  and  ^ 

23.  The  problem  is  impossible.     Prove  this. 

24.  3,  6,  9,  12  or  15  five-pound  notes;  81,  62,  43,  24  or  5  one- 
pouLd  notes ;  16,  32,  48,  64  or  80  crown-pieces. 

25.  22  and  3 ;  16  and  9  ;  10  and  15  ;  or  4  and  21 

26.  3,  15  and  6  ;  7,  8  and  9  ;  or  11,  1  and  12 

28.  2"  X  (2"  +  ''  -  1)  where  n  may  be  assumed  =  to  any  integer 
such  that  2"*^  -  1  is  a  prime  number.  J 


29.  417 


30.  1  at  $50,  9  at  $30,  and  90  at  $2. 
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Miscellaneous  Exercises. 

17  -  21a  a 

1.  26 3.  a  +  6.  4.  -r  6.  x  =  1,  y  =  5,  s  =  9 

+  1  +  J  -I  5        lis 

6.3^5        7.  ~     -^ 11.  a:»+l +0:-";  x^ -a^ar*  +  a* 

12.   7x2  -  3x1/ +  4j/2  j3    ^.m+n  +  p.  ^bc 

14.  4x*+  y^+  ix-*?/4;    X*  +  6*  +  26^x2  -  a^x^;  x'"*'*^  x*";/' 
fxy +  2/P  +  9 

_  12x»+l  4x2  +  2x+l 

15.  ^(69  -  17V15)     IG.  ^^^:^^  17.      ,6x^_,'    _ 

18.  X  =  -  la;  (II)  X  has  no  possible  roots  ;  (iii)  x  =  12  f  V269 
2abc  2abc  2abc 

~  ac  +  be  -  ab'  •'  ~  be  —  ac  ■¥  ab'       ~  ab  +  ac  -  be 
21.   1 

23.  (a2+a6V2  +  6')(u2-a6V2  +  6^);  (a2  +  a6V3  +  6')(a2-a6V3+6^) 

X 

24.  — 

y 

25.  G.C.M.  =  x-Ay:  l.c.m.  -  x^ -hix^y  -  2lx^y^-34xy^ +  56y* 

26.  <S„  =  no  or  iS„  =  0  or  a,  according  as  r  =  +  1  or  -  1,  and  n 
an  even  or  odd  number 

28.  4-9s  per  day 

29.  (i)  20591*^ ;  (ii)  5Ji  +  4^  4-  4  +  &c. ;  (iii)  9,  6,  4,  2|,  &c 

30.  110  X  50  31.  (i)  X*  +  2x^y  +  3xV  +  2x^  +  y^ ; 

59x2  _  iQf^j.  ^  23 
(II)  7x''  -  14x'  +  7x2  +  33^  _  32  _       ^3^^^_^ 

(III)  x^-i  +  x"'-3  +  a:"'-s  4-x'"-^  +  &c.,  rth  term  =  ajra-zi'  +  i 
32.  (I)  5  +  2V3;  (h)  ^f2x  +  1  +  V2x  -  1      33.  IDa-^'x-is 
34.  1184040.         35.  x^  -  2  +  Sx'^        36.  1  or  J(  -  1  +  V~^) 

3'-  (0^  =  ^365  3/ =  6:1^5 
(n)  X  =  0,  10,  4  or  -  2  ;  y  =  0,  10,  -  2  or  4 
38.  3  and  3  J  39.  i  +  ^^^  +  f  f  + 1  +  -i^e  +  //  +  -J 

40.  An  identity 

41.  0  or  i(l  +  3V^^)  42.  o&  +  ic  +  oc 
43.  i|x2  +  ixy  -  L3y2  +  (p  _  m)^;  +  („  -  5)y, 

or  ,\x2  -  f  xy  -  -^y^  -  (m  +  p)x  +  (n  +  3)y 
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44.  j^  45.  (i)  a:  =  a  or  6  ;  (ii)  x  =  \ 

46.  X  =  +  3  or  +  ^V3  ;  2/  =  +  4  or  +  ^P»J3  ;  r  =  +  2  or  :?  fV3 

47.  a2(6  +  1)2  48.  x^^  -  2xP  +  Sx'^P 

6561x"-256x-''j/« 

49.  1073  ;   ^         ■ ;   603 

'  '  81x^+  54y  '       * 

x^  +  X  +  1 

50.  Any  series  having  r  =  2    51.1     52.  -5 rr 

J  *>  X'*  -  X  +  1 

53.  X  =  3a  -  6  or  3&  -  a            54.  x  -  15 ;  y  =  20 
55.  x*  +  4x  +  3  ;  x«  ~4»hf^  +  3y^ 

56.x=i(ia^+Zb^y(l±  VJfsT^ 

57.  7  58.  4:ah^  59.  (4a* -^a^)  5  (12a»-a) 

(a  +  6)2  30x  -  23  xfr'  +  1)' 

6«-=^=2(^rF)5  2/  =  i('^  +  «')    61-  i3^:rrQ'x6-2x*+2^-- 

9x  +  24  ,„     ^         1     .    V 

2/ 

64.  (i)  x»"  -  Si'^y"  +  2y^ ;  (u)  x»^  -  a^x^™  +  2a6x"»  +  6^ 

65.  4x3  ^.  8^2  ^  i6x  +  32  ;  60^63  _  Sab*  67.  3,  4,  5,  6,  or  7 

4507a  -  316S 

68,  30        71.  (i)  a*  -  5a'  +  25a2  -  138a  +  790  -  — r, — — 

v.  ,  ,  .  a-+5a-4 

(11)  x*+  2x2  +  3  +  2i-2  +  x-4 

36x2  +  I81  +  9 

^^•^-'^  ^^-  -Tffxi-rrr- 

74.  V^fX*+-/i-y4;  64x^-  729y^     75.  x  =  3V3  ;  y  =  2V2 


^2-  x^  +  5x2-29x-ie5  €3.  ---+--  ;    x'  -  x  +  , 


I7x      4      ,  6(6+Vo-  +  4a2-4aZi) 

'^•"=1-13^  +  15^^^     «Q-"  =  ^^i^=        "2a(a-6) 
81.  a^  -  b'^         82.  x2  -  (a  +  6)x  -  c  83.  ax»  +  6x  +  cx'^ 

84.  ^,^^        85.  x2  +  px  +  p^       86.  Y(^  -  5x»  -  26x  +  120) 
6-1  x6  -  1 

01.         ;     r  88.      fi    I     7 

a  +  1  x^  +  1 

90.  By  .^  in  2,  .C  in  3,  and  C  in  4  hours  91.  x'  +  x  -  3 

92.  ap5x'  +  (aj*  +  bpq  ~  ap^)!^  -  (apq  +  bp*  -  b(f)x  -  bpq 

(n)  x'y  -  xy» 


ANSWERS  TO  EXERCISES.  301 

93.  (i)  11a;   (ii)  +  V? ;   (m)  5  or  -  12  ;    (iv)  x  =  1  or  ±  Vl5, 
y  =  5  or  J 

94.  x*  -  x^  -  1x^  -  llx  +  42  =  0  95.  m 
96.  (a*  +  a26V2  +  64)(a4  -  a26V2  +  6*)                98.  Ih.  5-5i-m. 

a(cd~e-bc)         b(cd-e-ad) 

99.  x  =  — r -y — ;  j/  =  — -, -j — ;  problem  indeterminate 

61x-  TO 

100.  ^(a  +  i)  101.  5x3  ^  iQj^i  +  5x  _  23  -  -g^  _  2a;  +  3 

or  5x'+  10x2  +  5x-23-61x-i-52x-2+  79x-3+  &c 
102.  X  -  y ;  if  !/  =  1  the  G.C.M.  is  x^*  +  4x  -  5 

104.  (a^-i-am^2  +  m^){a^-  am\j2  +  m^)  (a^ -t- a^mVS  +  m^) 
(m*  -  a^m^'JS  +  771*) 

105.  1     106.  3     114.  0     115.  7x2+7xJ/+7i/2     116.  2x2  +  x-] 
117.  (2x  -  l)(x+  l)(3x  +  2)(3x-2)  and  (2x  -  l)(x  +  1) 

(2x  +  l)(2x  -  1) 

1  +  X  4- x^  119.  An  indeterminate  equation  ; 

■  1  ~  X  -  X*  +  x'  an  identity 

123.  11,  9,  7,  5,  &c  125.  3  -  2  +  I  -  I  +  if  -  &c 

2618  559130  2.5.8..  .(3r-l) 

6561         '       1594323  '  V      ^^   ^  ^^y        ^ 

129.  xC  -  6x5  +  Qj.i  4.  30x3  _  513.2  _  24x  +  44  =  0 

46c  —  ad 

130.  K-3iV5)  131.     ^_^^ 

n+  1 
133.  x=2,  y  =  3,  z=4  134.-^ 

135.  21  and  24  136.  l±Vr9  137.  x  =  10,  y  =  8 

140.  l{±  'Jinab  +  (a  -  b)'^  -  (a  +  b)}      141.  J  or  ^      142.  §V3 

a'  b^  c2 

143.  X  =  +  -T"-- :  «  =  ±  ,fr^ ;  =  =  i  r 

145.  62_i  146.  -—-  +  27  147.  a^  +  52  4.  ^z  +  rfJ 

148.  ±  {a(x  +  2)  -  1}  149.  a  +  6  -  c 

Sx^  _  4x  —  1 

150.  4x  -  ^3  ^  ^^  _  ^  ;  4x-3x-i  +  4x-2+7x-3_llx-*-&c 

151.  1  +  X  -  x'  -  X*  +  X6  +  X^  -  X9  -  X*"  +  fflW 
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152.  .^     „, .^^  .  ;.4.  153.  1  154. 


a*  -  2(x2t^  +  6*  ^^"^'  ^  ^°*-  (X  -  l)(x  -  2)(x  -  3) 

156.  I.  They  must  have  a  commoa  measure ;  ii.  The  coeffi- 
cients of  X  must  be  =  but  of  opposite  signs,  and  the  coefficients 
of  x^  mcst  be  =,  and  also  those  of  x'  must  be  = 

157.  2f  158.  1  i  2V3  159.  ±  iV3,  or  0 

160.  X  =  -J4p  ±  (n-l)(l-P)V(^»-^X"-J^) 

161.  A.M.  -  iJj;  G.M.  =  1;  H.M.  =  |«  163.  0;  217 

25       S**"^ 
164.  Y  -  ^sTi  165.  f {1  -  (  -  f n ;  K  -  f)" 

167.  x*  +  xy  +  t/*  168.43  169.  2a-36  171.5 

172.  a  or- -^-—T-  173.  — — j— -r  175.  (a  -  6)^  +  c» 

2a +  0  a  +  ao  +  l  ^         ' 

14x-4x2+14  2(o«-6^) 

^'<^--  +  i     ^^-(x  +  sKx^-i)     i'«--^T6i: 

181.  0  or  i  Vi(2a  -  6)        182.  64  or  V  V7857         183.  1  ^Jab 

184.  5  or  6-4VJ  185.  42 

186.  A's  rate  Ist  round  is  10  miles  per  hour,  2nd  round  12 
miles  per  hour;  B's  rate,  12  miles  per  hour  first  round,  and  10 
JLiles  per  hour  second.     Neither  ■wins. 

189.  x6 +xV-^V-y^         190.  6^        191.  ax=^+2ci/x  + V 

192.  x'»+ 1     193.  x  +  4    194.  12a6c    195.  (a  +  6 +  c)(x  +  y +  ^ 

196.  x6  -  12x4/  +  48a;2i/4  _  54^6  .  a^  +  fc^ 

197.  2a262  +  2aV  +  2b''c^  -  a*  -  6*  -  c* ;  x^  +  1  +  x"' 

198.  Jx'=j/-='-ixy-i  +  |-fx-iy  +  x-2y2;  r«-2x  +  3 

199.  8x'  +  4x'y  +  2^';  x''  +  (1  -  ■p)ax  +  a^ 

200.  X  -  4 ;  x'  -  1 ;  x^P-a^P  where  p  is  the  G.  CM.  of  m  and  n 

201.  ax"  -  2a2x*  -  o'x»  +  2a*x2;  x*  -  xV  -  a^x*  +  aY 

2d  X  +  y  +  2  3a 

202.  1  +  _  .  .   . —7  203.  ——  204. 


205-  2(a°+x^)  206.  2 

^      a        6        c 

207.  i'  -  2x  -  2  ;  2x^-  ii** ;  -r 

'  'oca 

am 
209.  — ;  6  or  J  210.  2-14  or  -  0-49 ;  3a  -  6  or  36  -  a 


ANSWERS  TO  EXERCISES.  303 

ac  +  b  c  -  ab 

^^^'  ^  ""  TTaF'  y  =   1  +  a^  ;  X  =  4  or  3,  y  =  3  or  4 

be  ac  ab 

212.  ^  =  ±  — ;  y  =  ±-J]  z  =  ±—     213.  ^,  15;  B,  21;  C,  24 

214.  117;  i{n(»+l)  +  4-4(|)"};  3V2  +  2V3      216.  5  +  2V7 

217.  0,  1,  tV(4  +  W754) 

218.  2n(4ra+l)  +  Kl-16'*);  (2n  +  l)(4n+l)  + J{l-(-2)*''  +  i}; 
(4?i  +  3)(2n+l)  +  i(l-42'*+i);  2(7i+ l)(47i  +  3)  + J{1 -(-2)*''  +  3} 

219.  72  221.  90  miles;  $2-70 


222.  X  =  0,  or  i(^/10^/5  -  70)  or  J(VlOV29  -  46)  or  ±  3V  -  1 


4m  ,— 4m 


224.  1  — (m  +  Vm^  -  n^)  and  —  (m  +  V»i^  -  n') 


n  4(m  +  \jw?-mri)  and  4(m  +  ^Jm?-mn) 
325.  Ages  at  first  trial  =  11  and  15 

Throws  at  first  trial  =  66  and  90  feet, 
And  at  second  trial  =  74  and  96  feet. 


THB  END. 
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_    EXOOPRAOE  BOHK  TALEKT. 

LOVELL'S    SEIlxES    OF    SCHOOL    BOOK^  ,' 


'  »AVI\G  Ion;;  fcJt  the  nece.^iij  existing  for  a  PF.KITTS  OT  FrUCA" 
ii     TiONAI,    VVOItKS,   T'-     arerl    ai;d    «'xi.i 
C  »L()M.\L  SCUOCLS,  .ii'\'oLl==lifr  wa.-^   i 
s      ;ily»f  this  want.   ili>cff    i«  "i-us  far  have  bti 
h.  . 'Dooks  liaving  b'^ni  mol  ^  -nerally  weleonu  u  ii.  •he- 
rn- .'ttftvourahly  noticed  by  fho  Pres.o,  of  Britif;".  Ninf.  Ai' 
-J  takoegroat  pleiisun'  in      .'"ir;,'  ;!t*iiition  to  tke  loilc-vi 
L    iof  38  .*«CHOUL  lit"  --■lec. 

^^ VK I,  I.- S  may  J  ,  \  FHY,  with  59  >!on: 

aiapg.llfl  Bpautiii     :,  ;:  ,1  a  Tsbl.' o«Cloclr8  •  ■  i. 

World.   By  J.GKOUGiiixODUt -s,  LL.B.,  ^V.K.G.f*.,  iVrip^'W*- 

lioii j  ,OC 

[TliiH  Book  is  c«pe  ia'ly  s   a.-ted  for,  anu  t^-^''-     ■' 
introductiou  iii^o,  t'\  :nv  Ci   ..  ;:o,  Acadi 
School  in  the  British  I'rov  nces.    g^ 
s.'iould  see  that  if  i«  in  their  Children'^  li;....-., 
EASY  LES.SONS  IN  OEIVKKAI^  GKOUKAPHY  ;  with 

->Iap.'<aiui  lUustratioi's;  being  introductory  toLovelJ's  General 

Geography.    Bv  the  same 46 

V    SCHOOL    lIISTOitV   OF    CANADA,  and   of  tlie 

othor   UrUiMli  a.  A.  rrovluees,  with  lllnstrations. 

'.'/ the  same .'lO 

''1»e    ^hool  Speaker  and  llet'Uer.    By  the  same oO 

?«i.t«v»n;;l  Ariiitiuetic,  in  Theory 'and  Practice,  tidapted  to 

Decimal  Currency.    Rr  J.  11.  Saxostkr,  3t.A.,  M.D '"■ 

Key  to  National  ArltUiuotic.    ByJ^hesame 

I'leirantsiry  Arithmetic,  in  Decimal  Currenoy.  Ry  the  sam 
Key  to  tlio  I<;ic«neiitrtr3-  .Vriilihietic.    By  the  same.... 
Kli!Mientarj-  'ri>'atiKe  on  .V'cb>"«  •^'•'  *'"?  same. 
Ikcy  to  r:ie»»i»»ntarv  T'-eafwo  on  Alsrebra.  Bv  Mipoptt 
I'^atural   l»liil'>-<tn)liv,  I'ar*  1,  including  Stat:       "     ' 

tic.«,  &c..  Sec.    B>  the  sann 

Natural  P!silo»io»»lij-,  Part  ?i,  l.-ui^'^a  il.u  : 

niical  Physics;  ur,  the  I'.'vlcs  oi  ll-^at,  Lij,'V.t.  riui  i         r;,- 

15y  t!ie  Mime 

st;;dcnt's  Not«?  i^fook  o-«  Isioirgranic  CbeiniMry.    1 

the  same 

Simple  Exii'ciie  T*»<>i>siiratlon.    By  the  sanit 

."'at   Ijosson*  tw.  ""•  j;ricnliure,     Bv  J.  A\ 

Dawson,  I.L  D..  ^  .  ov 

(."iicral  l»rin<'i|»lo».  oi  Lnnmiaso;  or.  the  ri.i'.osophy  of 

<iranini;>r.     I'v  Thom  \«  .Ta  ^'FKEY  Koni;itT.*5(i?>,  Ks<(.,  M.A.  . .     fV* 

r'nsjIiKlj  f  "'      '      "'a.<»y.    By  G.  G.  Vacky ' 

t  s^nPiJe''  :• 

'  '!j.e   -t;!  '«  fJrawniar,  for  Be?it!nei- 

liy  i  ■.:     >i  A'     ■     i     !:.-.\    i.'k.i  i;r.<(>N,  rxj..  M.A T 

An  V:\^'-      od ',  •^f  ToniUinallie  KiidUnentM  ol 
'';r.  ;  <innr  to   Boainn«>rs.     By  TuuaL,\8  J'rt" 

-;-   r^    -:     "  M.A.? . 

•<li   Pronunciation   and  iim 
■  V  Lafo.nt,  I"fi<|.,  I'rench  blaster,  ( 

;,     1  I  •  -xr-'  .-•  iiiifls,  Hamilton,  «hit 

Plnnocfe's  I')"  roved  Edition   of  GoldHiiiitlt'o 
tory  nf  1       .  '.iinl.    (Second  Caua  lian  Kdition.) 

C.  T.\vi.<>n.      I.  D.,  T.C.U 

r:iei?T!eniH  ol  "ii;'        •*'    r.    By  .T.  l'..»RnKR.  M  U.C.S... 

♦  'law^le  I'*-:!''!- ■■.     '■     ■'<•%■.  \Vm.  H  avit.ti'n,  U.D 

,.  .1,!    .,     ...,.,-.  . ,.      1...  i,|,v.  ,r    D.  BoRTinv  n  IV.. 

•'  .  ViOl  TM)N 

;  ;  ...    By  G.  G.  Vaskt. 

i<  «.:rii«'  sv<'ok-;,[cO|»inS'.  *>:•"" 

jrle  ■  .     i;v  TuowAs  K.  Jr 

Ace..  ....' 

Tlip  A-Bi-'    .->iin|i.- !•<  n  ;  ufodiiip  Xr^i'    Easy  to  ti.i  <  ii| 

city  otLittIc  UiiMn.u.  By  'i.G.  Va-iKY 

'■■'  ■'  "     '—T     r-,-m1er»ndPubli 
•Tulj^l871. 


